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ABSTRACT 

The first of six chapters in this yearbook discusses 
articulation between junior and senior high school in terms of 
several specific content and topic areas. The following chapter is a 
selected review of research in mathematics education for the years 
1915-1931. Investigations are categorized into one of nine areas ard 
a 132-entry bibliography is included. The third chapter is devoted tr 
a wide-ranging discussio.i of intuitive geometry. Chapter U suggests 
curriculum considerations for grades 7-12 with differentiation for 
varying ability levels. The next chapter presents the mathematics 
studied in German schools along with the methods, apparatus, and 
models used. Organization of a unit of instruction is the topic of 
the last chapter, and a detailed example is giver, using direct linear 
variation as the subject. (LS) 
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KDITOR'S PRKFACE 



This is the eighth of n series of \ carbooks which the National 
Council of Teachers of Mathematics began to publish In 1916. 
The topic* covered In the preceding volumes are as follows: 

I. A Survey of Progress In the Past Twenty-Klve Years. 

a. Curriculum Problems In Teaching Mathematics. 

3. Selected Topics in the Teaching of Mathematics. 

4> Signitkant Changes and Trends in the Teaching of Mathe- 
matics Throughout the World Since igio. 

5. The Teaching of (Jeometry. 

6. Mathematics In Modern Life. 

7. The Teaching of Algebra. 

Bound copie.s of all except the first two Yearbooks can be se- 
cured from the Bureau of Publications, Teachers College, Columbia 
University, New York City, for $1.75 each. The first is out of print 
and the second can be obtained bound in paper for $1.25. 

The purpose of the Kighth \'earbook is to present some of the 
important phases of the teaching of mathematics in the secondary 
school, particularly those that have not been treated in current 
magazines as fully as they are discussed here. Space does not per- 
mit us to treat as many different topics as we should like to present, 
but it is hoped that what is included will be of assistance to many 
persons interested in the secondary school. 

I wish to express my personal appreciation as well as that of 
the National Council to all contributors who have helped to make 
this Yearbook possible. 

W. D. Rkkvk 
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AKTICrLATIOX OF JUNIOR AND SENIOR 
HIGH SCHOOL MATHEMATICS 



Hv E. R. BRKSLICH 
Thf Si'hooi of HdiiCiiUoH, VnivfrsUy of CAiV«ij}0, CAirujec^i lUinoh 

The need of reorHanizing traditional mathematics. Algebra, 
geometry, and trigonometry as taught In our high schools were 
originally organized for students in colleges. Later they were taken 
over by the college preparatory schools and high schools, being 
offered at first In the senior and junior years. Gradually they were 
moved downward to the early years of the secondary schools. They 
were prese ited to high school students almost as they had been 
taught in the colleges. When It was found that high school pupils 
encountered hprious difficulties In the study of alg< bra and geometry, 
efforts were made to reorganize or to reconstruct these courses. 

Kccause our school system was organized on the 8-4 plan, It 
seemed to be impossible to find a solution of the problem. For, on 
account of the gap existing between the elementary and high 
schools, the teaching of algebra ami geometry had to be deferred to 
the ninth and tenth vSchool years. This made it necessary to crowd 
a large amount of algebra into a year's time and to force the pupils 
to advance at a rate too rapid for understanding and assimilation. 
Since all the time of the second year was needed to cover the 
extensive content of demonstrative geometry, algebra had to be 
completely dropped during that period. 

Simplification of the problem of reorganization by the junior 
high school. Attempts have been made by individual .schools to 
solve the prol)lem by offering some algebra in the last year of the 
elementary school. However, such efforts usually failed for two 
reasons; high school algebra was not easily adapted to the interests 
antl abilities of elementary school pupils; and high school teachers 
were unwilling to accept algebra taught in thv' eighth grade as an 
etjuivalent to high school algebra. Of^en it was completely dis- 
regarded and the work done in the eij^hth grade was repeated In the 
ninth grade. 

1 
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The development of the junior hinh school offered a real oppor- 
tunity for the reorKanlzation of secondary school matheinaticSt 
making it possible to extend downward the period of secondary 
education, to xive Instruction \\\ algebra and Kcometry at an early 
period* and to distribute the content of these courses over a period 
of several years. This involved a reconstruction of the mathemati- 
cal curricuhun of the secondary school, which would offer introduc- 
tory work in algebra and geometry in Grades 7 and 8 and the more 
advanced work in the later grades. 

The f(ap botween junior and senior hi^h school mathematics. 
The reorganization necessitated the training of teach r^ (|ualified 
to teach the new courses; elementary school teachers were un- 
familiar with the mathematics of the secondary school and high 
school teachers were not accustomed to pupils of elementary school 
age. To satisfy this need^ courses in junior high school mathe- 
matics were offered by the universities. A new type of mathe- 
matics was being developed for the junior high school, while the 
senior high school continued their program of traditional courses 
in plane geometry, advanced algebra^ solid geometry, and trig- 
onometry. 

The administration and supervision of the mathematics in the 
junior and senior high schools is usually not carried on by the 
same supervisor, and the teaching is done by two distinct faculties. 
Neither division knows much about the other. 

The development of two types of secondary school mathematics, 
the separation of the junior high school from the senior high school, 
and the creation of two distinct faculties teaching the courses tend 
to cause a gap in secondary xhool mathematics fully as serious as 
that which formerly existed between the mathematics of the ele- 
mentary and high schools. Steps should he taken to bring about a 
closer co()peration between these faculties. 

Uniformity of administration as an essential factor in se- 
curing improvement. An ideal situation is to have but one 
department and ouo supervisor to direct it. When there are two 
supervisors, they .should feel compelled by professional interest to 
develop a program to unify and articulate the work of the two de- 
partments. Mutual understanding and harmonious coi^peration of 
the teachers will not be difficult to secure if there is uniformity in 
administration. To nttain it will require freciuent joint departmental 
conferences in which the problems of concern to both divisions are 
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freely iliscussed. The junior hiRh school teacher will ih\{% become 
acqualntecl with the content nmi objectives of the hiKher courses 
and will be able to do h\$ work more Intelligently. The senior 
hiKh sch(K)l teacher will acquire understanding of the problems 
and limitations of pupils of the lower grades and will become will- 
ing to assume a just share of responsibility toward them. Hoth 
will grow in knowledge of subject matter. They will reach agree- 
ment on methods oi teaching so that a pupil passing from one 
institution to the next higher need experience no sudden and radical 
change in teaching and study. 

NcccsHity of continuity of in<itruction. Continuity in second- 
ary school mathematics is exceedingly important. Teachers should 
therefore cease to regard junior and senior mathematics as distinct 
types. The two should be thoroughly merged. One course of study 
should be planned to include both, and the details should be worked 
out by joint committees selected from both faculties. .\s the pupil 
parses from the junior to the senior high school, the change in 
mathematics should be no greater than that usually experienced 
when he advances a grade. The senior high school course should 
begin exactly where that of the junior high school ends. The pupil's 
attitude toward mathematics in the senior high school will be 
friendly, for he has had enough mathematics to know what it is like 
and. since he has deliberately chosen to continue the study, he must 
be interested in it, feel capable to do the work, and believe that he 
will be benefited. 

Articulation of junior and senior hi^h school geometry. High 
school teachers of mathematics are sometimes heard to complain 
that it is diftlcult to teach geometry to pupils coming from the junior 
high school. They assert that the riiost interesting part of geometry 
has been taught in the lower school and that the attitude of the 
pupil is, therefore, one of indifference and exceedingly hard to 
change. I'sually the difficulty arises from a lack of coiiperation of 
the two departments, and the solution lies in estj*blishing l)etter 
understanding between them. 

It is generally agreed that the course in demonstrative geometry 
has too much content to :itl'iin the major objeciives with a large 
number of pupils. Many pupils capable of doing high school work 
never develop the ability to solve original exercises and have to be 
siitistied with learning and repeating the finished proofs found in 
the textbooks. It seems that teachers of high school geometry 
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shduhl, tlu^roforc, welcoiue (he opportunity of huviuK Homc uf the 
KtH^niPtric work dono in the lower Kcades. 

Kroni the point of view of the junior hinh school, the develop- 
niiMit of a course ii\ weonuMry for the lower k^hIm is not only desir- 
able hut imperative. l)ecause pupils should be tauj<hl to understand 
and interpret the Keumetric situations which they meet in the activi- 
ties of everyday life and in various school subjects. Familiarity with 
the n)ost common fteometric fiKUres, knowledne t^f an essential 
fteometric vocal)ulary. appreciation of the beauty of geometric 
forms in nature, training in space imagination, ability to measure 
and to estimate size, ac(|uaintance with u number of important 
geometric facts and relationships, and skill in the use of the geo- 
metric measuring instruments are all incUide<l among the important 
social and vocational objectives of the junior high school. These 
phases of geometry are needed in the activities of pupils and are 
also an excellent preparation for, and introduction to. high school 
geometry. Pedagogically, the junior high school period is the best 
in which to teach them. 

The teaching of geometry is not always taken as seriously by 
junior high school teachers as the nu.ro triidiiional work in arith- 
metic. The content of the junior high sc! ool course is a matter that 
must nt)t be negU\ted: it should be so definite (hat the senior 
high school teacher may know i \actly what has been taught and 
what he may take for granted in his courses. In addition, the 
subject mailer shoub* be subjected to a careful program of testing 
and releactiing lo secure objeitive evidence of what has been 
learned. Where this is done, the study of geometry will proceed 
without inlerruplitm when the pupil passes from the junior high 
school to the senior high school. .Several examples will illustrate 
further the need of articulation between junior and .senior high 
school geometry. 

The fundamcntid coticcpts of geometry. A failure lo under- 
stand the meiining of uei»metric concepts is the source of much 
difficulty in the subject in high school. .\ definition of the .lew 
terms and a few illustrations are often the only explanation that is 
given to students at this time. Kurthormore. a considerable number 
of unfamiliar terms have to be crowded into the beginning of the 
high school course To the pupil this type of work is uninteresting 
and often dista.^teful. Isiiling to catch the meanings, he memorizes 
stateine!\ts which does not understand. He is unable to make 
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corrixTt U5r of them when they iK.ciir later in the \unki\\ discvt^Hlons. 
Hi' becomes cliseounmed and faiU. 

When the meaninus of concepts are actiuired in the Junior high 
school, this situation may he entirely changed. There new terms 
arise in concrete situations and activities. They do not crowd each 
other. Ample time is allowed to observe, to compare, to measure, 
to draw, and to analyxe. Understanding and s;ilisfaction are the 
results, The list of concepts whose meanings have been establii^hiul 
should be available to the high school ^eacher for inspection. He 
may then add other terms gradually as need for them arises in his 
course. 

Coniitructional i(comctr>. Traditionally, geometric construc- 
tions form an essential part of high school geometry, The present 
tendency is to introduce them early in the course rather than to 
defer them until they may l)e proved by logical demonstration. U 
is, therefore, a simple matter to move at least the so-called fund;)- 
mental constructions downward into the junior high school. They 
give the pupil excellent practice with geometric instruments, and 
are helpful in making diagrams and designs. *l'hey may l)e used 
with sufficient fre'|uency to be learned and retained. The simple 
repetition of these constructions will not be necessary in high scIkuO 
geometry, but they will be used in making constructions of a more 
complicated type. 

Simple itcomutric facts. The pupil has beconu* accjuainted 
with numerou.-; geometric facts and theorems through his daily life 
experiences before he enters the high school. Others he has learned 
in niensurati(MKil geometry in the elementary scho(0. As far as he 
knows, the truth of these facts has never been (juestioned and he 
has made much use of them in the solution of prohlems. At the 
beginning of demonstrative geometry he is practically told that he 
must f(n'gei all the geometry he has previously ac(|Uired and that 
he will not be permitted to use any fact that has m)t been estab- 
lished by logical proof. This seems to him most illogical and con- 
fusing. Often he becomes openly antagonistic. He is in no frame 
of mind to appreciate or enjoy the beauty of the logical system of 
geometry. 

The difficulty is easily removed by a little cooperation between 
the junior and senior high schools. Nn agreement should be reached 
on the particular facts to be tauKht in the junior high school. 
These facts should then lu included anning the assumptions with 
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which the course in demoiutrative Keumetry be^in^ in the senior 
high school. This increases the number of assumptions. Moreover, 
it enables the teacher to organixe a course which observes a truly 
logical sei|uence. It may call for sliKht readjustments of the 
theorems in the textbook. Some of them will be reduced from the 
ranks of basic theorems and included among the exercises. No 
harm will be done. This change will conform to the tendency that 
has grown up in recent years of diminishing the numi)er of basic 
theorems. 

Developinif the mesnini of a logical demoniitration» To a 

large extent demonstrative geometry is really a course in logic. The 
pupil entering the tenth grade has developed reasoning ability; he 
can hold his own in an argument and in a debate. However, the 
formal demonstration so prominent in tenth grade geometry is new 
to him. He comes upon it abruptly, without having had any former 
experiences that are similar. Mtiny pupils fmd the step from junior 
high school geometry to logical geometry very difficult and go about 
their work aimlessly for weeks before they grasp the idea of the 
usefulness of logical demonstration. Often the inability to take this 
step is the cause of failure. 

The problem is serious enough to call for careful consideration 
by the teachers of both schools. Somewhere in the course provision 
should be made for a period of instruction in which spaoe and logic 
are being gradually joined. Modern textbooks on geometry take 
recognition of this need by offering an introductory chapter preced- 
ing the formal geometry. However, the results are not at all satis- 
factory because it takes more time to develop the meaning of 
logical demonstration lhan can be devoted to it in an introductory 
chapter. 

The chances to solve the problem in the junior high school are 
much better. There the progress in the study of geometry is slow. 
Ever so many situations present themselves in which facts may be 
easily established by simple reasoning cycles. This work can be 
made attractive to the pupils. Gradually they will see and ap- 
preciate the power and advantage to be derived from the logical 
proof. It is possible to work out a detailed, definite program which 
will lead the pupil gradually from the method of direct observation 
through a period of informal reasoning to the stage of (lenionslrative 
geometry. The last belongs pro{)erly to the senior high school. The 
first two should be provided in the junior high school. 
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Continuity of inxtruction in arithmetic during thw Mucondtiry 
school period. Tho liindamemal processes of arithmetic are tauRht 
In the rtrst six Krades of the elementary school. However, arith- 
metical maturity is usually not attainod liy pupils before the junior 
or senior years of the h'mh school. It is'noi unasual to find hi^h 
school seniors who have not a<lvanced beyond the le\el of the fifth 
Krudo pupil in arithmetic, although sometimes pupils are found in 
the seventh grade who have already attained maturity in arithmetic. 
Kvidently, instruction in arithmetic must continue in secondary 
school mathematics even though a forn-il course may not, or should 
not, be offered. Anyone who has examined the results of arithmetic 
(ests administered to high school pupils will agree to this. High 
school teachers cannot wave a.side the responsibility. Arithmeticpl 
deficiencies of individuals and of classes should be discovered by 
nteaiis of tests given each year to each grade. Steps should then 
be taken for remedial work. Kvery teacher from the seventh grade 
up shouhl know definitely his obligations in respect to arithmetic, 
an<l the faculties of both schools should cooperate to the fullest 
extent in the program of bringing about arithmetical improvement. 

'I'hc layinit of the foundation of senio:* hifth school mathe- 
matics in the junior hijih school. The writer does not intend to 
give the impression that the major aim of junior high school mathe- 
matics is preparation for the later courses. The content of the 
curriculum at any stage should be determined first of all by the 
needs of pupils in their activities in and out of school. However, 
this does not imply that the needs of later life and of the more 
advanced mathematics should be disregarded. Frequently the im- 
mediate and deferred needs arc identical. Kven if they are not, the 
latter demand and deserve careful consideration. They raise prob- 
lems of teaching that are of importance to the pupils successful 
continuation of the study of mathematics. If the faculties of both 
schools are interested and cooperate in the solution of thesf? prob- 
lems, a correct start will be made and instruction will continue 
without interruption and with a minimum loss of time and effort. 

It is evident that teachers are not qualified to teach junior high 
school nialhematics unless they have a thorough knowledge of the 
mathematics taught in the senior high school and in the junior 
college. \\"ithout this knowledge they will lack a comprehensive 
point of view, and their work will be ineffective. A few examples 
will illustrate the correctness of this assertion. 
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C mtlnuity of the tcaehinil of rtraphic representution. The 

teachinji of jiraphs in secondary school mathematics is a relatively 
recent innovation. Orixinally they belonjied to the field of higher 
mail iMiiatics. but they found the way into hi^h school mathematics 
and from there into the junior hijih school. To-day mey are 
taUK'ht. or used, in all mathematics courses and in some of the other 
school subjects. Their importance is recognized not only in school 
work but also in everyday life. The teaching of graphs begins in 
the junior high school and continues in the senior high school. 
The responsibility for teaching them is assumed by both depart- 
ments, each taking its share. 

In the junior high school the pupil shouhl ac(iuire a knowledge 
of different types of graphs used to represent numerical facts. He 
should rittain conriderable ability to employ them in a variety of 
situations nnd to understand and interpret relationships when they 
are pictured graphically. He should become familiar with the bar 
l. aph, line graph, and circular graph, and learn to solve linear and 
({uadralic equations by graphic methods. This cannot be accom- 
plished by the study of an occasional chapter on graphs. They 
should be' used constantly. On the part of the teachers, it presup- 
poses a thorough knowledge of the subject. 

Graphic work begins when pupils draw line segments of given 
lengths and find lengths of given line segments by estimating and 
by applying the ruler. From this simple drawing and measuring 
of single line segments, but a small step remains to the statistical 
graph. This relation is not always recognized l)y the teachers, and 
the introductory work is often slighted and even omitted Ijecause 
its importance is not realiml. The place for teaching it is in the 
early part of the seventh grade. 

The drawing and measuring of line segments should be assigned 
a prominent place in mathematics, not only because it is an intro- 
duction to graphic work, but on account of its usefulness for other 
purposes. For example, it is essential to an understanding of such 
concepts as ratio of geometric magnitudes, proportion, similarity, 
an..l trigonometric function. If in trigonometry the sine function 
is introduced as a ratio of two sides of a right triangle, it is a.ssumed 
that the pupil knows what "ratio of two sides" means. This .seems 
justifiable because the term is used over and over in tenth grade 
geometry. The chances are that the teacher of geometry also as- 
.sumed an understanding which did not exist, and failed to explain 
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the term. Most likely hu disposed of it hy saying that the ratio 
of two line scKments is the ratio of the numerical measures. How- 
ever, the explanation means little or nothing to the pupil who has 
not had actual experiences with nieasurinn and with llndinK ratios 
hy dividinK one measure by another. Thus, the drawing and meas- 
uring of line segments is an introduction not only to graphic renre- 
sentation but also to the subjects of geometry, trigonometry, and 
analytics. 

A program for teaching graphs during the entire period of 
secondary school mathematics should be worked out to make them 
a powerful tool in the study of mathematics and a mode of 'Junking 
which makes abstract relationships concrete. Xot very long ago 
teachers objected to graphic representation on the ground that it 
introduced rather than removed difliculties. In textbooks on algebra 
the graphic solutions of o(|uations were cautiously placed in a 
chapter by themselves where they could easily be omitted. In 
trigonometry the graphs of the trigonometric functions were re- 
garded as frills. They were taken up when the course was finished, 
if time permitted. 

The tendenc)- to-day is to make graphs useful and to teach them 
not as curiosities but as an essential part of the course. The trigo- 
nometric functions illustrate this strikingly. To give the learner a 
clear conception of the functions and their relationships lo each 
other, teachers make use of a variety of devices which may all be 
replaced by a simple graph. The student who understands graphs 
sees at a glance that the sine function is positive in the first iwo 
quadrants and negative in the last two; that it assumes all values 
from o to I as the angle changes from o ' to 90 ; that the maximum 
and minimum values are +1 and — i : that the sine of («X9o '±:Jc) 
is numerically etjual to sine a* or cos .v according a:. « is even or odd ; 
and that it is a periodic function. Moreover, the graph aidb the 
mind to retain all these facts and, if in doubt, the student can 
reproduce them in a moment by making a rough picture of the 
graph. 

The importance of graphic repre.^entation cai»not be over- 
looked, and the coiiperation of senior and junior high school teachers 
is needed if it is to be taught effectively. 

'Ilie united efforts of junior and senior hi^h school teachers 
needed to teach the formula. The formula deserves a prominent 
place in all mathematics courses. Instruction in it should start 
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early and nevtM* ceases for some lime is reijuirtnl lo develop the 
various abilities with formulas. 

One of these is the ahilitj* to derive formulas. In senior high 
school mathematics formulas are rarely used unless they have been 
derived b\' the pupils. The same is true for the formulas which 
occur in the science courses. Kxperience show^s that the deriving 
of the formula aids the pupil in understanding it and yives him 
confidence in its use. For this reason the pupils generally develop 
the pro};ression formulas, the quadratic ecpiation f(jrnnila» the 
binomial theorem, and the laws of uniform motion and of falling 
bodies. 

The first formulas with which pupils become ac(|Uainted are 
simple and easily derived. This is true particnlarl\* of the formulas 
for finding areas of the common plane figures and volumes of solids 
and for computing percentage and interest. Neve»'theless, teachers 
and textbooks often neglect to derive them. The\- merely state the 
formulas, explain the meaning of the syn^ibols, and proceed to the 
applications. Thus the pupil's conception of the formula is neces- 
sarily limited, since he sees in it little more than a ru^*^ or device 
which he must learn to manipulate to find the re(|Uired answers to 
given j)rol)lems. The opportunity for training in deriving fornuihis 
has been lost. 

The evaluation of formulas is another process to be stressed 
throughout the entire jH^riod of secondary school mathematics. It 
deepens the pupils understanding of mathematical symbols and 
rclationshii)s contained in formulas and gives practice in substitu- 
tion and in the fundamental operations. This phase of formula 
work has always received its share of attention from the teachers. 

The transformation of formulas is a third ability to be de- 
veloped. Training may begin as soon as the pupil has derived the 
first formulas. Thus, he should be taught early lo solve c = 
for / prt for p, r, or / ,w/ . - rt tor or / ; .1 • - /;// for /; or //. 
It will take a large variety of forniuhu- and problems, as well as 
constant i)raciice and teaching extendini^ over a period of years, to 
develop i)r()ficiency in tr'insforming formulas. 

A fourth i)hase of the study of formulas is the development of 
power t ) understand relationships contained in them. This is 
essential to mast(Ty c)f the proi)(T concepts. 'I*hus. the pupil should 
see that the value of r is doubled in r i^r if r is doubled, but that 
.1 in the formula .1 - .t/- becomes 4 times as great if r is doubled; 
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lhat t in t is increased if t is decreasetl, but that It is decreased 
r 

if r is increased. 

Relatit)nships in formulas have received little attention In teach- 
ins, with a few exceptions, as in the case of the (|uadratic formuhi. 
Here it is shown that the character of the root of an et|Uation is 
related to» and ilepends on, the values of the coefficients. Although 
the relationship is simple, pupils usually e\7)erlence considerable 
(lifliculty in comprehending it. The reason is that they have not 
been trained to examine formulas in respect to the relationships 
existing amon^ the variables. The preceding courses should provide 
such training. 

The soluticm of verbal problems as a f(oal of instruction at 
all times. Proficiency in solving problems is regarded by many 
teachers as the most important function of the teaching of mathe- 
matics. They would make the problem the outstanding feature of 
each of the various courses. These teachers would introduce new 
processes with problems In which they occur and justify the 
processes on the K^'^^tmd that they are needed in solving the prob- 
lems. Others emphasize verbal problems on account of their in- 
formational value. They regard them as the most useful and most 
interesting pari of mathematics. 

On the other hand, the teaching of verbal problems has been 
severely criticized for two reasons: the failure to select more prob- 
lem material that will be understood and appreciated by the pupils, 
and the lack of an effective techni(jue of teaching pupils to solve 
problems. Both criticisms necessitate the careful attention and 
coiiperation of the teachers, for training in problem solving must 
continue without interruption in all mathematics courses. Prob- 
lems should be more than mathematical puzzles. They should give 
ihe pupil a feeling of reality and impress him with the value and 
importance of mathematics. 

K(iually important is an effective technitjue of training pupils 
to solve problems. The literature relating to difficulties experienced 
by pupils in solving verbal problems is full of helpful suggestions. 
In the beginning of the secondary school period problems are solved 
by arithmetic. Later, the algebraic method is use^l almo,st exclu- 
sively. Somewhere within this period the transition must be made 
from the first method to the second. 

However, the two melhods have certc'in steps in common, and 
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practice in them should l)e provided throughout the entire period. 
This includes trainiriK in reading verbal prohl.Miis undersiandiiiKly, 
in compreheiulin« the social situations contained in them, in analyz- 
ing the content of problems for the facts that are staled or implied, 
and in separating the known facts from those that are to be found. 
In addition to this, the arithmetical method recjuircs training in 
selecting the right process and the algebraic meihod calls for prac- 
tice in recognizing relationships and in deriving the equation, or 
etjuations, for solving each problem. The change from the first to 
the second niethod should be gradual. It is unwise to force upon 
the pupil a method which he does not ap"»reciate. If he is led to see 
the superiority of the algebraic over th* arithmetical method, he 
will prefer to use it. 

The first step toward the application of the algebraic method 
will be the use of literal numbers to denote the unknown or recjuired 
numbers. Somewhat later all unknown numbers will be expressed 
in terms of the same literal numl)er to simplify the verbal state- 
ments. As a further simplification, the ecjuation should be intro- 
duced. For the first problems the equations will be simple enough 
to be solved by inspection without the use of axioms or laws. .\s 
the problems increase in complexity, axioms will be employed ii- 
M)lving them. IVogress should be gradual and sufficient time for 
assimilation should be allowed each step. At the end of the junior 
high schot^l period the pupil should be (juite proficient in solving 
verbal problems by algebraic methods. 

The stressing of functional thinking throughout the period 
of secondary mathematics. In the past much more attention has 
been given to the computative iuu\ formal phases of mathematics 
than to the informational, cultural, and functional aspects. With- 
out disregarding the importance of the first two phases, the tendency 
in modern teaching is to give more recognition to the last three. 
Thus the student of mathematics should accjuire power to think 
independently, to learn to enjoy the beauty of mathematics, and to 
appreciate the subject as one of the great achievements of man 
One of the objectives of the teaching of mathematics is the powei 
to do functional thinking. 

Until recently it was assumed that the function concept belongs 
to the field of higher mathematics. It \>^ now generally agreed that 
training in functional thinking deserves a place in secondary school 
mathematics. Indeed, anyone who watches the activities of young 
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children will find evulence of funclional thinkins in the earliest 
stages of school work and in the everyday experiences of the pupils. 
These experiences should be utilized to give truininR in functional 
thinking. In the junior hixh school, opportunities for further train- 
ing are numerous, especially in the study of algebraic formulas and 
the geometric theorems which express relationships between vari- 
ables. At the .senior high school level, the function concept may 
then be made the central thence of mathematics. "The teacher 
^•houl(i have this idea const:\ntly in mind and the pupils' advance- 
I lent should be consciously directed along the lines which will 
p.^'-ent first one and then another of the ideas upon which finally 
the formation of the general concept of functionality depends." * 

Sumnniry. Some of the major objectives of mathematics teach- 
ing have not been ac(|Uire(! and cannot be attained by pupils as long 
as the great idoas are taught as isolated topics. Mastery of these 
ideas develops slowly. They must be presented repeatedly in vari- 
ous situations and at different levels. Each teacher must know 
what has preceded his course and build on it. Each must be fa- 
miliar with that which is to follow and must pave the way for it. 
The gap between junior and senior high school mathematics will 
thus be eliminated. The accompli.shment of these results requires 
the fullest coiiperation of the teachers of both departments. 
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A SUMMARY OF SOME SCIENTIFIC IXVESTI- 
GATIOXS OF THE TEACHING OF HIGH 
SCHOOL MATHEMATICS 

Hv H. K. IU:N'Z 
Ohio Cnhrrsity, Athens, Ohio 

L Intkodi-ction 

The research in this chapter received its tlrst inspiration from a 
conviction on the j)art of the writer that a summary of scientific 
investigations relatinfi[ to the teachinj? of hv^h school mathematics 
should be made, similar to those for other school subjects. 

The idea of such a summary persisted largely because the 
writer believed that less scientific research was being done in this 
field than the importance of the subject warranted : that the Na- 
tional Council of Teachers of Mathematics as an organization ought 
to be more interested in encouraging such research: and that any 
program of investigation must necessarily begin with a survey of 
what has already been done and an evaluation of the adequacy of 
this past research for curriculum-building purposes. .\s a result of 
definite encouragement from the editor of the Yearbook, the present 
study was made. 

The work done here represents an effort to summarize the con- 
clusions found in reports of scientific investigations of the teaching 
of high school mathematics. It is not claimed that the field has been 
thoroughly covered. Only those magazines which were found on 
the shelves of Ohio University were thoroughly searched. It is 
quite likely that several important researches were overlooked be- 
cause they were reported in other magazines, Xo effort was made 
to survey systematically the literature written prior to 191 5, 
although some earlier articles were included. vSince the work was 
begun early in 19.^2. no articles for that year are included. It was 
at first hoped that unpublished dissertations submitted in partial 
fulfillment of the requirements for graduate degrees could be in- 
cluded, but this was found to be impossible. There is, of course, a 
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wealth of material in this source which should be included in suhse- 
(|Uent summaries of this kind. 

It was necessary to set up a more or less arbitrary criterion of 
research when selecting articles to l)e included in this report. 
The literature on the teachinjj of mathematics is very extensive, and 
a very lar^e part of it consists of discussions of the topic wnich, 
althou«h exceedinjily helpful, were not* it will be noted, included in 
this summary. The reasoned conclusions of experienced teachers 
based on years of actual classroom contacts are mi to be dismissed 
lightly, yet most articles based on such experience were not in- 
cluded. Descriptions of classroom procedures, written b> critical, 
trained, and successful practitioners of the art of teaching, are 
often more helpful in pointing the \Vi»> to improvement in method- 
ology than the statistically reached results of a thoroughly scientific 
experiment carried out under elaborate and carefully controlled 
laboratory c(m(liti{)ns. Hut this report does not claim to be a sum- 
mary of such articles. Articles which represent merely opinions, 
or articles which describe the experience of an individual teacher 
with a certain technique, were not included regardless of the expert- 
ness of the opinion. There is no implication that such discussions 
are not helpful, and a sul)se(|uent analysis of the literature mii^ht 
include them, but the present discussion is confined to those articles 
which meet the commonly accepteil re(iuirements (^f scientific re- 
search in education. 

The summary necessarily has been brief. It mi.uhl have been 
more desirable, had conditions permitted, to discuss the articles 
in somewhat .i^reater detail. The reader could judue better the 
validity of the conclusions if he could know the conditums under 
which the experiment was carried out. Obviously these conditions 
could not be described in suftkient detail to make this possible. 
The worker who is interested will wish to read the ori.^inal articles 
in many cases. In srmie instances this is imperative, for some 
of them were of such a nature as to make it inadvisable to present 
even the tuidin.^s. The reader is simply informed of the existence of 
the article, is tohl of its general nature, and is referred to the place 
in which the complete stud\* can be found. 

The setting up of a dassitlratitui was somewhat difllcult and the 
assi«j[nment of some of the reports to certain headings may seem 
arbitrary, but this plan was followed because some articles were 
found to lU with ecjual lo.uic under several headings. If this account 
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seems to the reader to be somewhat (li^^connecte(^, he should reflect 
that it is larjjely due to conditions inheren* in the nature of the 
situation. It is to be hoped that some day we shall be able to write 
a systematic discussion of the teaching of hi^h school mathematics 
from the results of more complete research. With the scientific 
study of the problem of high school teaching in its present state, it 
is impossible to write an account of the completed research with any 
semblance of system. This lack of scientific evidence was noted 
nearly twenty years ago ( 129 1/ and still persists to some extent. 

IL Thk Mathkmatics Ci^rrici lum 
Uses of mathematics in life. Studies dealing with the uses 
of elementary school arithmetic in everyday life have been fre(|uent, 
but fewer investigations of the uses 01 high school mathematics 
have been made. This may be the result of the belief that many 
phases of high school mathematics have justifications other than 
their social utility. Only one investigation was found which dealt 
with the social utility of arithmetic as taught in the junior high 
school. Camerer I17I submitted to thirty-five bank employees and 
ai.^o to certain parents of school children a list of forty-one ((Ues- 
tions about those aspects of banking which are of common interest, 
asking their opinion on the relative importance of the items. The 
list of questions is given in the article, together with the order of 
their importance. Thorndike | ii.^ | made a study of the uses which 
people make of mathematics above arithmetic. In his study 200 
pages from the beginning of each volume from one to twenty-eight 
of the Encydopitdia Brltannica were read. A table shows the num- 
ber of articles and the number of inches which contain one or more 
of several types of mathematical material. It was found that 
per cent of the articles used mathematics beyond arithmetic, and 
these articles used 18.55 P^-'i* cent of the space. The author con- 
cludes that "algebra is a useful subject, but its utility varies enor- 
mously." In a study carried on by Hobbitt and Scarf (io|, the 
mathematics required for an understanding reading of popular 
science was investigated. A random sampling was made of a total 
of thirty-one issues of five magazines (three popular science maga- 
zines, one magazine with a science department, and one of general 
interest), and three popular science books. The report of the in- 

^ Xumber^ in brackets rulVr to titK-s in the Bibliography at the end of the 
chapter. 
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vestiKution include*^ eliiliorate tabulations of unitSi measures, da es, 
processes, and kinvls of nui ibers used in arithmetic. Twelve alK^*- 
braic terms were found fifty-two times, and eighteen of these cases 
were instances of the use of the word **fornuila." Algebra was 
counted SiXty-seven times, and seven different formulas were used. 
Negative or fractional exponents were discovered four times. A con- 
siderable number of graphs were found. The authors conclude, 
**Algel)ra is very little used by writers of popular science." On the 
other hand. ge(unetric terms were used 5066 times. In addition to 
this, geometric principles, problems, and constructions occurred 
with great fre(|uency. There were 196 cases of terms taken from 
mathematics al)ove the level ui that usually taught in the high 
school. Another report of the mathematics used in popular read- 
ing was given by Touton I115I. One of his students checked the 
uses of mathematics in a number of magazines and newspapers. 
Many concepts of form and quantity are listed in the report. In 
one popular magazine there was an average of forty-two mathemati- 
cal concepts per page. **Thc concepts encountered by the general 
reader cover a very broad field.** 

Proptedeutic uses of mathetttatics, Mathematics has fre- 
quently been urged as a suitable field for study in the high school 
because (»f the very great likelihood that the student will find uses 
for it in subsecfuent academic work. Several excellent studies of 
this relationship have been reported. Zerbe I1.51I investigated the 
geometry that is needed in high school physics. Ten physics texts 
and six laboratory manuals were examined. The results list twenty- 
five theorems and ten constructions that are involved in the geome- 
try which the physics student should know. Rugg and Clark |q2| 
in their very important study of the ninth grade mathematics curri- 
culum give an analysis of algebra textbooks which shows how often 
the various operations of algebra were used (i) in subsequent tojiics 
in algebra, (2) in plane and solid geometry, in advanced alge- 
bra, and (4) in physics and chemistry. They conclude that *'half 
the material of first year algebra cannot be defended in terms of 
academic u.se.** Thorndike |ii.^| discus.ses an examination of 
forty-four high school texts in the social and physical sciences and 
the practical arts. The number of times that algebra was used and 
the number of inches of algebra in each text are noted. A table is 
given that shows which kind of algebra was used. The most ex- 
tensive need of algebra in high .school courses is said to arise in 
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OHiiurtiDii with !lu» riNulinii of siaiisiical .uraphs; in physics the 
siudtMii is (liscoNTivtl to riMpiirr a mastiMV of formuhts inchulinn an 
uiidi^rsiandiiiK manipulation whii'h is inipiitMl : in chiMnisliy 

he is found !o nird i»s|nH-iMll\- iht* al)ili!y !n form prnporiions. 
Thorndikr s!udii*(| also ihr usi»s of al^e^iira in ruiloKi* suiije^cts. 
( olU»Ki» !(»aidu»rs wvw askn! to juduo \hv iniporiaiur of various 
topics^ and a 'fiwM diffi»riMUT (»f opinion was i»vidont. Topics arc 
lisii'd. lomMluT Willi various nu'ihods of wciKliioK the jud.iinuMits ol)- 
laincd. Statistics aiul graphs stand hij^h on the list, while literal 
e(|ua'l! ?"*^ other than fornuilas are tlioui^ht to liave low utility. In 
his in\ . ;I.natit)n 'I'horndike clurkeil the complexity of each topic by 
submitting various levels of al.nehraic tasks to college instructors of 
science, with the (piestion, "Which of thes* ahililies are essential?" 
.Many insisted that the pupil must he able to perform aluebraic 
operations on very difficult levels. It <eems likely that what these 
college instructors really want is the de.nree of intelligence repre- 
sentefl by the ability to do the tasks. N'erbal problems were sub- 
mitted wi'h lliv leipiest that the colh\ue instructors indicate which 
they Considered important. 'I eachers of piiysical sciences rated the 
fantastic problems above the genuine. Teachers of social sciences, 
in Kcnerab rated verbal problems as useless. 

('oni«[(l()n h.^l examined certain college texts to learn what 
mathematics is preretpiisite. He listed certain concepts which should 
receive more i)ractice in the hiuh school, concludin.^ that *'colleKe 
subjects dealing with (|uantitative data make use of an extensive 
symbolic lani^ua^e (piite different from that used in hi;;h school 
mathematics."* His report states that many special synd)nl; are 
used, as well as subscripts and primes. ( ertain arithmetical ccjmpu- 
tations mure complicated than those usually found in elementary 
arithmetic are found in colle.^e physics. The geometry needed is 
very elementary Scale drawin.ns, line uraphs. standard numbers, 
and the meanin.^s of the tri.uonometric functions are used. In 
Keneral. the matliematics needed is not diftkult but often unusual. 
The mathematics in\-olved in solvin.u hiun school ph\'sics problems 
was also studied b\- Reagan |iSi (. \lv examined carefully the prob- 
lem content t)f niu» text and fcunnl two hundred forty-one problems. 
The mathematical iuhhIs. he says, are not extensive, but they 
possibly cannot be met in certain cases because of what he calls 
"misplacer!" tinphiisis in the mathemati(\^ courses. I-'ew problems 
re{|uire any knowU>dge of geometry. In algebra more attention 
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should be nWvw foiimilasi ratio ami proportion, aiut variation 
topics which, as a general role, are deferred loo lonn in the tradi- 
tional cour>e. 

1*he nialluMualics neiMlcd in the study of cheniisiry has received 
some attention. Kendahl |St)( examined three hij^h 'School cheniis- 
try hooks. He found M)i) numerical problems, and counted the 
number of limes that oach arithmetical process was used and what 
fractions wore involved. Decimals. perccnlaKe. iind proportions 
were found frc(|Uenily. allhoUKh ne«alive numbers and measure- 
ments were used \ery seldom. The uses of ueomolry he reports 
as ne.uliiiibh\ while Mhe more impi)rtant uses of al.uebra are in 
solvinu simple and fractional ecpialions of the fir?t deyriv with one 
unknown and in sul^stitutinu in a formula." Williams ju.^j 
examined a text in coIIckc chemistry. He found "a rather limited 
use of mathematics. " A ihorouuh knowledue of the fundamental 
processes of arithmetic was seen to be necessary and a mastery of 
simple e(|uatinns in one unknown and simple fractional etpiaiions 
to be valuable. -.X knowledue of the fundamental processes in 
aluebra seems desirable ihouKh by no mvans as essential as mi^hl be 
inferred." Zerl)e sludieil the relationship between «eonv"try 

and plane iriuonometry. in fwv iriuonomolry textbooks he found 
that sixty-ei^hl Kcomelric principles, theorems^ corollaries, and 
constructions were used. 

rndoubledlj . the common re(|uirement of mathen^aiics for col- 
le^e entrance may be traced at least partially to a conviction on the 
part of someone that mathematics is necessary for success in c<ib 
le.ue. .\ study by Lewis I57I shows that from iSqO to iqi6 the 
number of .\merican schools recpiirinji; solid ueometry for entrance 
decreasetl from thirteen to three. 

Interest in mathematics. Pupils" interest in mathematics has 
been studied by seseral individuals. Downey l.^.^l sent a (|Uesiion- 
naire to 7000 pupils in l"ifteen hiub schools. Ki^bty-four per cent 
replied affirmatively to the (|uestion. "'Do you like mathematics?" 
Liking is based mainly on the interest* usefulness, and mental train- 
ing involved. In algebra it was found that manipulation ami appli- 
cations are e(|ually popular. In geometry constructions are popular, 
while ori.uinals are unpopular. Thorndike jii.^l asked 1.^00 high 
school pupils which subjects they liked most and least. 1-or boys 
algebra holds a middle position, while udrls tend to dislike this sul)- 
jeci. .\bout one-ft)urth of all uirls reporting said they like It least 
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or next least of all the ^ubfects taken in the hiKh school. Plane 
geometry ranks below al«el)ra for both groups. Thorndike also 
submitted various aljjebraic tasks to pupils for rating in terms of 
interest. He found that pupils do not prefer applied problems to 
abstract computations. They prefer numerical computations to 
literal computations, and dislike fractions and elal)orate siniplitlca- 
tions. althouKh they like evaluation by substitution and the ^raph- 
inK of ecjuations. Difncult material is unpopular. An inlerestioK 
study is reported by Davis I27I. He asked business and profes- 
sional men. who were prominent in their occupations, their opinions 
relative to the teachinj? of mathematics in the hijjh school He 
found an overwhelming opinion in favor of teaching al^elira and 
geometry. Most of them claimed that a certain menial training 
had been received and a lar^e majority insisted that mathematics 
must be retained as a school subject. In one city gt per cent of 
the business and professional men recommended that mathematics 
be made a hi^h school requirement. In a St. Louis hi^h school 
about 60 per cent of the pupils claimed to like mathematics very 
much. The results from other (|uestionnaires are cited to show that 
pupils enjoy mathematics, consider it valuable, and prefer it to 
other subjects. 

Disciplinary values of niathcniatics. Most of the controversy 
on the (juestion of whether or not mathematics should be a re(|uired 
sul)ject in the hinh sch(H)l has centered around the (juestion of 
whether or not certain aliilities. which it is l^elieved are developed 
in connection with the study of mathematics, transfer to other fields. 
It is unfortunate that no more work has l)een done in order to 
a.scertain the extent to which this transfer takes place. Rukks 
study |gi, which he made by an analysis of 41.^ of the students 
at the Tiiiversity of Illinois, indicates that transfer is greatest in 
those tields most cb)sely relaterl to the subject in which the train- 
in.u: is rereiwd. This study has to do with the disciplinary value of 
descripti\ e geometry. ''The training operates more effectivel)* in the 
case of probhMiis containing content resemblinj^ that of the training 
ctjurse." Lewis I58I compared the marks of students in mathema- 
tics with ability in reasoning "to find if there is a reasoning faculty 
which by exercise in mathematics can lie made stron.i^er for other 
kinds of reasoiiiiiM^'' The tests u>ed were not objective and perhaps 
not vvty '^liable, but the conclusion drawn is as follows: "These 
tests are surely convinciiiK of one thiiiK, viz,, Mhal students able in 
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mathematical reasoiiiiii^ are not ON'en generally able in practical rea- 
soning ami law/*' Rielz jiSyl computed the r from Lewis' data 
and found it In be .27 in the case of law, which he believes indi- 
cates that Lewis' conclusion is not justified. To test these conclu- 
sions further, Rielz computed r's between the marks in mathematics 
and those in law and found that they ran^e from ..^S to .68. Xo 
partial correlations are j^iNen to show the relationship when the 
common factor of intelligence is held constant. 

Kelley I54I carried on a siudj* to deterniine the more K^neral 
values of algebra. He used e(|uated j^roups, one «roup taking the 
regular al^^ebra course, the other takinj^ a course designed to achieve 
certain broader values inherent in the subject. At the end of the 
year the pupils in the two sections showed little difference in their 
mastery of the algebraic method. The first group showed greater 
power of mathematical analysis, while the second group had 
achieved the broader values to a greater extent. The author con- 
cludes that ''the varied and important values claimed for high 
school algebra may largely be realized under detniiiely aimed in- 
structi(m.'' 

Objectives. The determination of objectives would seem to be 
fundamental to any intelligent proi^ram of reorganization of mathe- 
matics. The method to be followed in determining objectives was 
the object of one study, (leorges |,?gl asked forty-two teachers 
which of five procedures for determining objectives they favored, 
and found that most of them preferred folio win.^ reports like that 
of the National C'onunittee on the Reorganization of Mathematics, 
and the tindings and conclusions of investigators in the lleld of 
objectives. 

Schorlin.^ |c)iS| niiule a comi)rehensive study of the entire field 
of junior high school niatbi'inatics in order to set up a tentative 
list of objectives. F'.rst he established a series of guiding princi- 
ples and then determined by means of tests the mathematical eciuip- 
ment of beginning seventh grade pupils. His list of objectives was 
set up on the basis of social utility, courses of study, textbooks, the 
report of the National Committee^ and the (jpini(jn of a carefully 
selected jury. These objectives were then used as tliC basis of a 
teaching program. The new material was taught under experimen- 
tal conditions, with control sectiom* using the regular course of 
study and regular material. Twenty-eight of thirty-four experi- 
mental classes did as well ;is or better than the corresponding control 
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classes. The material was then apiain revised In the litjhi of the 
teachers' comments. 

Considerable attention was devoted by Smith and Ree\'e to the 
question of objectives for the iimior hi^h school. Their rather 
comprehensive list I103I, grouped under several headings, will be 
found useful for checking courses of study or textbooks. Lists of 
objectives in geometry I83I and intermediate algebra I84I were 
worked out by Reeve with the assistance of a "large numbeM- . . . 
of experienced teachers of mathematics throughout the country." 
Xyberg I69I set up a list of objectives based on accurate records 
of classroom procedure. He listed for thirteen classes just what 
happened every day. Xyberg says that Reeve s list is too inclusive 
and suggests sixteen topics which he cannot find time to te»ach. 

Miscellaneous studies on the curriculum. Johnson | 5:2 1 in- 
vestigated the teaching of geometric material in the junior high 
school. He asked twenty-four members of the Chicago Mens 
Mathematics Club about the grade placement of 125 items in 
geometry, and whether they should be taught at all. There was a 
wide variation of opinion. He examined the geometric and trigo- 
nometric material in ten series of junior high school texts, and 
again found a wide variation of opinion, Xo one, not even writers 
of texts, seems to know what ought to be taught and in what year 
the material should be placed. 

Rugg and Clark |q2| investigated the (juestion of Mhinkin^** in 
the algebra course, and from an examination of textbooks con- 
cluded that less than one-third of the time in algebra is devoted to 
problems recjuiring thinking. Many high schools fmd themselves 
faced with the necessity of deciding which of several courses t() 
offer. Habcock I7I made an investigation to tletermine whether 
solid j^eometry or advanced algebra should be offered in a coeduca- 
tional secondary school which cannot (;ffer both. Sixty heads of 
departments were asked which of the two was of greater value. 
The majority favored offering solid geometry, 

ni. Thk Historv and Status ok Maiiikvatics Tkachinc; 

History. Mathematics is sometimes thought to be a relati\'ely 
static subject. Its teaching, however, has chaMged during the past 
few years, .\ comprehensive study of the hi^l()ry of the leaching 
of elementary geometry from the time of ancient (ireece to i9og 
was carried on by Stamper |io5|. In his rej)()rt he discusses also 
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the current teachini^ of <ie()nietry in the various countries of Kurope. 
and an effort is made to interpret contemporary problems in the 
liyht of their historical hack^roimd. C'hateauneuf I19I traced 
chanji'es in the content of elementary al'jebra since the bei^innin<i; 
of the hi^h school period. She .^ives tables and charts showing 
changes in emphasis, and the number and percentai^e of exercises de- 
voted to various topics in succeeding decades. (ItMieral trends and 
signil'icant changes are discussed with .some care. Three major 
changes have come about in the teaching of algebra in the last 
hundred years: the introduction of graphs about 1890. the elinu'na- 
tion of progressions, and the introduci.on of trigonometric ratios. 
Minor changes include a gradual increase in the number of exer- 
cises, largely in verbal problems, and a reaction against complexity. 
In general, algebra is changing in the direction reconunended by 
the National C omniittee in 192.^ (in many instances this trend 
was noticeable as far back as lyoo). Sanford in a careful 

stutly of the history of algebra problems, followed various t\pes of 
problems from their tirst appearance, in sonie cases hundreds of 
years ai^o. to the pre.<ent. Sin^ons lio^f'traced the history of the 
introduction of algebra into .American schools by means of a study 
of early manuscripts, students' notebooks, conunencenient theses, 
textbooks. scht)ol reconls. and advertisements of schools which ap- 
peared in the newspapers. ^A'owhere are there I'ound indications 
that a practical need for algebra actuated the teaching of it during 
the early period." It was evitlently taught for its own sake. 
Seybolt |ioi| discusses brietly the teaching of niathematics in the 
colleges and secondary schools of America in the eighteenth century. 
He gi\*es many footnote references to the newspapers of the time. 

Current practice. Man\' studio h i\e been made which throw 
lii^ht nil present procetlure in the teaching rjf mathematics in the 
I'niled Slates. Some of these are referred to under other headings, 
because they seem to have some other purpose than the determina- 
tion of (he present state of alYairs. (Hirrent practice in the teaching 
of junior high school mathcniati(\s was investigated b\' Worthington 
I I2S|. His (juestiomiaire >tudy of eiuhteen junior high schools in 
Pennsylvania and thirty-three outside Pennsylvania showed the 
time (levotefl to the subject and the texts used in each grade. 
I'sually f()ur or tive periofls per week weri' devcjted to mathematics 
Only one text was u<vA in :is many as ten schools. 'Vhv fifty-one 
schonls u>cd sixteen different texts in the seventh grade. Almost 
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half the schools taught trigonometry. About 30 per cent taught 
some demonstrative f-eometrVi while logarithms and the use of the 
slide rule were rarely given. In an article entitled **Hot2 Algebra 
Scales in the Pacific Xorthwest," Eells I34I reports the scores of 
more than 4000 students in eighty-nine schools. Detailed results 
are given and schools are classified according to the text used and 
according to the sixe of the school. Xo statistical analysis is made 
to show whether differences between schools using different texts 
are significant. Seventy-five per cent of the schools had medians 
which were above the test norms. Rosenberger I89I investigated 
the place of elementary calculus in the senior high school program. 
He describes foreign practice, gives a comprehensive history of the 
development of calculus as a school study, and then sets up a pro- 
posed syllabus for use in the secondary schools. 

IV. Thk Organization ok Subject Mattkr 

Correlated and general mathematics. Perhaps the leading 
proponent of correlated mathematics in this country is Hreslich. 
In a report 1 [ he gives the results of a study of conditions at the 
University of Chicago High School. .As a result of the development 
of correlated mathematics, failures were reduced, until in 1920 they 
were less than the percentage of failures throughout the school 
as a whole. Withdrawals during the semester decreased, and the 
number of pupils electing third and fourth year mathematics in- 
creased. vStudents who later took college mathematics at the Uni- 
versity of Chicago made an average number of gra<le points which 
was above the class average, although they did not do \hr same 
above-average work in other subjects. Of those who went to other 
colleges, over half did better in mathematics than in other subjects. 

Hurks (i6l compared students who took general mathematics 
with those who took algebra and geometry. The students were 
paired on the basis of past work and intelligence. The general 
mathematics group learned as much or more mathematics in 
seventy weeks as the algebra-geometry group learned in seventy-six 
weeks. I'orty-five per cent of the geneial mathematics group 
elected advanced algebra and 24 per cent elected solid geometry, 
while 15 per cent of the algel)ra-geometry group elected advanced 
algel)ra and 14 per cent elected solid geometry. (General mathe- 
matics seems to be more interesting. Crow and Dvorak I25I gave 
the Hotz .Mgebra Scales and the Minnick (leometry Tests to pupils 
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in five hif^h schools. Some had takon .general mathematics and some 
had taken al.uehra and j^eoinetry. The difiVrent fjroiips were not in 
the same school and groups were not paired and not eqm\. Intelli- 
gence scores were nnl available. On the alfjebra test the general 
mathematics «roup was superior, but not by a sijinilkant amount. 
On the four parts of the .geometry test the general mathematics 
j?roup was superior and the chances that the differences were real 
were .^S to i, i6o to i, ,^6(; to i, and 6.5 to r, respectively. The 
authors conclude that '^the exi)eriment tends to show that the reor- 
ganized mathematics .uives ihe pupil as much knowledge as the old 
type of or.uani/ation, though no decided advantaf^c." Insofar as 
geometry is ccmcerned, the authors seem to be very conservative 
in their conclusions. Stokes | 108] examined the ninth grade records 
of pupils who had had arithmetic in (Irades 7 and 8 and those who 
had had general mathematics. 'I'he ninth grade course was general 
mathematics. Those who had had general mathematics in the 
seventh and eighth grades did better work in the ninth grade by an 
amount which was 8.29 times the standard error of the difference. 
The chances are more than ggg in looo that the difference is real. 
Seventh and eighth grade general mathematics is a better prepara- 
tion for I inth grade mathematics than arithmetic. Wallace lii8| 
compared the work of two ctjuated ninth grade classes, one of which 
was taught "correlated"" mathematics and the other ^'unitled" 
mathematics. In his report the author explains the difference 
between lhe>c two terms. \o statistically significant difference in 
performance was found between the two chases. The cumulative 
findings indicate that any difference there m;iy be is in favor of 
unified mathematics. A most thorough and extensive study of 
general mathematics is reported In* McCormick |5q|. He gives 
a history of the movement, cites evidence bearing on the results 
of teaching general mathematics, and «ives the results of an analysis 
of textbooks u<ed in the high school. His study concludes with a 
series of concrete suggestions for teaching. Orleans I71I describes 
an experiment in teaching advanced algebra and trigonometry as 
a fused course in (Jrade 11. He notes the results of Regents' 
examinations. The results are not very conclusive because of the 
presence of certain uncontrolled factors and the unrelial)ility of the 
tests used, but they indicate that pupils learned as mu(^h algebra 
and as much trignnonietr\' as they do whei^ the courses are given 
separately. 
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The analysis of a^cbra, A most complete analysis of the 
fundamental skills of algebra was made by Everett [37]. He 
identifies ^'associative'' skills as contrasted with ^'manipulative'' 
skills. The former are those which *\ii;ive meanin.u;s to operations 
and relations/' These associative skills, their place in the subject, 
and their importance are described and discussed fully. Errors 
which pupils make because of a lack of posse.«^sion of the associative 
skills are described in some detail. Pease I74I made a thorough 
and careful analysis of the processes to be tau«?ht and the bonds to 
be formed in elementary algebra, and determined the relative diffi- 
culty of each process by determining the number of wrong answers 
which pupils gave to certain test items. He found that algebra 
involves 541 different learning units. He notes the complexity of 
the mental functions involved and points out the need of an 
analysis of these functions. Waples and Stone made an 

elaborate analysis from the teaching standpoint of a single topic 
in algebra — directed numbers. The unit was analyzed for desired 
outcomes, and pupils' difficulties were then (knerminecl and classi- 
fied. The purpose of the study was to "define a techniciue whereby 
any investigator may collect methods of removing pupils' difficulties 
in learning a given unit." 

The analysis of geometry* The conmion sul)ject matter of 
geometry as represented in six textbocks was analyzed by Welte 
|i22|. He determined whidi pn^positions are common to the vari- 
ous books antl to the list proposed by the National Committee. 
He listed the technical vocabulary of gernr.etry, the * main ideas*' of 
geometry, and the frequency with which each word and each idea 
is used. He then <et up a "psychological photograph,'' a table 
showing which words and which ideas are used in each theorem. 

V. Conditions Ai-ki/jti.no ok Accompanvinc; Tkacjiing 

Mathematical ability. The analysis of mathematical abilities 
has proved to be a fruitful field for investigation. Several writers 
have carried on studies of the relationship between al)ility in 
mathematics and other mental aljilities. McCoy [6o| found ability 
in algebra related to the followinu to the extent represented by the 
coefficients givim: arithnieiic^, .59; readinf^ .32; intelligence, .48; 
chronological age, .12; interest and persistence* .40. 

Thorndike | n.^| (|Uotes a study by Weglein in which the r be- 
tween algebra and \hv average of all first year studies in the high 
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school including algchiu is .64. Crathorne found an >• of .50 between 
alfjebra and intellit^tMue, liuckinf?hani found ..^S between alt^ebra 
and scores on the Army Alpha test, and Proctor found .46 between 
algebra and scores on the Stanford-Hinet test. Thorndike quotes 
several other studies and the coefficients of correlation which were 
found. He points out that these correlations are higher when cor- 
rectecl for attenuation, and still higher when corrected to express the 
relationship as it would be in a standard, unselected. adult iironp, 
when the rs run from .74 to .92. lUickinj^ham I15I e.xamined the 
records of twenty-sevtMi pupils who failed in al.ij;ebra in the (.liam- 
paij^n High ^School. The r between scores on the Otis test ivid 
scores on the Rollers mathematical pro^Miosis test was .32. Buck- 
ingham (juotes several other investigati(Mis as follows: Jordan at 
.Arkansas found that the r between Army .Alpha and mathematics 
tirades was .21 for ninety-four students, smaller than the relation- 
ship between Army .Alpha and any other subject investif^ated. .At 
the Harrison Technical Hi.uh School in Chicat^o the r between the 
Ternian group tests and algebra grades was .25 for 2.^5 cases. At 
the Urbana, Illinois. High School the r between Army Alpha and 
algebra marks was ..^S for 195 cases, and thai l)etween .Army .Alpha 
and geometry marks was .40 for the sanie group. These facts lead 
to the conclusion that mathematical ability is not .<o closely related 
to general intelligence as has been supposed. 

An elaborate study of the factors of success in first-year algebra 
was made by Schreil)er [99 [. The Courtis test, some of the Hotz 
tests, and the Otis intelligence test were given to 160 pupils during 
the last month of school. Schreiber reports that the algebra pupils 
were above normal in arithmetic ability, but that the relationship 
between algebra aiul arithmetic was low when intelligence was held 
constant. The correlation between algebra and intelligence was 
higher than the correlation between algebra and arithmetic. Those 
who failed in algebra were below standard in arithmetic and intelli- 
gence. Schreiber concludes that an I.Q. of 90 is the minimum 
necessary for success in algebra. 

A study by Haertter [441 was carried on to determine the 
knowledge which pupils brought to their tenth grade mathematics 
work. The test used is described in detaii^and one of the tests is 
given. He fojnd that the pupils tested brought a large store of 
geometric informaticju, and that it is not necesscuy to spend several 
weeks teaching terms and concepts if pupils have had the reor- 



ERLC 



28 



THK KKiHTH VKARBOOK 



ji;aiiize(l pn)*>;ram in ihv junior hi«h school, thus p<Tniittin<( the 
covering of more work in the stMiior hiyh school course. Hoyce | ii | 
carried on an investigation with a class in al^iebra, Ki\*in<i: them tests 
in intelligence and arithmetic at the hejiinniii}^ of the year, part of 
the Hotz tests at the end of three months, and the same after six 
months of alj^ehra study. Correlations between the ali^ebra test 
and various parts of the arithmetic test were low. '^When a student 
has passed thr()Uj>h the arithmetic of (Irades i to 8 inclusive, 
success in the first three months of algebra seems but very slightly 
dependent upon previous attainment in arithmetic." Lee and Lee 
1 56 1 made a statistical analysis of certain data dea!in»( with the 
performance of pupils on prognosis and achievement tests in algebra 
anci geometry and made a comparison with previous investigations. 
They also studied algebra and geometry marks. Their conclusions 
follow: Algebra ability and geometry ability are probably related 
to an extent best represented by an r between .-50 and .65. The 
r between achievement in algebra and achievement in geometry is 
probably between .40 and ,70. Correlations between abilities in the 
two subjects are usually higher and more consistent than correla- 
tions between achievements in the two subjects. About 40 per cent 
of the pupils show a difference between algebra and geometry in 
respect to both ability and achievement that cannot l)e attributed to 
chance. vSome factor other than achievement and al)ility is entering 
into school marks in these two subjects. In addition, the authors 
state several less important conclusions. It is unfortunate that this 
interesting and significant study did not involve more cases, but 
only two classes were used. 

Attempts to develop prognostic technicjues of mathematical 
ability are reported by two investigators. Perry 1 78 | made a com- 
parison of the prognostic value of the Orleans (Jeometry Prognosis 
Test, the Perry geometry progno.stic test, and the intelligence (juo- 
tient as determined by the 'I'ernian group test. .Achievement was 
measured by the Hart (ieometry 'IVsts, 'lest L and by teachers' 
marks. The Orleans test is more closely correlated with intelligence 
and it predicts performance in geometry l)etter than the Perry test, 
but when the I.Q. is partialled out, the Perry test predicts better. 
'I'he highest found is .78 between the Orleans test and the Hart 
geometry test. This is a zero order r. One important difference 
between the two tests is noted: 'I*h(* Orleans test measures students' 
performance in the face of actual geometric situations, while the 
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Perry test tries to give the ''potential abilities which, when directed, 
can lead to an effective mastery of plane geometry," Rogers [88 1 
set up seventeen tests of mathematical aptitude and investigated 
their value as prognostic of success. She determined the relation- 
ship by the performance of pupils on each test and by general abil- 
ity. The six best tests were selected for use in a composite prog- 
nostic test. "The correspondence found between the mathematical 
abilities tested might be traced to the common characteristic of 
capacity to react to partial elements in the situation/' **Mathe- 
matical ability can be satisfactorily diagnosed by six tests requiring 
an hour ami a half in time." In a total of 114 cases, the composite 
diagnostic test predicted school marks to the extent represented by 
r's of .79 and ,9a in two schools, when the obtained r s were cor- 
rected for attenuation. 

Individual differences. Differences in the abilities of pupils 
to learn mathematics have interested workers in this field for some 
time. Probably because of the relative ease with which studies of 
differences can be carried out, this problem has been carefully in- 
vestigated. First, with reference to sex differences, Thorndike 1 1 1.^ | 
reports that '•on the whole the ability of the sexes is on a par/' He 
finds also that boys in (irade 12 place algebra higher in the order 
of school subjects for preference than girls do. Pease [75] examined 
tests taken by 685 pupils and counted the errors in each of twenty- 
three llelds of algebra. When the results are expressed in terms of 
the number of errors per hundred pupils, he finds that boys make 
more errors in twenty-two of the twenty-three skills measured. 
The average boy makes 164 errors and the average girl 143. Webb 
making an investigation in geometry, tested 1130 pupils, 
classified into five groups according to mental age. In general, 
boys are found to be superior, and this superiority is most marked 
at lower mental ages. Only in the group with mental ages of i8|'j 
and over are the i^irls superior to the hoys, (lirls, in general, attain 
one more year of mental maturity than boys before their achieve- 
ment in geometry is comparable to that of the boys. When the 
middle 68 per cent of cases is considered, girls are found to be 
more variable. In his study of Xew York Regents' papers for 2800 
pupils in ICQ sch(U)ls. Touton |ii6l found that the boys showed 
decidedly stronger preference for construction exercises than girls 
did. but the range within either sex was much more significant than 
the difference between the sexes. Perry I76I followed the progress 



ERLC 



30 



THE EIGHTH VEARHOOK 



of two geometric sections, an experimental and a controlled group. 
The boys were higher in mental ability and reasoning ability, but 
the girls reached a higher level of achievement in the geometric 
exercises. Xo statistical analysis of the results is indicated in the 
report. Taylor [112! kept a careful check of the daily work of 
seventy algebra pupils. A record was kept of the time spent and 
the number of items correct on certain daily drill exercises. He 
found that those who got the most right answers did their work 
in the least time. In general, the brighter pupils wasted that part 
of the class period which was devoted to remedying the deficiencies 
of their less fortunate fellows. Taylor concludes that pupils of 
widely varying abilities should not be placed in the same class. 
The ability of students to profit by the study of algebra was care- 
fully studied by Symonds [iio|. In connection with his results 
Synionds gives suggestions for revision of the course of study in 
algebra. 

Ability grouping. The problem of the homogeneous grouping 
of students has occupied the attention of educators for some time, 
and the merits of the plan have been carefully investigated. Several 
studies have applied to the field of mathematics. Kerr I55I reports 
an experiment carried on in one of the high schools of Cleveland 
in which pupils were classified in mathematics according to ability, 
slow groups taking courses in industrial mathematics with much 
drill and much review of arithmetic in the ninth grade, and taking 
a tenth grade course consisting of material geometric in nature 
but without demonstration. Constructions and applications were 
stres.sed. Under this scheme failures were reduced by about one- 
half, pupils were found to be happier, and teachers better satis- 
fied. In a systematic consideration of the prol)lem of homogeneous 
grouping. Mensenkamp I62I discusses the various bases for section- 
ing and describes how the work may be adjusted to the needs of 
varying groups. He gives correlations between different predictive 
measures and success, and concludes that tho.^^e in the lowest fifth 
in the eighth grade should take no algebra at all. In the experiment 
described, the remainder were sectioned on the l)asis of eighth grade 
arithmetic scores and intelligence as determined by the Otis test. 
Austin [6| reports an experiment in which pupils were classified by 
the grade teachers into A, H. and C groups. About 15 per cent 
were thus assigned incorrectly, ''rhe Otis test would have placed 
them all correctly/' Intelligence, he says, is a necessary but not a 
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sufficient condition for success in alt>:ebra. Any pupil with an I.H. 
(Otis) of 100 can pass in alKol)ra if he is willinj? to make the effjrt» 
but new material and new technitjues must be deveh^ped for the 
use of the slower sections. In another place I5I the same author 
reports that the Otis test is superior to an arithmetic reasoning 
test for sectioning; al«el)ra pupils, although the Otis test sef\ns to be 
somewhat less than perfect, for. he says, the ;'\s betn-een the I.U. 
and algel)ra marks were found to range from .40 to .54. 

Glass size. The optimum si/e of high school mathematics 
classes was the subject of two investigations. Jensen [50] reports 
a very carefully controlled experimei/ in which pupils were put into 
large classes and small classes. The individuals were paired by 
I.Q., age, and initial algel)ra ability. Other factors were carefully 
controlled. The progress of the two groups wa.s then compared. 
He concludes that achievement in elementary algebra is more rapid 
in small than in large classes, and the difference is more marked 
in the case of boys. Jensen used only forty cases, and his differences 
in favor ol smail classes, although he draws the above conclusion 
without reservatirm, do not seem to warrant considering the (jues- 
tion closed. Haertter [43I placed twenty pupils in a small class 
in geometry and fifty-five in a large one. Each pupil in the small 
class was pairetl with two in the large class. The two groups were 
about e((ual in average I.Q., average marks in the previous year, 
and average menial age. He describes in detail the technicjue used 
in the large group, which involved breaking it up into small groups. 
Pupil leaders assisted 'n carrying out administrative duties. .\t the 
end of the year the small section had a median srore of 562 and 
the forty paired students of the large section a median score of 
55:>.5. The comparison of the individual r^rores indicated that the 
poorer students did better work in the smaller section. l)ut neither 
one of the sections was found to he demonstrably superior for the 
better pupils. 

Study. Individual and group study haljits seem to have some 
effect on the extent to which pupils master mathematics in the high 
school. Stokes hog I de.scribes a techniciue for measuring applica- 
ti(m in a mathematics class. ()b.>er\-ers used stop watches to time 
individual pupils in a group to determine the exact number of 
minutes they were studying. The distribution for the ninety-two 
pupils was far fn^n normal, but the average index of application 
increased during the year. In general pupils worked about Sz per 
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cent of the time. The correlations indicate that apph'cation has 
more effect on achievement than inteUiyence has. 

Johnson (53] compared classes which used the traditional (jues- 
tion and answer method with those which used a socialized project 
stu(*/ method. The classes were about eciual in al)llity, but in the 
case of both first and second year groups, the socialized recitation 
pupils had l)etter scores on each of four (juarterly tests and the 
semester examinations. No statistical analysis of the significance 
of the difference is ^iven. Douglass I29, ^52] compared the study- 
recite secjuence with the recite-study se(|uence in several subjects 
including mathematics. "The R-S se(|uence is probably more effec- 
tive for classes in mathematics in the junior high school.^' In the 
three classes used for experiment the chances in 100 that the differ- 
ences were real were 97. 50. and 88, respectively. 

Minnick I63I observed the performance of thirty-six pupils 
divided into two groups at random. One group spent the recitation 
period in geometry and did their study without supervision. The 
other spent a period directly following the recitation period in pre- 
paring the next day^s work. The supervised group kept notebooks. 
*\\n effort was made to teach the child how to stuily geometry." 
' In each of the six week's examinations and the final examination, 
the supeiAised class excelled in both the average grade and the 
average number of problems solved." Xo statistical analysis of the 
differences is given. Experiments in a number of schools with 
several subjects are reported by Brown and Worthington |i4|. 
Supervised study p;roups had sixty-minute periods and other groups 
had forty-five-minuie perif)(is. In one school the algebra classes 
showed no dilierences. In a second schaol the supervi.sed study 
group showed "mnrkerl superiority" by all measures of progress. 
The groups were efiual in intelligence and at the end of the semester 
the median semester marks were 76.8 and 70.0 for the supervised 
study group and the recitation group, respectixely. The probable 
error of this difference is not given. 

Hart(m |8| ecjualed two groups on the basis of chrcmological 
age. I.Q.. and ability as measured by the Stevenson Problem Anal- 
ysis Test. There were eleven pupils in each grouji. (Iroup A used 
a cla.<s discussion method for .solving problems, while (Iroup li 
used a techni(|ue by which indivi(hials received si)ecific assign- 
ments. The group discussi( n method was found to be somewhat 
superior. 
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Teacher?! of mathem«tic». A cnmprehonsivt' studv' of teachers* 
suhject-malter coinbiiiations was made by Andorx)!! and Kliassen 
|t|. They covered twenty-five different se(i«raphical areas in the 
United Stales, some of which included whole states. Sewnteen 
per ceni of all the teachers listed tausht one or more classes in 
mathenialic-s. In West N'ir^inia only 5 per cent participated in 
insiriiction iii this field, while in North Dakota the perceniaw was 
.?7. Of ()^^ teachers in North Dakota, 2^() tauKhl some mathemiui<.> 
and only laiiuhl only mathematics. Korty-Ave per cent of the 
mathematics teachers in New York State tau«ht only mathematics. 
Science was the subject nu>sl commonly combined with mathematics 
in teachers" proi^rams. 

In a study of the training of mathematics teachers. Zant | i.?o| 
describes the mathematics programs of schools in Knyland and der- 
ma ny. the iraininji of teachers, objectives, standards, results ol)- 
lained. etc. SKmdards are much hlKher in both thtse countries 
than in the United States, but in this country more students take 
the work. It was found that leacher-trainiuK reciuirements are 
hiuher in Kurope. in an article by Hughes I4SI a proposal is made 
for a siiKly intended to find out just how much collene mathematics 
a teacher ouuht to have. Hughes su^^^esls comparing the results ob- 
tained in terms of pui)il mastery by teachers with varying amounts 
of preparation. 

The problem of prtividin^ material for a leacher-trainin.K course 
was attacked by Schaaf |q7|. He sturiied the needs of prospective 
teachers of juniih- hi^b sch(Mil mathematics, examined catalojiue 
descriptions t)f courses offered to such prospective teachers, and ^ave 
tests to freshmen enrolled in teachers collenes. He then set forth 
in some detail the material needed b\- such indi\iduals in the form 
of a syllabus for a proposed c(uu>e lo lie taken by teachers in 
traininu. 

Tui-: Lkaknino oi- Mathkmaiics 

DrilK Thost* asjiec ts of teachini^ that are most oiijective are 
likel\ to receive the most attention from experimenters in education. 
The care with which the p.<ycholou[y of drill has been investigated 
illustrates this fact. The amount of (bill needed to master alueliraic 
tasks was studied by Thorndike \\\^\. Sixty-eiuht teachers of 
mathematics estimated how many tin.*s a pupil in a typical ninth 
grade da.v-; wouhi do each of thirty la^ks. Thorndike wives thc-^e 
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tasks, together with the number of times estimated. Kstiniates of 
how often pupils represent a number by a letter varied from loo 
to 50,000. Kstimates of how often they add algebraic expressions 
with unlike signs varied from loo to 1,000,000, and estimate- of 
the number of times they divide by a fraction varied from k to 
1000, A study of textbooks showed a variation from 367 to 559 
for the first of these three tasks and from ,^o to 62 for the last. ''The 
plain fact is that nobody, not even an author of a textbook, has 
exact knowledge of the amount of practice it contains unless he 
actually makes the count/' 

The need of systematic drill is discussed at some length by Rugg 
and Clark \g2\. These men describe the construction of suitable 
drill exercises and give instructions to inch'cate how they are to be 
used, Taggart [11 1] devised a set of drill-tests for algebra similar 
to the Courtis tests in arithmetic. Two sections used them and one 
section did not. The results indicate that such systematic drill- 
testing is worth while, Coit I22I describes an expe iment in which 
tests were given to 260 pupils in various classes in four schools, 
Subtraction was selected for remedial drill and was practiced ten 
minutes per day. In a retest the percentage of error dropped for 
every item. After two months without drill the test was given again 
and the effects of the drill were still evident, for the percentages 
of error were even lower, Tn three high schools the drill was not 
given and the reduction in percentages of error was much less. In 
a .somewhat similar study made to determine the effect of drill, 
.\rmstrong [2] used comparable groups in algebra, and the experi- 
mental group was given an eight-minute drill three to five times per 
week for seven months. The groups were paired for intelligence. 
\{ the end of that time the experimental group showed a superior 
score on the Ilotz tests by an amount which indicates that the 
chances were 89 in 100 that the difference was real. The groups did 
not differ in problem-solving ability at the end of the experimental 
period, which fact may be explained by the designation given to the 
drills used, '\\ccuracy-I)rill-Tests." 

Retention. Inumately associated with the problem of the 
efficacy of drill is the one of retention. Worcester [127] gave 
different forms of the Douglass algebra test on February 9, 
March 29, and May 17 to a *'small class.'' The tests were repeated 
the followiug I)ec(Mnner, On the retest of the form used in February 
the average was i.og of the first score. The December aver-^'^e for 
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the test niven in March was .85 oi the first score, while the rctest 
of the thin! form, ^iven in May, showed an average of ..^5 of the 
first score. Certain items were remembered by nearly 100 per cent 
of the class. Thorndike wave a short algebra test to i8g 

colleKe graduates, students in a law school. Uy esiimatin^ from 
typical hish school performance what the individuals would have 
(lone at the time the\- finished alt^ebra. he concludes that the com- 
monly accepted notions about foru:ettins are not warranted. Eells 
1 35 1 studied the amount of algebra retained by college freshmen. 
He discovered that they showefl skill above the Hotz stai.dards for 
problem solviny;. but below those standards for manipulation, unless 
their record showed that they had had three semesters of algebra in 
the hiiih school These were freshmen who elected college mathe- 
matics. Those with three semesters of entrance credit in algebra 
(lid not seem to exceed in problem-solving ability to any great 
extent those with only two semesters The author refers to a study 
by Woody in which opposite results were obtained in one Michigan 
high school and quotes Woody's conclusion : *'The seniors had re- 
tained a relatively large amount of the knowledge of the more 
formal aspects of algebra, but a comparatively small amount of the 
more complex problem aspects of the subject.'' 

;More forgetting is indicated in a study by Arnold f^l of the 
results obtained by testing fifty-two college students with Hot/, 
tests. In four out of five scales the median for the college students 
was below that for the end of the first year of high school About 
half the students ha<l offered three semesK^rs of high school algebra 
for entrance, and the te.-t was given after they had completed one- 
third of the first year of college algebra. Kvidently the first part 
of the coll(\g(^ algebra course was not a review of high school alge- 
bra, as is fi(M|uenlly the case, .\rnold remarks that the students 
tested showed extreme deficiency in all Dhases of algebra. Retcntio.i 
for a shortt^r length f)f time was .studied by Mirick and Sanford 
I67I. Two tests were given, one at the very beginning of the 
eleventh year and one fi/e weeks later, to students who had had 
two years of mathematics, some, one year each of algebra and 
of geometry J and some, two years of algebra. The results were dis- 
appointing to the experimenters, and they comment at some length 
about the undesiral)ility of teachinji many topics in algebra as 
though teachers mear merely to show pupils that ''it can be done.** 
Pupils achieve real mastery of onl\- a very few simple tasks. 
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WhUv the releniion of algebra has been studied rather carefully, 
only one in\'esticration in the field of j?eometry was found. Arnold 
Ul Have the Schorlinji-Sanford test to eighty college students and 
found that 86 per cent were below the standard median ami 26 per 
cent were below the tenth percentile. 'AVhile the test disclosed a 
lack of knowledge of basic j?eometric facts, based larjiely on detuii- 
tions. theorems, and fornuilae, the most outstanding difficulty ap- 
peared in the drawing of conclusions from ^iven data." 

Errors, An analysis of errors found on pupils' papers offers 
a relatively easy method of studying the teaching of algebra, but it 
must be admitted that in many cases it is difficult to draw appro- 
priate conclusions from the fads which are found. One investi- 
gator studied the arithmetical errors made by high school pupils. 
Minnick I65I reports the results of arithmetic tests given to pupil> 
entering the high school. The errors were classlaeil aiul the types 
listed for each problem. 

Krrors in algebra were the subject of four investigations. Thorn- 
dike 1 11,^1 gives tables to show the percentages of wrong responses 
to simple algebraic tasks. He finds that "pupils lack mastery of the 
elements of algebra.'' An interesting illustration of the kind of 
error study which a classroom teacher can make is found in an 
article by Wattawa |i2oI. She recorded all errors made over a 
period of three months and found that many were of an arithmetical 
kind In home work this type constituted .52 per cent of the total. 
In class work it constituted 42 per cent of the total, while 41 per 
cent of the errors found in the pupils* work by the Hotz formula 
and equation scale were arithmetical in nature. .\ total of 407 
errors were listed. An extended report by Hen/ I9I of the results 
of the Ohio Kvery-Pupil-Test in Algebra for 19.^0-.^ i gives the dis- 
tribution for 16,927 papers. Three hundred typical papers were 
analyzed in detail and the types of errors were listed. Each item 
is discussed in the light of the errors most commonly found, and 
suggestions are made for leaching the principal topic involved. 
Pease I74I studied the errors made in certain algebraic processes 
at the time the topic was completed. He tabulates and classifies 
these !)y ''error-types.'' In all, 4.^828 errors are tabulated and 
classified. His summary table shows that sign errors constituted 
2^ per cent of the tcUal and process errors per cent. Pease found 
227 different error-types scattered among twenty-three algebraic 
topics. The results of the Ohio Kvery-Pupil-Test in (Geometry were 



SdEXTIFK^ IWKSTIGATIOXS 37 

cridcally studied by ChrUtofferson I20J. He examined typical 
papers and. in the li,i>ht of the errors made, sets forth certain su^^- 
jjestions for teachers of i^eometrj*. 

Failure,^. The literature on the teaching of hi^h school mathe- 
matics Indicates that much of the antagonism a^^ainst makinf( this 
subject a re(iuirement ^rows out of the lar^e number of failures. 
This phenomenon has been studied by many workers in the Mineral 
field of secondary education. vSpecial studies of failures in mathe- 
matics are reported by three individuals. Klder |.^6| applied the 
Indiana Mental Survey scales and the Otis vSelf Administerinij; Tests 
to fifty pupils. The r between the mean percentile ranks on the 
two tests and scores in al.uebra was .60. Assuminj? that the upper 
three-fourths of the scores in al^^ebra were satisfactory, he con- 
cludes that 89 per cent of those above the thirtieth percentile in 
intellif^ence will pass in algebra and cmly per cent of those below 
this point will pass. Wood | 125! made a careful study of a ^roup 
of twenty-three pupils who had failed in al^^ebra. When correlating 
their I.Q.'s and class ^^ades, he found that R (Spearman) equaled 
.99.^ .\ comparison of the means of the RuK^-Clark te.^ts and the 
I.Q. s showed an A* of .99S. while the means of the Ruu;^-Clark tests 
and teachers' marks showed an R of .999. ^^The class grades were 
not based on results of the test." The author made out a verbal 
problem te.^^t on the basis of the text which the pupils had u.^ed in 
their algebra work and found that this correlated with the means of 
the Ru}i[;i[-(1ark tests to an extent represented by an R of .979, The 
conclusion is drawn that alj^ebra is so closely related to mental abil- 
ity that conductinj^ cla.'^ses for ''repeaters'* is a waste of time. Cer- 
tain (juestions relative to the size of the coefficients of correlation 
.^hf)Wn will undoubtedly occur to the reader. 

Causes of failure in plane j^eonietry were studied by Crafts I24I. 
Intelligence, records, and study habits of a j^roup of failing pupils 
were examined. It was concluded that 30 per cetit of the failures 
were due to incapacity. Over 50 per cent of the failures were due 
to conditions which the school could remedy. 

Various features of algebra learning. In a tliurou«ih discus- 
sion of the teachinj^ of alj^ebra, Ruj^.^ and Clark I92I describe a 
program of experimental teachinj^. They did not use control j^roups 
but selected new teaching procedures, then iise<i them under the 
direction of a trained observer. Careful notes of difficulties en- 
countered were made immediately after each lesson and these notes 
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were used as a guide for future teaching. They found that in some 
eases their procedure permitted the topic to he covered in less time 
than was usually the case. Comparative tests showed higher scores 
for the experimental groups than for other .groups. It should be 
said that thl» teaching was so completely reor^^anized that it is 
dift'icult to determine to just which features the improved results 
were due. 

An analysis of the difficulties involved in a specitk topic in 
ali^ebra was made by Dickinson and Ruch faS]. They studied 
the effect of subscripts, decimal coefticients, and upper case letters 
on difliculty in factorinj^. They gave eii^ht tests involving i6o items 
to a total of 600 pupils. Three examples which involved subscripts 
were missed by 70, 56, and 62 per cent of the pupils, respectively, 
while parallel examples with this diftlculty removed were missed 
by 13, 14, anrl 31 per cent, respecti^ ly. Kxaniples involving deci- 
mal coefficients were missed by many more pupils than similar 
examples which did not involve this particular diftlculty. Exer- 
cises involving upper case letters were missed more often than 
simiV-ir examples using lower case letters. While the various items 
compared were not exactly parallel they were sufticiently similar 
to warrant the conclusion that the elements involved need further 
treatment if they are not to be sources of difficulty to pupils. 

Jackson '49] studied the relationship between the I.Q. and 
success in algebra of a group of bo\'s in a private preparatory 
school, fie concludes that a boy with an I.Q. of no can learn 
algebra if he wants to. 

Thorndike I113I studied llie relationship of ability in the me- 
chanical skills to intelligence. He conclu(ies that "algebraic com- 
putation as actually found is emphatically an intellectual ac- 
tivity. ... It is far above the reproach of being a mechanical 
routine which can be learned and operaied without thought." 

Various features of geometry learning. In a study of 441 
applicants for admission tcj Cooper Unitin who took a geometry 
placement test and told how long they had studied the subject. 
Snedden I104I founrl an r ot only .218 between success on the test 
and the length of time the subject had been studied. He concludes 
that "the amount of time a person has put on a sul)jiTt is worth 
almost nothing as an index of his proficiency in that sul)ject." Pitts 
and J)avis I79I made a comparison of the analytic and synthetic 
nu^lhods of teaching geometry. They u.-^ed two eijuivalent groups 
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and conclude that. whtMi used as the only method of attack, the 
analytic nif'thod acts as hindrance, deterrent, and eliminator." 
The analytic method was not a help in the solution of originals. 
As the classes involved used an ehnborate form for recordini? proofs, 
it is possible that this was a major factor in the experiment in both 
classes and actually rendered more dilTicult the thinking that the 
analytic method is supposed to encourage. The experiment should 
be repeated with greater attention paid to thinking and less to lorm, 

The teaching of geometric concepts was studied by Scofield | ioo|. 
Four classes were used, (iroup A, C\ and I) were practically etjual 
in intelligence, while (^roup H was sujierior. (Iroups A and IJ used 
the traditional method, while (iroups C and I) used an inductive 
method. Xo textbook was used, but figures were placed on the 
blackboard and discussed. At the end of three weeks a test was 
given on the mastery of the concepts, (iroups C and D did better 
than Group ;\. This superiority carried over into the demonstration 
work later in the semester. -The experimental method has given 
the pupil clearer conceptions, keener interest in geometry, and a 
better approach to demonstrative work than has the traditional.'' 

A study of the assignment in geometry is reported by Chastain 
[i8]. In this experiment two sections were used and individual 
pupils were paired on the basis of intelligence. The experimental 
group used fifteen minutes each day in going over the a.ssignment, 

carefully planned, anahtical assignment.** The pupils par- 
ticipated in outlining the exercises assigned, (ieometry tests were 
given every two weeks and scores for the two groups were compared. 
The difference was found to be 7.9 times its standard error in favor 
of the experimental group. The author concludes thai this ^'differ- 
ence . . . cannot be caused by chance." Hvery effort seems to 
have been made to e(|ualize the two groups. 'i*here were perhaps 
too few cases and the tests were not as objective as might be wished. 

Mtuiern authorities on the teaching of geometry insist that one 
of the important objectives is to teach chihiren to think. The 
extent to which this can be done has not been sufficiently investi- 
gated. Johnsf^n [51] studied this problem, using parallel groups. 
The experimental group frecjuenlly discussed common problems of 
everyday life which deman(le<l the use of reasoning, and examined 
the logical processes used in their solution. The lUirt Reasoning 
Test was given before and after the experiment, and a small gain in 
reasoning ability was found in favor of the experimental group. 
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Perry I77I made a careful analysis of the reasoning process and 
then devised a technicjue of reasonin^i suitable to denionstralive 
geometry. An experimental section was taught, the teacher using 
this techni(jue, while control groups were taught by a more or less 
conventional method. In the experimental section difficulties were 
fewer and achievement was greater. The very superior students, 
however, were not helped by the experimental technique. The ex- 
perimental group showed a marked improvement in the ability to 
do non-mathematical reasoning. The process of reasoning as used 
in the solution of original exercises in geometry was studied by 
Touton 1 117 1 . He examined the work done by pupils on this type 
of material on 2800 geometry papers written for the New York 
Regents' examinations. He formulated a list of the steps in the 
thought process which should be of benefit to teachers of mathe- 
matics. 

\'n. Prohi.km Soiaino 

Problem materiah The place of verbal problems in the algebra 
curriculum has been the subject of some controversy. Problem 
material was carefully studied by Powell [80]. He presents a 
collection of 466 verbal problems rated by algebra teachers for 
genuineness, importance, and interest. His estimates of difficulty 
are based on pupil performance. The associations are shown be- 
tween the various factor^; and suggestions are made relative to 
teaching' procedures. Powell discovered that teachers are poor 
judges of pupils' interests, and that pupils are most interested in 
problems that imply activity and in puzzle problems when they 
are so stated. Reasonableness is a minor factor in the development 
and maintaining of interest, while difficulty tends to make problems 
less interesting. 

Teaching problem solving. The difficulties involved in solv- 
ing verbal problems were studied by Clem and Hendershot \2i]. 
They examined the papers of eighty pupils in four classes and con- 
cluded that problem solving depends on problem reading; that the 
inability to do logical reasoning is a significant factor in producing 
errors; that many capable pupils fail because they are not taught 
to work systematically; and that many errors are caused by the 
pupils' lack of mastery of arithmetic and by failure to check. 
Certain suggestions designed to be helpful to teachers are incUuled 
in their report. 
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Problem solving is closely related to reading ability. The diffi- 
culties encountered in reading mathematical material were studied 
by ( eorges (40 1 He used an individual interview technique and 
collected 188 reports. Diftkulties which pupils encountered in read- 
ing problems for solution, descriptive material, and illustrative 
problems are listed. Thirty-seven per cent of the diftlculties were 
in understanding and interpreting statements, because of pupils* 
unfamiliarity with mathematical vocabulary or mathematical sym- 
bolism. \ lack of a ' mathematical apperceptive mass" accounted 
for another 21 per cent of the difficulties. Many diftlculties were 
caused by the presence of specific words or phrases. Those sym- 
bols, processes, and relationships which caused trouble are listed. 

The eye-movements involved in reading formulas were studied by 
the photographic method by Tinker [ii4l- He discovered that 
formulas demand more fixations than ordinary prose and concluded 
that pupils should be taught how to read mathematical formulas. 

VI 11. Instructional Materials 

Junior high school textbooks. Textbooks in junior high school 
mathematics have been the subject of three important analyses. 
FviHei 1 38 1 describes the procedure of a committee selected to 
evaluate junior high school mathematics textbooks as a guide for a 
large city. The procedure is excellent, but such an elaborate study 
is impossible for most school systems. Committees were appointed 
to analyze textbooks from each of the following points of view: 
content; presentations, discussions, and methods: manner of devel- 
opment: drills, tests, summaries, reviews; vocabulary; illustrations; 
authors: size of numbers: mechanical phases. 

Williams I124I examined and evaluated three series of junior 
high school texts in terms of standards set up by the North Central 
.Association. Correlations were worked out beiween the percentage 
of space allotted to eighteen different divisions of subject matter 
and ♦he percentage recommended. For the three series the r's were 
.44, .52, and .69. Hopkins and Paul I46I made an analysis of 
thirteen series of junior high school textbooks for a committee of 
the Department of Superintendence. They list the most common 
objectives for each grade and give the number of authors who 
accept each objective. The most common topics of junior high 
school mathematics are then listed, together with the number of 
pages devoted to each topic in each textl)ook. 
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Algebra textbooks. Overman 1 73 1 discusses the need of teach- 
ing; pupils to use algebraic lanjjuage and presents an analysis show- 
ing the number and type of examples which give practice in alge- 
braic language in each of seven texts intended for ninth grade use. 
He found that books which are part of a junior high school series 
are superior from this standpoint to those which are written as 
algebra textbooks without regard to their relationship to the work 
of the previous years. 

In his extensive study of the learning of algebra, Pease [74] 
tabulated the number of centimeters of teaching material and the 
number of drill problems offered in each of three textbooks. There 
was much variation, caused, as the author says, by the lack of an 
analysis of the field and of a knowledge of the relative difficulty of 
the topics. Thorndike I113I discovered that practice on certain 
algebraic skills in textbooks is distributed in such a manner as to 
suggest that the authors have ma:le no effort to follow a psychologi- 
cal ideal. 

Geometry textbooks. In the field of plane geometry Good 
and Chipman [41 1 made an analysis of the topic of proportion in 
ten textbooks. They report the definitions taught, pages devoted 
to the topic, the number 01 exercises, anner of presentation, and 
the items taught. The texts vary from one-fourth to six in the 
number of pages devoted to the topic and from five to sixty in the 
number of exercises used to develop the concept. 

Miscellaneous studies of instructional materials. While most 
studies of instructional materials have concerned themselves with 
textbooks, Woodring and Sanford [126I list a large number of 
free and low cost illustrative and supplementary materials which 
should prove useful to teachers of mathematics. Prices and places 
where the material is obtainable are indicated in the book. 

]\Iany difficulties in the teaching of mathematics can be traced 
to the pupils' inability to understand the vocabulary used. Rem- 
mers and (irant [85] took samples of words from twelve mathe- 
matics te:abK)ks, six in algebra and six in geometry, and determined 
the difficulty of the words from the Thorndike Teacher's Word 
Book, The mathematics textbooks contain from 220 to 380 different 
words per running thousand, buc the most difficult book does not use 
as many different words as Horace Mann s Second Reader, The 
books have many worrls ^.hich are not in the Thornrlikc list at all, 
one as few as twenty-three, and one as many as sixty-two. These 
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represent the technical vocabulary of the subject, (ieonietry books 
vary most, several having a lighter vocabulary load by an amount 
which is statistically signiticant. Xo statistically significant differ- 
ences were found among algebra textbooks. While the authors did 
not mention this, an examination of their data shows that when all 
the books are arranged in order of their difficulty, the five easiest 
are dated since iq2o, while the seven hardest are dated 191 5 or 
earlier. Xone of the bo >ks bear dates between 1915 and 1920. 

IX. Tksting and Tests 

Algebra, because of the relatively objective nature of the 
subject matter, algebra lends itself more easily to testing than do 
some other subjects. This fact has resulted in the construction of 
a large number of objective tests and the presence on the com- 
mercial market of many standardized tests. The construction of a 
standard test, the virtues of a testing program, and the interpreta- 
tion of the results of the test are described in some detail by Rugg 
and Cbrk I92], \'arious commercially available algebra tests are 
discussed by Ruch and Stoddard Ic^oj. They give grade norms and 
discuss the reliability and validity of these tests. Correlations be- 
tween the performance on vari'ms tests are also given. The problem 
of prognosis in algebra is discussed by Orleans and Orleans I72I 
in a description of the construction of a test which has prognosis 
for its main purpose. The test described is shown to correlate with 
achievement to the extent represented by an r of .82. Xyberg I70I 
presents a method for grading non-standardized tests. He shows 
how examples can be analyzed into their component steps and 
marked on this basis. He recommends giving part credit, for ex- 
ample, if part of the steps are correct. The purpose is to enable 
different teachers to grade the same paper uniformly, but he docs 
not cite data to show that this can be done, Harris and Hreed I45I 
made a study of the comparative validity of the Hotz scales and 
the Rugg-Clark test in algebra. They considered difficulty of 
items, arrani^enient of items, convenience, normality of distributions 
obtained, and diagnostic volue, and found that the items in the 
Hotz test are for the most part arranged in order of difficulty, 
while the items in the R-C test are not so well arranged. The Hotz 
test gives fairly regular distributions. The graphing test of the 
R-C series is declared to be a poor measure since the media'n is 
zero. The tests seem to be e(jually useful for diagnostic purposes. 
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Several writers have described the construction of standard 
tests. Douglass I30I asked loo mathematicians what the **funda- 
nientals" of algebra are. Kifty-nine replied and he selected (i) col- 
lection of terms, (2) multiplication, (3) division, and (4) solution 
of simple equations as topics to be included in a test. Ten items 
were selected for each section of the test. The tests were given to 
about 1000 pupils in fourteen schools in five states, and the indi- 
vidual items were given weight according to the percentage of 
pupils who solved them. Norms were then established. The re- 
liability of the test was later found to be .627. In a later report 
1 31] I)ouglass describes the construction of Series B of his tests. 
He asked a number of workers interested in secondary school 
mathematics what aspects of algebra need to be measured besides 
those represented in Series A. It was decided to include (i) frac- 
tions, (2) factoring, (3) formulas and fractional equations, (4) 
simultaneous equations, (5) graphs, (6) square root, exponents, and 
radicals, and (7) quadratic equations. He abandoned weighting 
because his previous studies showed that the scores obtained on 
the test without weighting the items correlated closely with the 
weighted scores. Norms based on the performance of from 3^5 to 
858 pupils in from five to ten schools were established for each 
group. Monroe |68l describes an algebra test which was given to 
high school pupils for the purpose of establishing standards. A 
similar report by Hotz '47! describes the construction of the alge- 
braic scales bearing his name. 

Dalman |26| gives a description of the construction and use of 
a series of instructional tests in algebra intended to facilitate the 
teachers task of adapting work to pupils' progress. The classes 
using the tests made greater progress than those not using them. 
Three tests were made out on each topic, these tests varying in 
{lifiiculty. When the teacher thought that about half the class could 
pass the easiest test, she gave it, and then divided the class for fur- 
ther instruction. Later, those who had passed the first test took the 
second, while the others repeaterl the first test. Now she had three 
groups. Later, the best group took a third test known as the A test, 
the second group took the B test, while the slow group took the 
C test a third time. The slow group was given a great deal of 
individual attention. The author reports that the procedure re- 
sulted in improved work. 

Some of the more recent writings on the teaching of algebra 
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have stressed the need of developing functional thinking. This 
aspect of algebra teaching has not found its way into the L^tandard 
tests up to the present time, lireslich \i2 \ describes the construc- 
tion of a test designed to measure functional thinking. A copy of 
the test, which was given to 1800 pupils, is shown. It has eight 
parts, measuring eight aspects of the pupil's mastery of the function 
concept. The author gives the median and range for each semester 
of the high school, (ireat individual differences were found, but he 
concludes that many pupils never acquire the understanding of 
functionality as illustrated in high school algebra. 

Geometry. The pioneer study of the problem of measurement 
in high school geometry was carried out in 1916 by Stockard and 
Hell 1 106 1 . They worked out a test in reometry involving seventy 
items. This test was given to six classes, which included 372 pupils. 
The items were assigned P.E. values according to their difficulties. 
The construction of a typical geometry :est is described by San- 
ford 1 94 1 in a detailed discussion of the Schorling-Sanford geome- 
try test. Correlations for several classes between teachers' judg- 
ments and pupils' ranks are given on sections of the test and on the 
test as a whole. The reliability of the test in various classes ranged 
from 46 to .85. Minnick |66| constructed tests to measure various 
aspects of geometric learning. All the tests correlated positively 
with teachers* marks in all I' e sixty-three schools in which they 
were tried, and in most cases the coeftlcient of correlation was more 
than three times its probable error. Medians are given for each 
test. The author believes that the abilities measured can be de- 
veloped by the time the pupil has completed Book I. He found 
great variation between schools. In one test the median varied from 
38 to 80. In another report I64I the same author describes the 
construction of a scale designed to measure the ability of pupils to 
draw construction lines correctly to prove geometry theorems. The 
difficulty of the items was determined by finding P.E. values based 
on the results obtained by giving the test to about 700 pupils. Kive 
exercises e(|ually spaced along the line of P.K. values were selected 
for the scale, which is reproduced in full. 

;\ new type of test is described by (ireene and Lane I42 |. They 
constructed a series of six te.sts to be given at intervals during the 
school year, each test covering a certain section of the curriculum. 
Kach theorem on the National Committee list was included in the 
test, and the vocabulary was found to be common to eighteen text- 
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books. The reliability coefficients for the tests ran from .78 to .90. 
The various standard tests which are commercially available were 
studied by Riich and Stoddard \go\. They describe these tests and 
give their reliability and validity when obtainable. 

Miscellaneous studies of mathematics testitifi. A comprehen- 
sive description of the prol)lems, method of construction, and uses 
of mathematics tests is jjiven by Reeve |S2|. He discusses the 
place of tests in the teaching program and gives illustrations to 
show how diagnosis may be made from the results of such tests. 
A set of scales with items arranged according to a scale unit are 
included, together with the P.E. values for the items. vStoddard 
1 107 1 describes the construction of two tests — one, a measure of 
mathematics training and the other one, a measure of mathematics 
aptitude. The first was designed to measure the result of the 
typical mathematics high school course, while the second was an 
effort to predict the probable success of the individinl in college 
mathematics courses. While these tests were designed for use in 
colleges as aids to student guidance, they were used to some extent 
in high schools. Xorms are given for college classes and the pre- 
dictive power of the tests is di.scussed at some length. 

McCoy 1 61 I describes a test in solid geometry which was given 
to twelve sections in the Boston English High School. A copy of 
the test, distributions for each section, and a distribution for the 
test as a whole are included. He discusses the reasons for giving 
the test and the reactions of pupils. Teachers will find the test use- 
ful and interesting, and may compare the results obtained in their 
own classes with those submitted. 
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THE TEACHING OF LNTUITIVE GEOMETRY 



A STUDY OF ITS ALMS, DEVELOPMENT, 
COXTEXT, AND ^lETHOD 

By WILLIAM BETZ 
Rochester, AVu' York 

"Our sole dignity consists in thinking. Let us therefore strive to 
think correctly. That is the beginning of morality" Pascal 

Introductory Statement * 

Meaning of intuitive geometry. By **intuitive geometry'' we 
shall denote provisionally that desirable form of elementary geo- 
metric instruction which should correspond approximately to the 
work in arithmetic and in the first principles of algebra, as now 
provided in our best elementary and junior high schools. 

Let it be stated at the outset that the designation '^intuitive 
geometry" is far from satisfactory. Only the fact that thus far a 
better term has not been evolved or generally accepted suggests 
its temporary retention. The long list of descriptive adjectives 
which have been used from time to time to characterize this subject, 
such as concrete, observational, inventional, mensurational, experi- 
mental, constructive, propaedeutic, preparatory, empiric, informal, 
reflects sufficiently the lack of clearness that still prevails on the 
precise function of this phase of the mathematical curriculum. Each 
of these alternative designs Mons evidently refers to one pa»*ticular 
aspect of content, or methoa, or aim. Ever since Pestalo/zi made 

* The writer wishes to express his indebtedness to Professoi \V. D. Reeve of 
Tcuchers College for valuable editorial assistance; to the library jitatf of Columbia 
University for the opportunity of selecting some of the illustrations from rare 
volumes in the collection^ of Professor David Eugene Smith and Mr. (leor^re A. 
Plimpton; to Dr. Vera Sanford for the latter part nf reference 51; to the 
librar\- of the University of Rochester for supplying important source materials; 
to Professor Raymond Wheeler for permission to quote from his recent texts on 
psychology; and to the numerous European and American publishers and authors 
who made possible the remaining quotations and references appearing in this 
chapter. To a larL'e extent, the studies incorporated in this chapter were a dir»»ct 
outgrowth of the curriculum revision work curried on over a period of years in 
the public schools of Rochester. 
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a pedagogic gospel of Anschanung (the German equivalent of '*in- 
tuition''), there has been a continuous debate in the field of geome- 
try on the real meaning and the implications of this many-hued 
term. And it is this lack of agreement that appears to be at the 
bottom of the negative attitude of many high school teachers of 
mathematics with reference to the claims of intuitive geometry. 
To them» intuitive geometry only too often has come to mean a 
hodgepodge of unrelated geometric impressions which the pupil 
acquires uncritically by a variety of -unscientific" procedures, with- 
out rhyme or reason, and devoid of organization, thus causing the 
worst kind of confusion in the early stages of demonstrative 
geometry. 

Needless to say, this type of intuitive geometry, wherever it 
exists, is a caricature of what the subject should be, and it deserves 
all the criticism that is heaped upon it. Intuitive geometry is 
neither an inferior type of geometry, nor is it merely a preparation 
for the ^^real" geometry of the high school. It has meaning and 
importance in its own right, being essentially the geometry of every- 
day life. 

In the following pages the attempt wiil be made to offer a con- 
structive analysis of the aims, the development, and the inherent 
possibilities of this subject, which has been such a storm center for 
more than a century. 

Nature of questions to be discussed. Geometry, as everybody 
knows, has had a long and honorable career both as a sci:nce and as 
a school subject. Anyone familiar with its background will under- 
stand why a necessarily brief monograph like this has to limit itself 
to the **high spots" of this development. For purposes of a more 
complete orientation, numerous supplementary references have been 
added. Unfortunately, many of the most valuable documents relat- 
ing to the theme under consideration are not available in English 
translations. 

The following; list of (juestions may serve to suggest the general 
nature and scope of the problems to be discussed: 

1. What is the real or alleged educational significance of in- 
tuitive geometry? 

2. How did intuitive geometry come to be a school subject (a) in 
other countries? (/>) in America? 

3. What are the ultimate sources of geometric knowledge? 
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4. Is it po:>sil)le to fornuilate a compelling type of motivation 
for the basic content of intuitive geometry? 

5. What would seem to be j^ome of the m(K<t promising modes of 
organizing the instructional materials? 

6. What suggestions may we obtain from the curricula of other 
countries? 

7. In this field of work, what would seem to be some of the 
necessary characteristics of an ideal method of teaching? 

It is the hope of the writer that the very condensation of the 
materials offered in these pages may induce others to make more 
comprehensive studies and thus to assist in throwing more light on 
the numerous scientific and pedagogic problems that remain to be 
solved in this field. 

PART OXE 

The Educational SiONii-icANCt: of Intuitivk (Jeometrv 

A long struggle for recognition. Evidence \ ! be submitted 
in a later section that for more than seventy years ihe attempt has 
been made by American teachers and authors to secure a more 
adequate provision in the elementary mathematical curriculum for 
systematic instruction in geometry. And yet, aside from the em- 
phasis put on the fundamental rules of mensuration in the tra- 
ditional arithmetic course, very little progress was noticeable until 
quite recently. For a long time, all efforts at improvement seemed 
unavailing, and wer^^ regularly frustrated by considerations such as 
the following: (i) there is no time for such work: (2) the teachers 
are not prepared to Rive such instruction; (3) it would take away 
the appetite for **rear' geometry in the high school. 

At last, the arrival of the junior high school movement led to a 
change, supported and guided by the authority of the National 
Committee on Mathematical Requirements. Since 1920, a con- 
siderable number of textbooks and courses of study have appeared 
which reflect this new orientation* Even to-day, howeN'er, it must be 
confessed that there is still a considerable diversity of opinion about 
the precise objectives and the scope of intuitive geometry in our 
American schools. 

The very first step in the direction of remedying the present 
confusion of objectives would seem to be a clarification of the aims 
of intuitive geometry. We therefore proceed to an exposition of 
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certain challenging arj^uments which are intended to provide an 
adetiuate educational platform for this branch of mathematics. 

1. Tin- Pkincipal Aroumknts in Favor ok Inti-itivk Gkometry 

The historical argument. The orijijin of mathematics carries 
us back to the dawn of human history. From the beginning, this 
great subject has been anchored on the bedrock of fundamental 
human needs. For even the primitive people found it necessary 
to count and to measure. These two unavoidable activities caused 
the eventual development of arithmetic and geometry. Thus it is 
that, from its verv* inception, mathematics has had a dual founda- 
tion and two principal themes. These two themes of mathematics 
developed side by side throughout the ages. The omission of either 
one would cripple mathematics beyond repair. Hence, any scheme 
of mathematical instruction which minimizes or ignores the indis- 
pensable role of geometry seriously unbalances the curriculum, 
endangers the pupils progre.ss, and leads inevitably to mathematical 
stagnation and inefficiency. 

The practical argument* We are living in a world which is 
incurably mathematical. Number and form accompany us wher- 
ever we go. We cannot make or manufacture the simplest object 
without giving due consideration to its shape, its size, and the cor- 
rect position of its parts. And as problems of construction become 
more complex, correspondingly greater demands are made on e.xact 
geometric knowledge. Thus, a skyscraper, or an automobile, or a 
bridge, or a tunnel represents a veritable symphony of applied 
geometry. 

Hundreds of trades depend for their very e.xistence on precise 
measurement, on blue prints and scale drawings. Maps, charts, 
and graphs are the very warp of modern travel and commerce, and 
the calendar we u.se is made possible only by a continuous survey 
of the heavens. In short, what subject can boast of a more all- 
pervasive, practical relation to modern life? 

The cultural argument. Many years ago William vleorge 
Spencer, the father of Herbert Spencer, who wrote an "inventional 
geometry," penned these Interesting lines in support of early in- 
struction in geometry : 

When it is considered that by ^reonietry the architeet eonstruets our 
huiUliuKS. the eivil enKineer our railways: that by a \\\\i\\vv kiivl of «cometry» 
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the surveyor nukes a map of a country or of a kinfjdom; that a geometry 
still hljjher is thf foundation of the noble scienre of the astronomer, who 
by it not only determiaes the diameter of the ulobe he lives ii[)on. but as 
well the si^es of the sun. moon, and planets, and their distances from us and 
from each other; when it is considered also, that by this higher kind of 
geometry, with the assistance of a chart and a mariner's compass, the sailor 
navipates the ocean with success, and thus brings all nations into amicable 
intercourse ... it will surely be allowed that its elements .should be as 
accessible as possible.^ 

It has been said that mcasuremrnt is the master art. Let any 
skeptic ponder the tremendous fact that if number ideas and 
measurement were suddenly blotted out, 

. . . science would be lost, machinery would mo out of use. and the civiliza- 
tion of our industrial age would vanish. The mind of man would be 
weakene(; through the loss of its keenest weapon. Thought would no 
longer be precise, or if precision were ever attained, it could not be 
communicated.*'^ 

A^^ain. the geometric principles of eci lality, symmetry, con- 
gruence, and similarity are implanted in th( very nature of things. 
Hence every product of the practical or fine arts must reflect these 
principles, (leometry, even in its simplest aspects, cultivates the 
ability to visualize, to construct, and to appreciate spatial forms. 
Creative imagination of this sort is the tool that itispired the mas- 
terpieces of all plastic art. Perhaps only the exceptional teacher 
at present realizes the potential richness of geometry, but these 
cultural claims of geometry can neither be denied nor ignored. 

The pedagogic argument. We have seen above that an organic 
curriculum in mathematics is impossible without intuitive geometry. 
It deserves an honored place in the course of study because of its 
own inherent significance, (juite aside from the aid it renders to 
sul)se(|uent mathematical work. And yet. its purely preparatory 
value cannot be overestimated. If demonstrative geometry is to 

* The p:i>>:iue fjuoted abj)ve w:is p:irt of the int.'^'iurtion which Spcneer wrote 
ft)r the .Ameriian edition of h\> hook (1X70). The eoniplete introduction was re- 
printed by Ri-i-ve. \V. I)., in Thr Fifth Ytwbook. Thr Xnttonul Coumil of 
Tvachvrs of Mtithrnidtics, iyjo» pp. S-o. The oriuinal Ktmlish eriitinn came cjut 
ahout iS.^o or is,^5 laiconiinj; 10 (^ijori. Florian. in the Fhitil Rvporl of titr Xa- 
titnuil Ciinimillfr af Fifirni on C'romrtry Syllahus. reprinti-rl in Tht* Mat hmitilics 
Tvtichrr, Vol. \'. No. pp 41-1,^1. Di-cemhrr. 10 12.). 

- Quoteci from an a(l(lri->> by Huckinirham. H. R.. on "Statisties and MotU-rn 
Kduaitional Thj)UL'ht.'' School ami Sorif't\\ .\lareh jj. iq.;o. p. .i-So. 
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survive as a school subject, it must have a real foundation com- 
parable to that which arithmetic furnishes for the study of algebra. 
At present too many pupils flounder in demonstrative geometry 
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because of the almost simultaneous appearance of too many diffi- 
culties. Within a few weeks, the perplexed bej^inner is expected 
(i) to master a formidable list of concepts and definitions, (2) to 
accjuire skill in hatulling geometric instruments, (.0 to face in a 
totally new domain the niceties of a lo^dcal procedure which 
nothing has prepared him to appreciate. Many of these diftkuUies 
would vanish, or would be f?reatly reduced, if we had a continuous 
six-year course in secondary mathematics in which all the work 
were properly correlated, and liriving as its toundaiiuii stones arith- 
metic and intuitive geometry, .is sug^^^sted in the diagram above. 

The psycholo^jical argument. The cultivation of .space intui- 
tion and of plastic thinking is characteristic of all properlv con- 

See .-l Tentative Syllabm in Junior IH\ih Sehnol Mathrmatlcs, \). 7, issued 
I>y the Univwitv of the State of New York, new editinn. AUjany. lo.u. 
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(liu ted work in geometry. Tho si^niuciiue of this type of trainiiiK 
as a basic feature oi all mental work has been hrouuht to li^ht in an 
almost spectacular manner hy the n\ost fruitful of recent psycho- 
loyical (levt lopmenls. The "conllKuratiou" or (icsiut point of view 
(n psychology states that our impressions of the outer worl come 
to us in or«ani/ed "wholes/* or in **patterns " the parts of which, in 
each case, are only appreciated in relation to the whole. This 
doctrine has been set forth recentl\' iti ^real detail by Professor 
Raymond H. Wheeler of Kansas University/ The relations of this 
psychological theory to mathematics, and to geometry in particular, 
has been explained in a most fascinating way by Professor (lardner 
Murphy of (olumbia University. In an article entitled "The 
(ieometry of Mind.'* he .says; 

Hut why. you ask must the work! he pattcm'd at all? Why can there 
not ho thiiiKs exist inu for their own sweet sake, detached, serene, and unor- 
ganized?' Why wtist thifti^s aluvys In- related to other thtui^s ami (he total 
piitterns thiu eoHstittitetl he related in tnrn to still other patterus? Why. in 
fact, when mathematics is such .a burden to nearly all of us. should the struc- 
tnre of the xvorld be mathematieal at all? Well, on this point you will h:iv(» 
to consult the architect of the universe. Just as the \hhv Ilaiiy found that 
crystals formed in $o\x\c ways and not in others, because numbers were so 
and so: jusi us Mendelyeev found that the elements arranged lheniselve> 
periodically because quantity was of the wry nature of the supposed (|uali- 
tative difference between chemical elements: just as studies of heredity have 
found that the alnio.<t intinitely complicated characteristics of ihe different 
members of a .^^pecies are due not to mere likeness or unlikeness to Krand- 
parents. but to the permutations and combinations of independent "uones" 
behavinu accordiiiir lo the law of probability, so. even the psycholoKist. he 
who presides over the inner recesses of the mind, tinds that it is a stranirer. 
the mat/iematicittu, and not he himself, u^ho has the key to the treasure.'' 

In reading the.^e and many similar .statements, who is not re- 
minded of rintoV famous dictum, ^-dod always Ketmietrizes" ? 

We have thus seen that there are excellent thvorrtinil ^^rnuods 
for the j)ersi.<tent attempts that have been made in recent years 
.uive a more prominent place to systematic geometric in>truclion in 
the curricula of our .American schools. 

»See Wheeler, K. H.. The Srinwr of P.syeholoiiy, Thomas \". Crowell (\)mp;iny. 
New York. lOJo; Wha»ler. R. H. wnd Perkins. F. T.. Pri>iriplrs of Mental Prxrlop^ 
ment, Thomas V. Crowell Compam. Ni-w V(.rk. lo.uN Whi-i-lcr. R. H.. Thr ImXk'> 
nf lluntan Sature, I). .\ppMi)n and (Nimpan.w New Vi>rk. pjaj. 

Murphy» (5anlni»r, "The (Jeometry of Mind." Harpers .\(n\:azim\ Octnber, 
lo.u, p. 5qj. 
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IL KVIDKNC'K AN1^'()P1NI()NS IN CoRROHORATION OK TUKSK CLAIMS 
A. TUK KXPKRIKNCK OF OTHKR COLWIRIKS 

Reports of the International Gommissum on the Teachinji 
of Mathematics. Many of the leading countries of the world have 
come to a substantial agreement in their attitude toward the chiiins 
of intuitive geometry. A survey setting forth its status in fifteen 
foreign countries is included in Mr. J. C, Brown's sumniar\' of the 
world s mathematical curricula/* 77/r Fourth Yearbook, J fir Xa- 
tional Council oj Teachers of Mathematics (1929) presents a more 
up-to-date supplementary picture of the situation in twelve foreij^n 
countries, indudin^i Russia and Japan * Other material on the sub- 
ject is furnished l)y recent courses ( : study and by the current 
textbooks used in certain of these countries. 

It has been fouv.<l that intuitive ^^eometry, when properly pre- 
sented, vitalizes and unifies the whole course in elementary mathe- 
matics. Certain phases of intuitive ^^eometry are not only of f^reater 
interest to chUdren than are the stereotyped applications of business 
arithmetic. l)ut the}' are also of greater immediate importance 
mathematically These conclusions, an outgrowth of over a century 
of experimentation, are in complete harmony with the views of an 
ever-increasing ^rw^Y) of .American educators, as the foUowini? testi- 
monies will prove. 

n. APPRAISAL OI'" I.NTriTIVi: c;i-;0.\IKTRV HV AMKKK'AN KDVCATORS 

Harly endorsements of the subject. Perhaps the first nolo- 
worthy attempt to create a wider demand for a first course in 
geometry on the part of .American teachers was due to Thomas Hill, 
a New Kngland clergyman and one-time president of Harvard Col- 
le.^e. In 1854 he completed a fascinating little liook of 144 pages 
which he called /•"/>../ Irssons in (iromrtry. The motto on the title 
page reads, 'i-acts Before Reasoning." The following ciuotation 
from the preface is of singular interest ?ven lo-day: 

Hnnvn. J. C. Currlruia in Mathvmatir^. I'nitrd States Hurrau of Kduration. 
HuUetin. 1014. NtK 45. Tliis ilt^'umiTit in condrnM-d form con>titutos (*hap. XI 
<)f Till Rrori^iiniztit I'lut nt M til lu'ffhit ir\ in Srnuitifiry Etlmnliotu a rrport i>siu*tl by 
thr National ('»)mmittLV <)n .Mathi-matirai Rivjuiri*nu-nt> umliT tlu* au.-[)ia-< of tht* 
Matlu-matical A«oL'iati<in of Anu-rica. Im*.. U3:.<. 

^ This vnlumr i- cntitUvl Si\:nifirttnl ChfUnr^ ami Trnuis in tlir Tnu hiui^ of 
MathcmaUt's Throughout thr World Sini'v /v/''. 
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I have lone Wvn st»ekinR a Geometry for beginners, suited to my taste, 
and to my eonvirtiuns of what is a proper foundation lor scientific educa- 
tion. Kindinu that Mr. Josiah Holhrook agreed most cordially with me in 
my estimate of this study. I had hoped that his treatise would satisfy me» 
hut. allhouuh the \)v>\ I had seen, it rlid not satisfy my needs. Meanwhile, 
my own children were in most urRent need of a textbook, and the sense of 
their want has driven me to take the time necessary for writim? these paxes. 
Tuv chihiroK one of tivt\ tlir other of seven and a half, mre before my 
m/«(/\v eye all the time of my uritiiiif; and it will he found that ehildren of 
this a\*e are quicker of comprehendin.il first lessons in Geometry than those 
of pfiern. 

Many p.irts of this book wilU however, be found adapted, not only to 
children, but to pupils of adult age. The truths are sublime. 1 have tried 
to present them in simple and attractivt* drt'ss. 

I have addressed the chihPs imauinati(in. rather than his reason, because* 
I wished tt; teach him to conceive of form.s. The child's powers of sensation 
are developed, before his powers of ctmception. and these before his reason- 
inc powers. This is. therefore, the true onler of education; and a pourrful 
to\iictd ilrilL like Colburn s admirable first lessons in .Xrithmetic, is sadly out 
of place in the hands of a child U'hose powers of observation and conception 
have, as yet, rrceived no trainin\i whatever, I have, therefore, avoided 
reasoning, and simply civen inlerestinu Reometrical facts, fitted. I hope, to 
arouse a child to the observation of phenomena, and to the perception of 
forms as real entities.'^ 

A few years later. Thomas Hill issued his .yrcond Book in Geom- 
etry (186.0. nnt comparable with the first in merit, usinj^ as the 
motto on the title pa^e, ^^Reasonin^ Upon Facts." In the preface 
he states that the first l)0(jk was intended for children from six to 
twelve years of a.^e, while the .^ecomi hook was adapted for the u.se 
of *\^hildren" from thirteen to eij^hteen years old. 

.\ second pioneer effort on behalf of intuitive geometry is rep- 
resented by a text also entitled First Lessons in Geometry, written 
by Hernhard Marks, principal of the Lincoln School in San Fran- 
cisco. It was published in Xew York in 187 1. The title pat^c 
states that it was '^desi^ned for the use of primary classes in gram- 
mar schools, academies, etc.'* In the preface the author refers 
approvinj^ly to the work of ^TVesident Hill of Harvard College.'' 
The foilowin;^ passaf^es from the preface are of particular si«- 
niilcance : 

Hosv it evi-r came to pass that Arithmetic .-should bt- tauuht to the e.xtont 
attained in the uramm.ir schools of the civili/ed world, while (ienmetry is 

" Quoted by Rcevi-. W. D.. in Thr Fifth Yrarbook, The ^I'ational (Joumil of 
Teachers in Mathrtnuiies, ig.^o. p 10. 
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almost wholly exdudtni from them is a problem for which the author of 
this little book has otien sought a solution, but with only this result; vi2.. 
that Arithmetic, beinj; oonsiilereil an elementary branch, is included in all 
systems of elementary instruction; but tJeonietry. beins regarded as a higher 
branch, is rL\';erved for systems of advanced education^ and is, on that 
account, reached by but very few of the many who need it. 

The error here is fundiimi'ntal. Instead of teaching the elements of all 
branches, we teach elementary branches much too exhaustively. 

The elements of Geometry arr miieh easier to letim, and are of more 
value Ti'hen learned thnu ativaneed Arithmetie; and. if a boy is to leave 
school with merely a urammar-schoul education, he would he better prepared 
for the active duties of life with a little Arithmetic anil some Geometry, than 
with more .-Xrithmetic ami no Geometry. 

Thousands of hoys are allowed to leave M'hool at the a^e of fourteen or 
sixteen years, and are sent into the carpenter-shop, the machine-shop, tht' 
mill-wrii^ht's. or the si(rrryor\\' ofice, stufed to repletion with Interest and 
Discount, hut so utterly ignorant of the mt rest elements of (ieomrtry, that 
they conid not find the centre of a circle already described, if their lives 
depended upon it. 

Unthinking per>ons ire(|Uenily assert that young children are incapable 
of reasoning, and that the truths of Geometry are too abstract in their nature 
to be apprehended by them. 

To these objections, it may be answered, that . . . nothing can be more 
palpable lo the mind of a child than forms, magnitudes, ami directions. . . . 
The author holds that this science should be taught in all primary and 
grammar schools, for the same reasons that ;ipply lo all other branches. 

If this view is correct. // is uromi to allow a pupil to reach the ao' of 
fourteen years without kmru*iH\i even thr alphabet of Geometry. He should 
he taui^ht at least hoxc to read it. 

It certainly does seem proi);d)le. that if the youth who now leave school 
with so much .\rithmetic. and no (ie >metry. were taught the nrst rudiments 
of the science, thousands of them wouhl be led to the study of the higher 
mathematics in their mature years, by reason of those attractions of Geom- 
etry which Arithmetic does not possess.' 

For a considerable period of years New Knyland ai)pears to have 
been the most active center of experimentation in this field of work. 
About ten years after Marks's bo(»k appeared. Mr. (;. A. Hill of 
C-'mbrid^e. Massachusetts, wrote an .admirable (irowrfry for Hr- 
f^inncrs'" which rellected a greatly increased interest in the subject. 

By iSo.v the grammar schools cif (^unbrid^e bad bemin to in- 
clude the elements of intuitive ueometry in their curriculum. In 
that year. Professor Paul H, Uanus of Harvard University «ave 

• M.irk^. l^iTnh.ir.I. /•*/>./ /..•-•>;/. ht (/'•••w:.;rv. pp. , IviM.n, Hiakenun. 
" 'Hill. Ci A., iif'iitnrtfy :i>r h*\it;iirr , (iinn and (*Mm[Mny. M«»-i«in. I'^^o. 
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a course of lectures ' to the teachers of the seventh. ei<;hth^ and 
ninth grades/* These lectures '^formed part of the plan whereby 
Harvard University }?ave instruction to teachers of the grammar 
schools in certain new subjects introduced into the curriculum/' 
From these lectures there evolved a famous ''essay," entitled Geom- 
etry in the Grammar School. The following quotations from the 
first two pages of this pamphlet, while still revealing the influence 
of the old "faculty psychology,*' now abandoned, may seive to 
amplify the practical and the cultural arguments outlined above. 

Like every other subject admitted into the curriculum, geometry has a 
value as knowleiiRe and a value as discipline. Its value as knowledge is 
illustrated in all the manifold occupations of life; most of the trades and 
indtistries have a mathematical basis. Every worker in wood. tin. iron, stone 
—whether contractor, builder, tinsmith, mason, carpenter, or what not — - 
iHUSt appeal to geometry to avoid waste of material and loss of time in use- 
less experimenting: so also the farmer who wishes to know the extent of a 
piece of land in order to estimate the cost of rcdaiminfr it or the amount 
of its possible pro^Iuct iveness. who has a drain or ditch to build, or a dam 
to construct, keenly feels the lack of such an elementary Knowledge of 
ueometry as would enable him to make simple preliminar\* measurements and 
save him both time and money. 

Thus ///(• knoxc^rdi^e \alite of i^eomriry is ahrionsly very \^reat. Turn 
now to its (liscij^linary value. In its early lessons geometry develops correct 
notions of form and majjnitude. and an appreciation of regularity and pro- 
portion: and through the detmiLenes.^ and precision of its data it trains the 
mind to accuracy and clearness in arasping conditions. The way is thus 
easily anil naturally prepared for a strictly scientitic .'^tudy of the subject 
later on. when through rigorous procedure from step to step by reference 
to fundamental principles, or previously established propositions, and the 
ruihlessness with which every error is detected and overthrown, it leads to 
the consciousni .-^s of full and solid achievement — the most powerful of all 
intellectual incentives to exertion. .\ firm ^ra>|) upon data, a riuoroiis exact- 
ness in reasoning, and the consequent achievement help to form the habit 
of insisiinc upon nothing less than adequate mastery, whatever the subject 
may be. Thi-^ habit marks the trained mind. 

We lontlude. therefore, that i^ro^nriry ha> a plaC'^ in ihr ( rindum of 
thr i^rammar srhotd hrrau.sr it yields a p- culiar and impi^rtant kind of kmnvl- 
I'dK'* and a uix^hly desirahlr mental disripli>ir^'' 

Durinii ibis earlier period the most ititluential appraisal was 
that oi the f;iin(uis (onimittee of Ten (i8o4i.-- The membership 

Hanu>. P.111I H.. (ir^^nif'try in : iic iir^immar Srhool, pp« i *• t*. He.ith and 
C*t>nip.in>. Ht>-ttjn. 1*^04. 

* - Sim- thr R'-p'-r: .'//•* ( ''W »t}:t>'r «•/ I'ru mt .Src'Uti.ii'y .S/ //•)/)/ Studl''^, pp. 
104 110. pul)li-hj'(i lor thi- N:itic'):il I'.ili-taUoiril .•\.->ociatinn by the .-Vmi^rican 
Ui»ok Company. Inc. Neu York. 1^04. 
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of its malheniatical subcommittee included such outslandins names 
as these: Professor Simon Xewcomb of Johns Hopkins University, 
the distinguished astronomer; Professor Florian Cajori, the learned 
mathematical historian: Professor Henry H. Fine, late dean of 
Princeton University; and the honorecl and beloved Professor 
(icor^e 1). Olds, late president of Amherst College. The committee's 
•'Special Report on Concrete Geometry'' is reproduced in full on 
page 97 of this Yearbook. 

More recent opinions of leading educators* Only a few 
^r|)ical quotations of more recent date can be included at this point. 
They extend over a period of several decades, but have lost nothing 
of their actuality on that account. 

Professor (J. Stanley Hall, the distinguished educationist of 
Ulark University, in one of his scholarly treatises commented as 
follows on the place of intuitive geometry in the mathematical 
curriculum : 

Elementary geometry should come very early, hut in the form of mani- 
foUl curious and enticing apjjeals to the eye. for optical uenmetry i,s a very 
potent agent in arou.^ng curiosity and interest, and "preforms" the demon- 
stration of ce()metr>\ which is to come later. It was such things that orip:i- 
nally evoked the process of geometrizinir and the huds and rudiments of this 
power are big in the child. . . . While this intuitional type of ijeomctry 
hould come earlier than nou\ almost at thr bv)^innin\[ of aritlimrtic, alRehraic 
elements should come much later than pedapoKues or mathematicians now 
advise, for they arc hard because ah.stract.'*' 

The Thirteenth Yearbook oj the Xational Society for tie 'iludy 
of Education contains a monograph on "Reconstructed Mathematics 
in the High School," written by Professor Henry C\ .Morrison, now 
of the University of Uhicaj^o, We find in it these interesting pas- 
sa^^es concerning the place of intuitive geometry in the curriculum: 

There is probably little or nothing in the way of iiitroducinu the type of 
geometrical study which I have described at any time after about the 
twelfth year, but the earlier the better. 

The processes taught must be applied mathematics brought into the pro- 
pram at the point where it unll he used and tau\^ht as a body of principles 
directed to a knou'u and felt need and not as a lo\^ical system. The order of 
introduction should probably be: i:eometry and a i^reat deal of it, then the 
necessary ali^elna, and tinally .<o much of the hii^her mathematics as will 
sulfice. 

^ • Hall, (;. Stanley. Educnlional Prohlrm^, Vdj. II. pp. .^Q5-.^Qft I). Applclun 
and (\jmpany. New York. 191 1, 
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Thi' traditional round of niathfmalics in the hiKh school, to wit: elemen- 
tary alcebra, plane and solid freometry, trigonometry, and advanced algebra, 
must be revi.sed both as to nruanizalion and content, and adapted to the 
known nature of the atlolesccnt and to the social purpose of the high school 
as that purpose is increasingly revealetl by modern conditions. 

Mathematics must be treiiled primarily as a lani^uai^v, the purpose of 
which is the interpretation of the various sciences. 

Courses in mathematics must lie arranged at such points in the curriculum 
as will give immediate opportunity for functioning.** 

In an article that appeared in the May, 1918, number of Rduca- 
tUm, IVesideni Charles \V. Kliot made a plea for an earlier intro- 
duction of t^eometry. He said: 

The amount of time claimed lor arithmetic hurts seriously the whole 
course of study. . . . Instruction in geometry has been begun too late. 

Professor Charles H. Judd. of the University of Chicago, in his 
Psycholojiy of Ui^h School Subjects, states in hold relief some cru- 
cial arKunienis in favor of intuitive ^ieonietry. To quote: 

The student who knows the abstract demonstrations of geometr>\ but 
does net realize that knowleilue of space is involved in every manufacturing 
operation, in every adjustment of agriculture and practical mechanics is only 
half trained. . . . The direct perceptual experience which is most closely 
related to all types of mathematical thought is spiicr. Space, because of its 
character as a relational type of experience, is not only itself a natural 
subject of mathematical consideration, but is also capable of representing 
in graphic form iho.<e mathematical relations which are usually represented in 
letters and numhers. Space is therefoi-e strongly ,'^uggeste^l as an instrument 
for both the e.xemplilication and the expression of mathematical ideas. Fur- 
thermore, by virtue of the intimate relation of space perception t{> mechanics. 
space srcms to he ii iiood instrumrut jnr the fniiuitiii of sfufieufs in applied- 
tion of mathematics. While thus emphasizing the significance of .^pace for 
mathematics, it is pn)per once more to emphasize the historical fact that in 
our Westrrn ciriliztition thr science of space is prior to all othrr phases of 
mathematics. It is altoi^ethrr prohaNe that this fact will shortly he rccoj^- 
uized in the elementary coursr, , . . 

If this book were intended for teachers in the elementary schools, it 
would arlvocate a course in form study early in the trades, and it would 
advocate the use below the hiudi schcM)l of some ol the economical methods 
of mathematical reasoning t,iui:ht by algebra. . . . 

. . . TiMchers in the lower schools have never realized that the union of 
iouic and .^pace >lu(lies deprived thi*m of one of their most natural sulijects of 

• * Mt)rn><in. Henry (\. '*Rec(m^t^ucted Mathematic- in the Hiirh .Schnol." The 
Thirtn'nfh Vi'mhunk thr Xiifiou.il Siu irfy fnr thf .Si lufy of K(iut'iith)n, pp. 
0 .^j, I'niver-iiy of Chiuiiro Pre-s. Chicago. III.. 1014. 



ERIC 



68 



THK KKiHTH VEARIiOOK 



instruction, iivinu'ly. jorpn-study. The logical st'itcmcnt of the principles of 
livomvtry lujs blinded modern as well as medieval teachers to the true worth 
of this subject for yoitm^er pupils J-' 

IWRT TWO 

TUK DkVKLOPMKN'T of InTI'ITIVK (iEOMKTRY AS A ScHOOL SliUKCT 

Difficulty of this investigation. A complete presentation of all 
the factors which influenced the <i<?velopnient of intuitive geometry 
as a school subject would have to take account of (i) the historic 
evolution of geometry as a science, and (2) the gradual growth of 
the elementary and secondary curricula in all the leading countries. 
For ob\'ious reasons, our program must be a very much more 
modest one. The period of development in which we are primarily 
interested dates approximately from the time of Pestalozzi, and is 
coextensive with the creation of common schools **for all the chil- 
dren of all the people/' Even with this limitation, however, it 
would be necessary to summarize a vast body of literature far ex- 
ceeding the permissible scope of this monograph, as well as the 
available resources of anv individual writer. Hence, we shall be 
obliged to select onh' those aspects of the story of intuitive geometry 
which are likely to be of interest and value in connection with 
present educational tendencies and problems. 

Modes of approach. First of all, it should be kept in mind 
that by the time geometry became a subject of instruction in the 
modern school, all its fundamental facts and principles had become 
known, most of them in the days of the ancient Oreeks, Unlike 
the natural sciences, which have been in a violent state of flux since 
the days of Kepler, Galileo, and Xewton, gcomrtry has had a prac- 
tically fixed contrnt. In the nineteenth century, it is true, revolu- 
tionary changes took place in our conception of the joundatiousy but 
this tremendous upheaval was of too philosophic a character to 
affect to a marked extent the point of view of the first course in 
geometry. Hence the teachers of elementary geometry at all times 
were primarily concerned with problems of selrctiou and of method. 
Lines, angles, circles, triangles, polygons, the geometric solids, con- 
siderations of symmetry, congruence. ,<imilarity, and the technique 
of mensuration -these were the basic materials that formed the 

" Ju(l(j. (*hark'< H.. P^\i fn^li'i^y of Ifix^h School Suhieet.x, pp. :i. i.;o-i.%:, Ciinn 
and v..*omp:iny, Ho>l()n. 1915. 
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framework of each geometric course of study, in every imaginable 
transformation and coml)Miation. The anwepts and forts did not 
have to he created ane\\\ hut each K^neration of teachers feh at 
liberty to try a different point of departure and to experiment with 
ever-chan^inK classroom procedures. And it has remained so to 
this day. Many and varied are the approaches to the ij^^vent and 
eternal landmarks of ^^eometry. Essentially, however, all these 
roads fall into one of two main ^ro^ip^' There are those who prefer 
the slow pedestrian route of systrmatir exploration, j^radually piec- 
ing together into an ever-f^rowin^ mosaic the daily acquisitions of 
new concepts, skills, facts, relations, and applications. Hut there 
are others who reject this synthetic approach. They desire to ob- 
tain at once a larger orientation, a panoramic, three-dimensional 
view of the landscape, and then, by a process of (uialysh and 
differentiation, to secure an understanding of the constituent parts. 

.\ fascinating spectacle is presented by the manner in which the 
national temperament of various countries responds to either of 
these routes. In general the ^lermanic countries have shown a ten- 
dency to emphasize a gradual and systematic type of development. 
The Romance countries reveal a passion for clearness and logical co- 
herence, even in the elementary stages. In America, however, the 
desire for "activities** and immediate practical application has 
tended to overshadow considerations of thoroughness and scholar- 
ship. In our Western civilization the question always seems to be, 
**\Vhat can I do with this new type of knowledge or training?^' The 
problem of the future would seem to be that of effecting a compro- 
mise between the extreme European and .American tendencies. 

An important distinction* The school systems of Europe still 
have a dualist ic organization. That is, the elementary school sub- 
jects are taught not only in the common schools, which corre- 
spond to our public ^ grammar schools,'' but also in the low^er grades 
of the secondary schools. The point of view of the common ele- 
mentary schools is that of immediate life preparation, and hence of 
simple and practical objectives. In the secondary schools, however, 
the primary aim is scholarship and prrparation for hij^hcr institu- 
tions of learning. Hence, when examining P^uropean textbooks and 
courses of study, one must always keep in mind whether the ma- 
terial under examination is intended for the "masses" ot the 
**classes.*' 

In contrast to European practices, it has been the well-nigh in- 
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superable problem of education in the Tnited States to develop a 
unitary system of instruction that shall be of benefit to every 
learner without exception. 

I. Thk Fateful Inkluknck of Euclid 

The cult of Euclid Geometry had the fortune, but also the 
misfortune, of a masterful compilation^ early in its career, in the 
form of Euclids Elements. Henceforth, for more than two thou- 
sand years, Euclid dominated the ^^eometric scene to such an extent 
that it became almost a sacrile^^e to deviate in any way from his 
sacred text. Why did this treatise have such an amazing influence, 
comparable only to that of the Hible itself? It is, as Professor 
C. J. Keyser beautifully expresses it» the most famous example of 
autonomous thinking, of the postulational method, in the w*hole his- 
tory of science. He says ; 

When 11 was protiuceti. it was so incomparably superior to any other 
product of human thinkiiiK that men were da//leti hy it. hh'iuled by its very 
brilliance, so much so that, though they admireti \\ and in a sense understood 
it. they failed to [)erceive that its chief significance was. not {geometrical, but 
jnctliodolo^icaiy' 

To this day it has been virtually impossible to break this fatal 
misconception which has ruined the mathematical education of gen- 
erations of pupils, and which is mainly responsible for the negative 
reputati(^n of geometry as a school subject. Only in recent decades 
has the light of a clearer understanding begun to affect the first 
steps of a beginner in geometry, long after the ^^cult * of Kuclid hud 
been rendered untenable by mathematicians of uncjuestioned au- 
thority. 

In 1849 I^^? Morgan wrote as follows; 

If the study of Kuclid has been ahnost abandoned on the continent, and 
has declined in EnK!:nui. it is because his more ardent admirers have insisted 
in re\iiirdin^ the accidents of his position as lan's of the science.^^ 

^•'See Smith* I). K., "Kuclul." The Teachin\^ of Grotnt'tr\\ (*hap. V. (Jinn and 
('umpany, Hoston* 1011. On p. 47 Smith stutrs that Kiccanii in 1SS7 listed *^veH 
tnwanls two thousand editions" oi Kuclid. The standard Knulish t'diticm is that 
ui Sir Thonuis L. Heath. The Thirtrm Hook\ of Eudid's T,Wmrnl\, in vols.* 
Cambridge* igoS; sectmd edition. lOiO. 

' ' Keyser. C*. J., Thinking About Thinking, p. ^u. K. \\ Uutttm and Co.. Inc.. 
Xe\v York. iu:ft. 

Quoted by (ajori. Flonan» in the Final Report of the \iiiionJ Committee 
of Fifteen on (teonteiry ♦S\7/i//jwv, p. J5. op. tit. |i|. 
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Twenty years later, at a meeting of the British Association, J. J. 
Sylvester expressed his views on the smiic subject in this iiuuiiifr \ 

I should rejoice to see mathematics taught with that life and animation 
which the presence and example of her young and buoyant sister (natural 
science) could not fail to impart, short roads preferred to long ones. Euclid 
honorably slielvf^d, or buried ''deeper than e'er plummet sounded" oat of the 
school boy*s reach?''' 

In spite of these strong protests, Euclids influence continued 
almost unabated in Hnj^land until a veritable explosion occurred in 
the form of the Perry Movement (1901), which demanded a com- 
plete divorce from Kuclid. 

The revolt against Euclid* The precise details of the modern 
career of Euclid, ever since the appearance of the first Latin trans- 
lation from Arabic sources, in the twelfth century, may l)e read in 
the standard histories of mathematics.'*" We are here concerned 
principally with the pedagogic shortcomings of the Elements, since 
it is primarily these which, throughout the centuries, delayed the 
development of more sane methods of geometric instruction. Among 
these defects the following are the most outstanding: 

I. Euclitl's Elements represents a severely logical, deductive array of 
propositions. The proofs are given in synthetic rather than analytic form. 
The method by ivhich the proofs were discovered is completely concealed. 

J. The sequence of the proposition-^^ cannot he understood or appreciated 
until the vm\ of the journey has heen reached. 

.V practical applications are entirely i\^nored. 

4. The study of solids, and hence the use of three-dimensional thinking, 
*u postponed to the end of the course. 

5. The mode of presentation is jx'dantic and dry-as-dust. 

(). No provision is made for a psychological development of geometric 
concepts, skills, and tyjH's of thinking.'-^ 

pp. J5-J0. 

-"Str Smith. I). K.. op. cit, \ ih). Chaps. III. IV. and VI; Heath. Thomas L.. 
op. fit. 1 10 1; StampiT. .\lva \V.. A History of the Teuchini^ of Elementary Genm- 
f'try, pp. J7 ff.. Buri-au oi Puhlicatitms. 'IVaduT'^ CoIU'lv. ("(jlumhia rnivt-rsity. 
New York. looo; Smith. I). K.. Ilhtory of Mathematic^\ Vol. I. Chap. IV. (iinn 
and Company. H()>t()n. lOJ.r. Sanlord. Vi-ra. .1 Short IIi,\tor\ of Mathvmatia. pp 
-:oS-.>75. Houuhton Mitilin Company. Hoston. I0.^o. [.All bracketnl numbers in 
tot)tnotes are references to the previou> iO(>tnt)te in which lull information is dven 
about the item li>ted. — Editor. \ 

-'See Stamper. .-Mva W.. op. cit. |.»o|. Chap. II: Cajori. Florian. in op. at. 
|iS|. pp. 5-.;j: Hnrifjius. F.. Qtir^tioui ri\iuardiinti la \^eomvtrui elemt'Htarc, or its 
(n-rman tran>lation. Fra\^ru drr EUrmcHtar\^romctrit\ \\A. I. pp. :.\ ft*.. M-cond edi- 
tion. Leip/ii:. loj.;; Hranfurd. H.. .1 Study of Mathematical Eduvation, pp. -MO- 
-4-. .^.^f>^i4^. Clarendim Pre^^s. OM'ord. iyJ4: Klein. F.. Elrmentar Matlwrnatik 
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In other words. Kudid s work was not meant to be a school 
subject, but rather a "philosophic treatise intended for mature 
minds." 

Sooner or hiter the universal revolt aji;ainst Kudid was bound to 
cTvstallize into concrete suf^gestions for improvement, and into ex- 
perimentr'il attempts to create a new editlce for jreometry. In 
America ihe need of a new orientation has long been recognized. 
Perhaps the most authoritative exposition of the newer point of 
view is that which came from the able pen of the late Professor 
J. \V. Voun«. The followinj? quotations are taken from two chap- 
ters of his Fumhimcntal Concepts of Algebra and Geometry : 

The chief end of mathemarcal study must be to make the pupil think. 
If mathematical teaching fails to do this, it fails altogether. The mere 
mefnorichi}^ of n dcmonstratioti in geometry has about the same ( durational 
lalue as the memorizinii of a pai^e from the city directory. And yet // must 
he admitted that a very lar^ie number of our pupils do study mathematics 
in just this uuiy. There can be no doubt that the fault lies with the teach- 
ing. . . . Mathematical instruction, in thii as well as in other countries, is 
lahorinu under a burden of century-old tradition. Especially is this so with 
reference to the teaching of geometry. . . . Our texts in this subject are still 
patterned .more or less closely after the model of Euclid, who wrote over two 
thousand years ago. and whose text, moreover, was not intended for the H.se 
of hoys and \^irls, but for mature men. 

The trouble in brief is that the authors of practically all of our current 
textbooks lay all the emphasis on the formal logical side, to the almost com- 
plete exclusion ul the psycholoi^icaL 'which latter is unthout doubt far more 
important at the he^innifi):^ of a first course in al}iebra or jieomefry. They 
fail to recognize the fact that the pupil has reasoned, and reasoned accurately, 
on a variety of subjects before he takes up the subject of mathematics, 
though this reasoning has not perhaps been formal. In order to intluce a 
pupil to think aiJout geometry, it is necessary first to arouse his interest and 
then to let him think about the subject in his ozvn way. This tirst and ditli- 
cull step once taken, it .should be a comparatively easy matter gradually to 
mold his method of reasoning into a more formal type. The textbook which 
takes due account of this psycholoi^ical element is apparently still unwritten, 
and as the teacher is to a large extent governed by the text he uses, the 
failure of mathematical teaching is not altogether the fault of the teacher. 

Let the teacher once fully realize that his science, even in its most ele- 
mentary portion.*;, is alive and growing, let him take note of the manifold 
changes in [loint of view and the new and unexjiected relations which these 
changes disclose, let him further take an active interest in the new develo[)- 

vom hiihrrrn .Sttmd punktr nus, \\)\. II. pp. jo.^.^^j. third edition. ik*rUn. 1025 
Mhe nu\<\ .-iearchini: nimicrn fritifiuf of KucluD : Fladt. K.. liuklid, Berlin. 1027- 
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ments, and indeed react independenily on the conceptions involved — for an 
enormoiLS amount of work sStill remains to he done in adapting the results of 
these developments to the requirements of elementary instruction — let him 
do these things, and he will bring to his daily teaching a new enthusiasm 
which will greatly enhance the pleasure of his labors and prove an inspiration 
to his pupils. 

The teacher's problem is, especially at the beginnini^, far more psycho- 
loi^ical than loi^ical. It is obvious that a subject must be presented to a 
boy of fourteen years in a different way from that employed in presenting 
it to a mature mind. In particular, it is necessar>\ in the beginning, to make 
continued and insistent appeal to concrete i^eometric intuition. From this 
point of view, the notions of point, straight line, and plane may be assumed 
to bt» sutViciently clear in the pupil's mind without any forma^ -lelinition. 
Moreover, it hardly seems nccessar>' to say that many assumptions which 
are essential in a purely formal lof^ical development of the science may and 
should he tacitly assumed in a first course. This is merely another fomi of 
the assertion that the power of abstraction and the amount of formal rea- 
soning expected of a pupil at a given time must be adapted to his capacity 
to form such abstractions and formal deductions at that time, 11 is capacity 
in this direction U'ill sSlowly but surely increase, if it is allowed to develop 
naturally: it vcill be i^reatly impaired, if not altoj^ether destroyed, by any 
attempt to force its \irowth. 

The best way to take account of this psychological element would seem to 
be the renioxal of all formal consulerations from the b\\^innin^ of the course 
in i^eometry: as much as a ludf of the first course mii^ht profitably be devoted 
to an informal treatment of ^i^eometry, in which the pupil is made familiar 
with the more imi>ortant figures and constructions, and in which he is encour- 
aged to think al)out the problems which present themselves in his oum icay. 
During this part of the course the pupil could be led to see the advantages 
of the nu)re formal methotls that follow. Unfortunately none of our present 
textbooks provide for such an informal introduction.*-- 

We shall now try to obtain at least a glimpse of the manner in 
which some of the leading countries reacted to the necessity of 
rel)uil(ling their first courses in geometry. Kollowing the ad- 
miralde suggestion of Professor Young, we shall investigate in 
particular the psycholojriinl transformation (;f elementary mathe- 
matical instructiiin. This kvids us at once to an examination of 
the controlling intluence exerted by Pestalozzi, Herbart, and 
Frr)l)el. While the ideas of these great reformers now seem 
rather crude, they prepared the way for the profound changes to 
follow. 

Vounu'. J. \V.. Fumiamvnlal Coyicfpis of Al^^ehru uyul Oromrtry, pp. 4-7. 
H>4 105. The .MaiMnillan Ctanpany. Ni-\\ N'urk, juii. .Many othrr pa»am-> in 
thi> volunu- will hi* found i-qu:ill> tn-nchant. 
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II, t.S'TUlTIVK (iKOMKTRY IN TUK liKRMANIC COVNTRIKS 

(Austria, (jkrmanv, Switzkrlanu) 

a. thk klkmkntaky schools "' 

A new spirit. Up to the time of Pestalozzi (i 746-1827) ele- 
mentary geometric instruction had been limited essentially to a few 
practical rules of mensuration. Its s^Mieral educational value was 
not recognized. It recjulred the unexcelled educational genius of 
a Pestaloz;?! to take the first real step in the direction of ''psycho- 
logizing education." This step marked a turning point in the his- 
tory of modern education, for it placed the emphasis not merely on 
the subject mailer to be taught, but on the developing mmd of the 
child and on the manner in which the I rami ft g process should be 
carried on. That is, the method of instruction and the spirit of the 
schoolroom became of paramount importance. Once this step was 
taken, all elementary teaching had to be revolutionized. We are 
still in the very midst of the great transformation inaugurated by 
the Pestalo/zian movement. 

The central role of intuition^ The foundation stone of Pesta- 
lozzi's method, the very center of his educational program, was an 
absolute insistence on Anschauun^. lie made real experience with 
natural objects the fundamental starting point of instruction. He 
rebelled against the meaningless verbalism of the schools, the prac- 
tice of teaching children words and phrases they could not appre- 
ciate. At all times he wi.shed to have the pupil understaml the 
object before the leord, the idea rather than the form. 

Kant had distinguished carefully between "empiric" and ''pure'' 

- ' The discussion prfscntotl in the followinir >cclion i> ba,<cti chiefly on the 

ti) TrcutU-in. f^f'*' •romt'trisrlic An'^rlitiuufixisuntfrricht, Leipzig, iqu. 
(j) Timortlinj:. H. K.. Dii Jirzivhuni^ dn Anschauinii;, Leip/ijj. iqu. 
i K) HotliT. AU)i>. Diii'iklik di's ffiiithrrfhiti^rhm rnttrrirlits, l,v\\)/VA, iqio. 
(4) Lictzmann. \\ Mvlhodik dvs mathcmatischt'n Vnterrkhta, Vol. II, pp. 05-8^, 
Lfipzij:. iQ2,^ 

(O Knirt-l. Krn>t. f^numlrhrr, L:in.s:cn<:il/a. third etiilion. iojo. 

(0) Hullnt-r. A.. aliU'd hy Ti-ichmann. ().. Anlrituru' jiir drti Rrchrn- und 

F'lumlvhrr l utcnitht, Ncu/citlichi- KaumlL-hn-. \ oL V. Iwi-nty fifth I'dilion, 

Lfipziir. 10.^0. 

The Au>lriin i«*rritiiry is inchuU-tl 1ut:ium- of ihi- tltKi- educational affdialicns 
of Grrniany and .\u>tria. Thi- i-arlier Austrian curricuhi and textbook^, m intuitive 
ci'onK'try. -urpa-M-t] and anticipated thost- 01 (Jerniany by several decades. See 
Hijiler and Treullein. 
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intuition. Hy "empiric** intuition ho meant the ''direct perception 
of actual ()l)jects.'"'* This conception coincides with the usual» 
everychiy interpretation of intuition. ^iHire" intuition, on the other 
hand» according to Kant, is something very different. It is that 
which tc^r ourselves coninhatc duriny an act of perception, by virtue 
of the very structure of our senses and of our mind. Hence Kant 
regarded the resuhs obtained by ^'pure'' uituition as al)solutely 
certain. (\)ncrete observation was merely the external stimulus 
which l)rouu[ht into play the activities of *'pure'' intuition, '^C'on- 
cepts without percepts are empty; percepts without concepts are 
blind/' became one of Kant's most famous sayings. How very 
similar to Comenius* ecjually famous motto: Quod non jucrit prius- 
quam hi <nisUy ywn crit in intvUrctu! 

It is more than likely that Pestaloz/i's view of Auschauung was 
derived directly from Kant. At any rate» il is certain that he also 
used the word in this same dual sense, a fact which must be kept in 
mind in a perusal of the extensive subsetiuent literature dealing 
with intuition. 

In his celebrated Gertrude, Pestalo//i characterized the central 
importance of intuition as follows: 

II I look hark and ask myself what 1 have realh* doiu* toward the iiu- 
provetnent of the method of elementary instruetion. 1 Iind that in rei'uu'ni/inu' 
AnsrhtiuuHi: as tlie ahsolule bas^ of all knowletUe. I have established the 
tirst and most important principle of inslruetion. Mortuver. I liave tried 
to (liseover the essence of this principle, as well as the original method hy 
which Nature herself operates in the etiucalional develupment uf human 
beings.*-' 

Pestalozzi's influence.-**' It is only loo true that Pestalo/zi in 
reality l)rou;i:ht to a culmination ideas, principles, and tendencies 
which had l)ce]i foreshadowed by others, notablx* by Comenius and 
Rousseau. Much of his own work was crude, erroneous, aiul even 
eccentric. It was ('rjmenius who exclaimed: Xon verba, srd res. 
The Orbis Pietus of Comenius testifies to his realization of the im- 
portance of A>iseftaiiunii/-^ The educational re^ilists of the seven- 

-^Rant. ImmanncK Prolr^ionit'Uti zu riner jcdm kioijtij^rn .Ut'liiphy.^ik, p. 54^ 

-•See Timerdin;:. H. K.. op. cii. \ p. o; al>o Parker. S. (\. The lli-inry of 
Modt^rn Klrmtnltiry p. ,u*4« t»inn and (\)n)pany. Hi»ti)n. 101. v 

For an e\ci*llent accuunt 01 the IVstaln//ian muvi-ment. ^ee Parker. S. (*.. 
op. oL U\sb (*hap>. X 111 XVI. 

-•The Orhis Pirlus [Thr [['orld in Pirturr^) was published in 105^. It was 
fur many yrar> the nn»i uididy n>eti Latin tr\tbiw k. and eciitioON c>i it were 
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teenth and eii?hteenth centuries* .^jjuided by thinkeis like Rabelais, 
.M()ntaij,me. Hacon. and Ratke—the influence of John I.ocke and 
the association ps}'choloi?\\ as well as the writin.^s of the •*philan- 
thropists" — had created a background that anticipated the essentials 
of Pestalozzi s doctrines. To Rousseau s Ibni/c Pestalozzi himself 
repeatedly acknowled.ued his .ureai indebtedness.-" 

Pestalozzi s main contribution was his unparalleled and untiring 
devotion to the new ideas, his passionate enthusiasm on their be- 
half, and the missionar\- spirit with which he inspired those who 
follo\/e(i him. Among his most ardent admirers and follower^ w^ere 
outstanding men like Herbart and Knibel, each of whom had made 
a careful study of the Testalozzian methods in Pestalozzi's own 
institutions. 

These disciples of the master wer^ destined to iffect profoundly 
ihe educational progress ot both European and .American schools. 
S, C\ Parker goes so far as to assert that few uKidern school prac- 
tices are not Pestalozzlan or Herbartia!i. He say. • 

When we have selected fium rtH'ont etliu'ational pr.u'ticcs those that are 
rcstalozzian and tho<e that .ire Herlnirtian either in orijjin or charaeter. there 
remain very few aspects of the modern elemetuary sehool to he discussed."'' 

Form study, a basic fea* re of the movement led by Pesta- 
hv//zi. Like Kant. Pestalo- --aw in mathematics the most note- 
worthy expression of ^'pure " .i\uiition. He came t(" rc'Jiard language, 
number, and form as the baSiC elements of all education. As 
to **forni/* if one views the external shapes of physical ob- 
jects, if one tries to understand and to reproduce the constantly 
recurrinii elements of these shapes, one is led ine\ itably to the type 
of geometry which has always been oi primary interest to the 
artist, the engineer, and the craftsman. And s<i. in his pioneer days 
at Hur^dorf. v^witzerland. Pestalozzi for a time subordinated all 
other considerations to a cultivation of .i;cometric idea^. and to re- 
lated work in .geometric (U'awin.i^. K\-en penmanship, reading, and 
arithmetic be .considered to be ilefmitely based on geometry, or the 
a;t of mcusuratiiw . as he called it. 

isMU-d a; lati' iiS t!u- ninotirnih i-rniury. Tho eU-vnitt! Krmli-h Latin rdilioa 
ap|u\iri»d in l.o.idon in i7--^ I'-irki-r. S. (V. op, tit. |.»5l. pp. 140 ff.; al>r 

Mnnnu'. P.. Trxlhook in ihe History of Ediu-dlion, pp 40: fl.. The Maemillan 
Company. Ni'w York. loiS. 

SiH- Parki-r. S. V . op. ell. I .v^;l. pp. ;:4 fl- 
- 'Ibid., pp. 4-^ 
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With incmlihle patitMice. and in appalling detail, these ideas 
were pre.^ented in IVstaloz/iV ABC oj Perception (iSo.O-*'" Its 
fundanuMital idea was that of proceedin.u. step by step, from \'ery 
elementary to more complex forms, through the three stages of 
(r) accurate perception. (2) careful oral description, and (.0 a 
painstakin.ii; development of dear concepts. Here we encounter 
IVstalo//i s most serious psycholc).y[ical blunder, that of dissecting a 
subject into its "simplest elements" and then "combininf?" these 
tjradually into a conriected and symmetrical who!?. 

In iieom try this error proved to be a fatal one. for Pesta- 
lozzi selected a> '< point of departure a minute 
stu V of the straiiiht linr and the squiin'. 

. • sample of l*cstalozzi\ method. A single 
example based on Pestalo//i*s AliC of Pcncption . 
may serve to uive a conception of the wearisome 
lormali: *. tt) which he was led by his faulty psy- . , 

cholo'^ V 1^ theories. 

Referring to a liiiure like the one shown at the 
riiiht. the teacher was expected to conduct oral 
exerci>es such as the fidlowinix. each statement . 
beinu repeated by the class in unison, and for ^ 
rarli of the ten lines: 

I. This is ihf first nhv Sf/oiul. llu* third . . .) hori/oru.d linr. 

*Hu' \\ov\/.on[.i\ law is short t-r than thi- srcouil; tht* srt'outl is loiwr 
tlun ilu- hut >hi)rtcr th.iu tht- thinl. 

Thf first liiu- is not dividai: tht* .vi"t*t/W is dividtul by point iiHo 
tXiv rqual p.irls. 

.\. K.u'h nt thi- ithnr. fuur. . . .) t-i-ual parts of the srcond nhini. 
fourth. . . .1 liiu- is a //./// nhirti. fourth. . . .) of tht- whole line. 

5. Tlic i!i>t,ithf from the beuiniiioi: i^f the fourth itifth. sixth. . . .) link- 
to the fir^t point on thi' liiu- i> rnr-jourth iMifth. ^sixth. . . .i of the whoU- 
line. 

h. The tir^r h*ne i^ nnt--h.dl the st-itwui: tht- ^eetmd iwiie .i> Innir a< 
the third part of the third. 

'I'hese samt* statements. .^7(1 in all. are then to be applied to 
vertical lines, •"until the children can i^ive eN'ery relation with com- 
plete ease." .V similar tliscussion of tht-se ttipics follows: (i) hori- 
zontal parallel lines: (j) vertical parallel lines: (.^^ a single riirht 

A ^unnn.iiA «ii ih".- il.t--it* <ituunu-nt i- u'ivi-n in TntitU-iii. V . (•/» ^ii 
pp I ^ iT . u«-h .m .ipjiri I itiiv I- ili-iu->i«>n ul il* uTi-.tl iniltuiue. -rr .tUo Tiinrr 
flin-j. H K. ••/> (// w ^'^n*- 
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aiislt^: ^^ two ri.uht angles; (5) four ri.uhl aimlos: (6) a square 
(with twtMity-st'VtMi special exercise : (7) a reeian.nle placed ver- 
tically: (S) a rectangle placed horizontally. \ consideration of 
sululivided ^'tiuares and rectangles closes the preliminary course. 
All this oral work was to • cconipanied by related drawinj; 
exercises. 

Gradual correction of l^c.stah)/./.i's mistakes. In reality, Prs- 
ialozz^s aim u^as to rstahlisit thr rrrtaniilr and thr square as the 
dom'niaut futures of ifituifivr iiriinirtry. That was a sound i(k*a. 
However, his monotonous, pedantic procedure ruined every thinii; 
and caused a .^reat revulsion of feelin.u on the part of the public. 
IVsial(i//i knew too little about ueonietry to apply his own maxims 
protuably in this field, and althouuh some of his immediate fol- 
lowers •' ailded other "elements." such as irian.^les and circk^s. they 
retained the same barren secjuence of points, lines, and combina- 
tiims of lines, and the same mechanistic formulation. 

.\ iireat change for the better came .about when a friend of Pes- 
talo/./i. Karl von Raumer. noted as a historian of education and as 
a tieoloiiist. published his ABC oj C^rystalloi^rap/fy ( iS:o). - tnroULih 
which he optMied a new tiekl for ireometry as a sduiol subject. He 
suuLicsied the use of solids from the ver\' beunnnini:. recommendin.u 
lor the purpose the most connnon crystal^. 

It wa< Dr. \V. Harnisch who carried out this uhw in his book. 
Dir Raumlrhre odrr air Mrsskunst, i,'/ •:.'////;///? 7/ (iro)nrtrir \:^ruauut 
I breslau. iS:ii. "I'he siilids m which his cours*' was based were 
the cubt\ the pri^n. the cylinder, the p\'ranud. the cone, the re.i^ular 
solitls. and the* sphere. l'"rtmi these solids Iknaiisch .gradually <le- 
rivi»d ilie iih'a of dimcnsior^. the \"ariou< anuk^s. and the important 
plane fmures. His course incbided a siuily nt the fundamental con- 
slrui'lions. of mrTisuralion. and of sinnlaril\-. Ab-ive all. Harnisch 
beuan his Wi)rk with oral cxerri^t^s periaininu l«) actual objects in 
\\\v SL'h.oolroom. He nuuie con^tan^ use of modtds. and created a 
more nitural urcMnelric sci|uenv"e. Hi- main td)iecli\"e wa*^ [^raetieal 
utilitw In iieneral. Harnisch fore-^hatluwcd the sub<lante of what 
is now iam:ln tn" ueonietry in the ( lerman elemeniary schools. The 

NLiiu .itirit'i'l- Wire tn.ulr ti* ii.iiT.--.- l\'-t.il".-/r- . * rj^lii^n Imt 

tuM*:i*r.'i.- iliti-iriM"!! in. I rnrn lu i*-. -cc 1 rt i;t Iciii. 7^ • ' ;|. e|». .^5 
SiT rr.iit!rin. r. . ;» * l.-i-i' -.^^ Imi. r.im-:. H K . nl 

V -"^ 

■l>fwMi-iij. r. . /• . i.si ;m' • • linur.liiu:. 11 I.. •■/» . 1-*.%!. \k }a 
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obvious (U'Uvts oi that systtMii. which have reniaiiUMi in existence 
10 this day. will be ctinsitleretl on a later pa.u[e isee paue i^^), 

Harnisch was followed by a number of .ureat tnethodoloi^ists. 
such as Diesterwey,-* who wrote several intluential treatises on the 
teaching of i^eometry, and Kehr. *' whose Practical Ciri^mctry is still 
regarded as a model l)y prest»nt-day writers, 

Herbart and the Herbartians. While Pestalo//i's work was, 
after all. crude and empiric. Herbart 1 1 770-1841) became the lo- 
gician and philosopher of the new movement. He tried to create a 
really scientific basis for all educaticui. He attached .ureat im- 
portance U) purr mathematics. Havinu; visited Testalo/zi in i7go, 
he tried to make the new ideas known by writing two interesting 
mono.uraphs. One of these set forth Herbart *s ideas on a tlrst 
course in .ueometry/' He aftlriiied that -training; in intuition 
(AHschauioti:) is the peculiar function of mathematics/' In place 
(of Pestal(o//i*> S(iuares ami tvctandes. he insisted on the triaui^lr 
as the fundamental ikure of geometry. The work which he outlineil 
in ureat detail was in reality a preparatory course in Numerical 
trii:o)iomctr\\ intended ftir children nine or ten years uf aue. Nat- 
urally, these speculative sU'j:L;estii)ns were so inipraciical that they 
were never taken seriously. 

On the other hand. Herbart "s ideas on general mrthod and (Ui 
the ohjrctivrs 0} rducatiou were destined to exert a vast intluence (Mi 
elementary ant! secondary teachinu in both Kuropean and American 
schools. The later Herl)artians (especially /iller and Rein^ deveb 
opeil such doctrines as the correlation theory, the culture-epcK'hs (^r 
recapitulation thecu'y. and above all the lanKUis '"t'lve hirmal steps" 
of teachinu. -(ieneiic" method'^ liciian to replace doumatic. imita- 
tive proceilures. a fact which has permanently affected the teachin.n 
of elementary geometry. In spite of the couent criticisms directed 

M Mi'-tiTWru. F. .\ W. /.• /.'*■;.*'*>.• 'ur ,/. ); ^r^^*^^ I ntrtryhi in drr I'ormrn . 
{Iro^ ru*, u>iti y^iiiiyAit'hni I'f ^ /•.•»/./;. l-*ii>i'n\*l(l. i^::. 

- Krhr. (* . Pir hixis dtr V -Ik^^.hulr. Pi>. :m . CmiIIi.i. iS-?: -iv al-o 
Ki-br, (*. Fuikti^ihr o'r.'mr.') /r *ur r.'/A'.- loid /•*. 'r.'^'/Vc/:/»/^- ••■.;/. -/.V/i. fifth c«iiti«Mi. 
(M>th.i. i^'^: ii-nlh i-.lition hy S.iri>. t'lolh.i. loio Thi- ti'\l turni>hi-il thi' lu^is 
liir \\\\\\ W \\ tiui-' (/r •>»;•.'■ \ thr ih :* \ ■! \ \ \ 1. 

-•■Sir r.irkiT. >. C . ('/>. l;5l. rh.ip. XVU: aNu Mnnnu*. P.. «•/>. (//. (.^7l. 
j»p (SO. 

' Siv //«■:/».*>•■% .t/»C" »7 S'K^r PiUrhHi'n, {r.iii-l.itiMi h\ Ki*knit\ \V. J.. P. 
\ppli-lon .Hill C*i'tn;M!iy. N\-\\ Wrk. is i-> Tlu- tuTni.m i»ri.:in.il apiuMml in !^o:. 
•\n .ipprvvUMNi aiMi:--iiM) n-l .i -«iMun.ir\ <>! thi- nitirc-Miu l»>"*k ^rc ui\i-n l»\ 
Tri'Wilrin. IV, .•/» . I pp »o 
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aj?ainst ihe Herbariians In* modern educational thinkers, especially 
by John Dewey. " the Herbartian niuvenient appears to have left a 
lastinji impression on the teachini? of elementary mathematics. 

Contributions of the Herbartians* Lack of space prevents a 
detailed description of the numerous excellent contributions made 
by the Herbariians in the field of intuitive .geometry. The most 
noie<i of these are the works of Pickel, Wilk. Martin and Schmidt, 
and Zeissiji. a .^roup of masterful teachers, lieint^ a firm believer in 
the culture-epochs theory. Dr. K. Wilk wrote a brilliant founda- 
tional study.-" developinti this theory in the field of elementary 
.ueomeiry. He traces the genesis of .geometric ideas in primitive soci- 
eties throu.u:h the instrumentality of the manual arts, sketches the 
evoluti{)n of .uet)nieiric knowledij:e through the a«es. derives a body 
of si.i2:nificant objectives froiu this background, and finally offers a 
penetrating; criticjue of current tendencies. \\*ilk s work antedates 
that of Hranfiird and is perhaps the most thouuht-j^rovokin^ single 
nu)no.u:raph on the sii^nificance of intuitive geometry that has ever 
been written, 

K. Zeissi.u was the most prolific writer of this unuipj'* In (me 
of his publications he refers to no less than sixty-seven essays or 
studies on intuitive geometry as ctmiinii: from his own pen, Uis^ 
detailed peda.^o.li:ic analysis of practically every phase of the sub- 
ject, and his minute les.^tm plans represent a ,uold mine of valuable 
su.iiuestions. 

From an American .standpoint, however, the most ori.uinal con- 
tribution is that of .Martin ami Schmidt,'' They build their entire 
course around i^etMnetric centers of intore.st, which really represent 
torm projects. The first project is the homr. It furnishes the data 
for a preliminary stud\' of the rectangle, of parallel and perpendicu- 
lar lines, of areas and N'oiunies. of iso.sceles and etjuilateral triangles, 
and of the fundamental constructions. The other geometric projects 
center aroun<l the i'hiirch (columns, arches, circles), the iann (men- 

Sa* thi' St't ond Vvarbook of ihr yatioHul UvrlHtrl ySocirly, iSon. fur tin- 
mt)>i ihorouuh (li.-ais>i(in of thi.s >uhjt'it in Knuli.-h ; al-u Parker, S. (\, op. at, [j^l. 
pp. 4.-: ff. 

•Wilk. K, Prr \:ri^nr„iirtit^r St>ind drr drotttririr ■ .\frt liodik, DrrMlrn. igoi. 
*'*Siv Zoissiu, K.. /.ur Reform dr.\ (itu^mrtriruntrrrichlK in drr \'ollcs.\chu!ft 
.XnnaluT;:, 1^04; al-n Prtipiirutiont'u fur Formntkundr, \i\ i voU.. La^^cn^al/a, Vol. 
I, 1S07, \ II, 1000: ami Formrnkuudr .//v h\ich. Hri'-^ik'n. t><oo 

Martin. P. and Sihmiilt. ()., R^utfuh-litr, in ^< part^. lU-rlin. t.s,)o . iSgS ; aUn. 
S.'ll dir R-ntmlt'lire hn An\t lilu^^ an rinhriili, It,- .V.h //c/'/'/V.'/* hrfunidrll u ffdrnf 
ni---.iu. isoo The l.itttT is a *li>i.u.-.Mon ol umU'rlyin-4 tlu-orii'- 
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suration). the shop, tninsportation, ami the cart/t ( mathematical 
«t'o.irraphy). N'eeiiless to sa.w this type of oriraniz-cttion found few 
imitators. 

It is characteristic of these Merhartians that thev derive all 
geometric information from the child's environment, or from forms 
suggested hy nature and art. that the universalitv of space rela- 
tionships is stressed continuously, and that at all t'imes there is an 
appeal to the learners interest and .«^elf-activity. That is. artitlcial 
models are rejected in favor of either natural 'ohjrrts or other real 
o/)j(rts of everyday interest (buildinirs. rooms, bricks, towers, mon- 
uments, clocks, coins, pictures). Models arc u.«;e(l only as suh.«;ti- 
tutes when necessary. Much attention is .i,Mven to ueometric orna- 
ment ami to drawing. Thus. I're.^enius characterized .geometry as 
the ■■.u;rammar of nature."' 

Alloiirt/trr, the Ilcrlnirtian hiilunicc made f^comrtry an indcpcn- 
dntt school subject in the elementary curriculum, uetermined its 
objecthes and its content, and created a very rich literature dea/ini; 
'with its methodology. 

Vhc movement led by Frobel.'= Whereas the Herhartians had 
FH-rfecled the techni(|ue of instruction, thus ^lorifyin.i^ the function 
of the /o/(7/(T. the Fnilielian movement exalted the importance of 
the child. It emphasized the spirit, purpose, atmosphere, ami mo- 
rale of the schooh-oom. Henceforth the .school was to .<rive con- 
stant attention to "the interests, experiences, and activities of the 
child, as the startin.i; point and means of in.-^truction."" 

Fnibel had .<pent two years at Vverdon ( iSo.^-iSto). studying 
IV.-^talozzis methods under the daily guidance of the master him'^ 
."^elf. His own pro.uram. as incorporated in The Education of .Man 
(iXjO) " and in Education by Development,' - for many years he- 
came identincl exclusively with education in the kindergarten. In- 
creasinuly however. l-nil)ers ideas are seen to he fumlamentnl m all 
.<ta.ues of education, as he himself ha.i claimed. In tan. the most 
recent p.^ycholo.uical and educational theories of our timi-s are in 

' ■ Kr.-^.tiiu... K. ,/(. R.iundrhir. i'.utmtiunik ,/,r .\.i!ur. I-r.inktiirt 
MMUiil (•(liliuii. 1 7< " • ■ 

' S.V f.crk.r. S (■ . ,.p .;/. Clup. Will; .iIm. .M..nn.v. I', op , il 1 .-1 

pp. 0(>: ' < - - I- 

"1T..I..I. I--. //., /■,/.•„.,;,.„ .1/.,,.. ir.,n.i.,i.-<l I.N H.iilnunn. Willi.ini N I) 
■\ppU-tiin anil ( i>tnp.iii>. i-^oi 

'•Frolu-I. K. I.l:u.iii.'„ !.-. Ih- rlnp,,,.;,, , \„uTu..n rdiliun. tran.^Lual l.v 
Jar\i>. Jc-.-phinc. 1; Apj.lcu.ii tml ri.m|..m> . N, u V,.rk. do.- 
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i-omiilote accord with Krillicl's major thesis. Frol)ol regarded the 
i-hild as :i crrativr rather than a receptive bein^. Sclj-Ui-tivity of 
the mitul bfcanu' .lie tust hiw of instruction. 

As interpreted cmd transfonued by Coh)neI Parker. Williani 
lames. John Dewey. \Villi;un II. Kilpntrick. and others, the essential 
Vriibelian ideas ha\e greatly inauenced the e(hicational philosophy 
of our .\tneric;m schools. '"• 

In the education of little children I-robel depended on a pecuUar 
symbolism of form, involving the sjihere. the cube, and the sciuare. 
Hh t'lfth -.liiff involved the construction of geometric forms and 
••forms of beauty" with square blocks :ind splints. Thc^e ideas were 
popularized in .\merica by Superintendent W. \. Hailmann.'- 

As to the teachinu of intuitive geometry, the intluence of the 
l-riibelian -activity" idea has been apparent on all sides, especially 
in tu-rmany. Ariu itsuutcrricht (teachinu: throuiih active participa- 
tion) is the current slogan in the Oerni;\n schools, as it is with us. 
It is no longer a ([uestion of merely providing models or objects for 
exercises in prirrpticn (the original meaning of Ansdniiiuni^) . A 
lalwratcrv trrliuiqur is made to prevail in the classroom. The inii)il 
himself initiates, observes, creates, and formulates princiiiles thnni.iih 
the medium of iiroperly guided and systematized cl.assroom activi- 
ties and discussion^. .\il conceins ;ire derived as naturally and spon- 
taneouslv as possible, life relationships arid apiilications are stressed 
at everv iioint. interest and effort are unilied. con^^tructive exiires- 
sion is 'encouraged, an.i a gradual growth in matheni.itical power is 
effected thrtuigh the development of genuine insiuht. 

li. niK si coNUAKv sruoors 
The early period. The lust geometry text written in (iermau 
date- from the end <-! the fnurtccnth cenitny and is known as 
(Iroiin hi,! nihiinisi.:- It was merely a brief acnumt of rules an.l 

,„•,,,-' ..l llu- ,.~>>l,..l,.....il i-...n,-uw.U S">'-">-'i HH..at. mut 

'"'''.'"sr I'.irUr. S C -P- l"^'- "■•>''"■"'"• 
, .y,„ /•■,■•»; II."/.-. (■ (■ Hirih.iiii. li.-tim. uui. 

■.'Sv'sianMuM-. AK.. W. -./. . l-H- I'P- .^4 :y- M"ri.>.K m .-/- 

I,s| ,„. kinn. 1-. .m.i S. hin.ni.u k. R. I uh--r ,/.•« m„llu;„.,:..l,r„ 

I ,.v'..,,/,' . .• l i' ' l-*!'"'-^- 

1.1 11 : l.i. t.-ni.>nn. W . • ••' ! ^1- \ -1 1- I'P , ,^ 

.•S.v In.i.lU. .1 <,••.'.•.;/.•, /•/•■».•.•'.•.'•.•' M.>lhrm.,lik. \ol. 1\ . V > ••. 
M t I'llition. l;t riin. i«) i 
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practices tMiiployed in connection ^vith sutvcyin}^, The purely prac- 
tical character of this treatise was sNinholic of a trend that had 
persisted throimh the Cdituries. That is. the licomrtty of rvrryday 
/m\ as developed by the Kiiyptians and the Ronunis. had continued 
to exist indejiendently of the "scienti-R"'* .ueonietrs- of Kuclid. This 
tact was destined to affect the mathematical work of the seconchiry 
schools. It created a dualism of objectives and methods which has 
l)een at the bottom of many contlictinsj; tendencies to our day. It 
is siiiuincant that the early printrd KurojHN-in textbooks in .ueometry 
were concerned with the practical aspects of the subject. Such 
l)ooks wer(» (juite common in the sixteenth and seventeenth cen- 
turies. Of particular interest, in this connection, is a i^eometry 
written by the i»reat artist .\lbrecht Diirer, with applications in 
architecture and in pers|)ective. " 

The lonn strnu^le between the practical and the Kudidean 
types of Lieometry in the secondary schools of Kurope has been 
sketched so thcu-ou.udil\" by others that we sliall limit ourselves to a 
few helpful references to the literature on the subject." 

It is suflH-ient to point out that as e;irly as the seventetMith cen- 
tury, ueiimetry was tauuht in a considerable number of (lerman 
S(H-ondary schools. .\t tn-st, the work was of a distinctly practical 
nature. The transition to a mor(» scientitlc type of ueometry was 
due tn tht* inlluence of men like Leibnitz ( i f)4()-i 7 1 o ) , (Miristian 
Wolff 111170-1754). and KiistntM" (1710-1800). They prepared the 
way for a formab ••di>ciplinary"" ori^ani/ation of the mathematical 
curriculum, which prevailed durin,Li most of the nineteenth century. 

Recent developments. .Vnmnd iS'o the doctrines of Pestalo/./i 
and Ih-rbart beuan to he felt in the secmidary schools, (lenetic 
iheuri>li<M methods be.Lian to re[)lace the traditicmal Kudidean 
tech!n"(|oev .\t about tlu* same time, the demand arose for a 
"propaMlrmic" (preparatory) cour>e in ueometry. I""or decades this 
(pic'-lioo wa.s agitated. There were violent parti.^ans in favor of 
and (ip.iiti>cd to this imiovation. " .\t last a complete victfiry re- 

IiiiriT. \ll>rt iht. N.-'/f'i ••v^.'ii/.; d^r Mt'^^un\: tni! ti»'m /.titk-r! ,p:,1 R/i hr 
• .//*;.* .•/; /.'»;•';. r*'/-' : ^n:t.*)i ( "I'i />. Nun-inluT:. i^.-;. wiili l..itin 
Pri-. j^;; .ni«l i .iiiil \rnluiiu. i'»o;. 
■■* 111 .iil'iiiii»n l'» tin- -o'lnr- 1* pn'vi»>u-K . ^n*. i^r fx iinpli*. S.iiiinnl. \rr.i. 
, . : I v (*ha|> \1. .lU'i Km,, i.uir. F. \V.. •*'riu' MV.uhiiu fi Kl;-nuMil.ir\ 
(;r.»n*i'0\ III thr .^i x » nu-.-iU }i Criitiirv." :iut\ " rin* 1 li-liiu Fi-.C»un-- ol Si-vi-n 
UtmiIi c\rMir\ c ti'i.fm*tr\ / /•. \ \ .iini \I 

Ki«r ruinv iiiirrr-lin- fliMiU. SilioUi-n. H. hthilt uHil d» - 
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suited in favor of systematic pre|)aral()ry work in .geometry. The 
culmination of this niovenient was reached in the famous Mnan Re- 
port oi igo5. prepared hy a committee of twelve distin.i^uishod scien- 
tists and mathematicians.* Its principal demand was that of c(m- 
tiniious "trainin.u in space intuitiiin iind in functional thinking" 
throu^nhout the secondary period. 

This rejxjrt. as amended and revised in later editions, is now 
heinu; followeil by a majority of the curreiu textbooks and courses 
of study. Tht* essential features of the newer curricula will be con- 
sidered in a later .section. 

III. iNri irivi- (iKoMKTRV IN KNiu..\Nn. Fk..\nci:. 
.\N1> I r.M.v 

A. KNOI ANI) 

The Perry Movement. The i^reat au[itation of looi. known as 
the "Perry Movement." referred to above, became of epoch-makinij: 
importance not only in luiuland hut also in .\nierica.'^ .\monK the 
sui^i^estions. old and new. that were .-^trrssed by Perry and his fol- 
lowers, the followin.u: are of si.unitK'ant e in this connection: 

1. Experimental geometry and i)ractical mensuration shouhl pre- 
cede demonstrative .ueometr)*. 

2. Intuition, measurement, motion, visual devices. i;raphic meth- 
ods, and sijuared piiper should hv used throuuh^ut. 

.V Practical applications should be stressed. 

4. Work with solids should be ituroihiced very nnich earlier. 

5. Some deductive reasonin.u should accompany ex[)erimental 
ueometry. 

Labtu'atory ti*chnit|ues shoultl be enfoura^ed. 
The extrenu' demands of Vwvy were xion rejected. A middle 
urtnmd was .gradually evtilved uhich may be inftTred from >uch texts 
as thnse i)\ Harnard and C'hilds and of (lodfrey and Siddons. " .\ 

I>rl.iili-{1 ^urutn.trii-- i>r tli-i u-^ii-n- t>i tlu^ in^orLint ciiu'iitucnt :irc tiivrn hv 
Trr'ttU-in. 1*. .»/>. ./.' ; I ; KIrin. F. .uul SihinHii.iik. K.. .»/). (it. pp joS 

.•:o, Unilcr. Alni-. (tp. ,//. I.ii-t/ni.inn. \V . rp. dt. WA. 1. pp- tl. 

' N (»un-^'. .1 W. riir J fuh/iic M i:h. ti'..t!i, s, Cli.ip \ I. I.tiimm.m-. (inrn 
.irnl Co.. N»'\\ \ iirk. . .iKm. /'*/>/.// R' p''rt f* .'/.'f .\>itit'ihu L^ntitH'tttr <i/ FiUtrn 
,'// oV.'»^'/M- >\.V.//'.'M. pp 11 . «•/> . hi 

H.irn.iril. S .tiul ('Inl.K. J M .1 A* (/' .'w/Wm /.t .n. M.KiniU.in 
( t .isp.uu . New \ nrk. 1 00 i 

•••(MnUn*v. (* .uul Si«l«lor)-. \ W . J- !'W*n.' \ (i'-.»n//7j v. C.iniliritkr TniM-r 
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pioneer hook o( this perit^i was a text prepared l)y Hamilton and 
Kettle. ' A more coinentional treatment is that found in an intro- 
ductory course prepared by Hall and Stevens. 

Of .ureat si.^nificance was the work of I^MK^hara liranford. who 
outlined a hist()rical projijram ' " similar to that of the Ziller school 
in Cierniany. His own ''thirst lessons" (pages 1.^-22) woulil hardly 
be imitated by anyone to-day. This is also true of his lack of sys- 
tem. Hut the multitude (^f valuable suj^yestions distributed through- 
out the book make it a source oi inspiration even for our more 
systematic courses. Intluenced by the reading of liranford's manu- 
script, David Mair issued his School Course oi Miitfirmatics;'* 
e(|Uaiiy unsystematic, but full of excellent ideas. It is based on 
progressively arranged problems and demands much independent 
thinking on the part of the learner. 

A mo.^t interesting and original contribution of the same period 
is a delightful booklet by Mrs. Kdith L. Somervell, entitled 
,1 Rhythmic Approach to Mathematics:''' It should become more 
widely known. It shows how children of the preschool age can be 
introduced to geometric designs by a series of manual acti\'ities of 
amazing power and chartn. In that coiuiection, attention should 
be called to T. Sundara Rows Geometric Exercises in Paper 
Foldlni^:' 

In U)o5 there appeared the First Hook of (ieometry by Dr. 
(Irace Chisolm \"oung and Dr. W. H. Voung.'-' !t was intended 
for children as young as seven years of age, working with or without 
a teacher. Hased almost entirely on the method of paper loldhit^, 
it has become an edU(\itional classic of its kind. It covers a \'ery 
large territory, including all the important plane and solid llgures. 
.Vniong its obvious defects is it> abstract character and the absence 
of practical problems. 

Haniiltun. J. Ci. ami Krttli*. F. .1 I'ir.\l (iromflry hiu^k. *-c\-rn{\\ fililion. 

Hranionl. lUtuhar.i. .1 Study r'/' .\htt hrntdtic'il hduC'ition. pp. 1.^ ;j. C).\ii»rtl. 
iijoS; nrw rditiotu \^):.\^ An fXivllrnt (irnnan traii-l.it inn .ippiMri'd in u)i.\ 
••■'Mair. l>avi(I. .Vf/zrw/ Ciu<r\r tti Miithrmiilif^, Oxlnrei. C'larmdnn I'ro'i>. 1007. 

Sonu-rwll. Kilith L. .1 Rhythmir Approuclt /«> Mathrmiitit \, Londnn. luoci. 

Rnw. T. Suml.ir.i. (irttmrtrir I\xrr(i\r\ in Piiprr Ftdtlini:, Atm riian niition. 
(irrpiitcd liv Hrni.m. W. \V. and Smith. I). Tin* Opi*n C'lUTl I'uhli>hinii Cum 
|Kiny. ('hirami. looi. 

Vnum:. Ciraii* C'luMdm anti N'oiitm. W. H. Fitwl /^/>/»A' <»/ iiromt'try, Uundcm. 
1005. A vrry ^.iti>i'ai tnry Cu-rm.m tnin.-latinn i'-ppiMrrd in ujos undi-r tin- tiilt* 
Pt'r klrhh' inomctrr. 
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Later Developments. In August \i)i2 the International Con- 
«^ress of Mathematicians met in C'aml)ri(ii4e, Knt^land. One of its 
sessions was devoted to a discussion of -'Intuition and I'lxperiment 
in Mathematical Teaching in the Secondary Schools." Professor 
David Ku^ene Smith presented a report on the subject, which was 
foHowed by a discussion participated in a* representatives of (ler- 
niany, Austria, France, and ('ireat Britain. The printed sunnnary 
published in VEnscij^^ncmnit mathhnatiqnc (November, u;i2) con- 
tains luinierous valuable suuizestions that nii.uht well be restated 
even at this time, 

A critical discussion of the role of iniuilion in tJ:eometry was 
t)ffered in u;i.^ by (i. St. L. ('arson.'" The distinction between 
•'deduction" and '-proof," which he insists on, is of itni)ortance be- 
cause "pupils can appreciate and obtain i)ro(ifs lon.u; before they 
can understand the value of deductidns," and --because the functions 
of proof and deduction are entirely diflerent.*' Of interest, also, 
is ('arson's critiiiue of exercises in drawinii: and measuremetu. A 
lilieral number of assunipii(ms is advocated. He says that "in the 
earlier sta.i;es every acceptable statemein or intuitiiui should be 
taken as an assumption: the analysis of these, to show on how small 
an amount of assumption the science can be based, beini< tie- 
ferred.'' 

I'he recent period. In Kn.ij;lan(l appeared the wdbknown 
rei)ort on The Tcachini:^ oj ifcomrtry i>i Sfhooh: ' prepared for the 
Mathematical Association (ic;;:.^). It is comparable in importance 
only to the Mrnin Rrport of (iermany ( u)05 ) and the re|)ori of the 
National Committee on Mathematical Rf(|uirements in the Tnited 
States (k;:,^. It states correctly th:it "a .^reat deal of school 
ueonuMry is a conipnitnise," The mo^i outstandinu feature of the 
rep(U-t is Pari 11, which deals with the "division of the geometry 
course into sta.ues," No less than jivf stages are enumerated and 
described. Sta'^e .\ is desij^nated as the "experinuMital slai-e," which 
^•shduld end at the ai;e of about i^'.; yt-ars." Staue H is tlu' "de- 
duciive stai;e.'" At this sta.ui' the d''ductive nu'thod should 1)0 
''prcaninent, but not lo the exclusion of intuition and Induction." 
"In St .ire A the dechiclive methnd is weakly devidoped, bm in 

C'.i Mil. Ci. Si. I., F.ss'iv^ t'H M.itht'tn.itii'.il I diu'iiii^n. i'linn .'in«l rtitnp.my. 
I.i»n«l<wi n-l Hn-lniK 10' ; 
' ♦ I hid . p. .\o. 

• ■ I hr / '-.h li ir^ >>f (lr"t>trti\ n: >.//.'. /-, :i rrpurl pn p.ind inr ihv M.iiIt 
ni.iiii.il \>Mt» i.iiKU). I.on<lt»n. iir-l v»Iitiotu iw'.. .^ina •«liti«'n. i.^'n 
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Sta.s^e I' it is suproim*/' The nature an^l content of Stime A will be 
outlined in a laier seclicjn ol (his monoi^raph (see pai>es 126 ff.). 

The early period. A critical altitude toward Kuclid was shown 
by French writers from the very beuinnin^. Practical .ueonuMrN' 
was sjiven as much emphasis as in (lermanN*. The first .^eonieiry 
printed in French, that of Houelle/*' contained two chapters on the 
relation of geometry to symmrhy as seen in the anin».ae and inani- 
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mat** world. The hook was not ri^orms. somt* tht»orcms beini^ mere 
statements of facts. 

Petrus Ramus 115X01 treated ueomciry as the art of accurate 
measurement. I.e Chores fanciful .iretHnetry (i7.;o) extended the 
idea of C'omenius' Or his ictus hy su[)plyin^ numerous pictures 
which were snpj)t)>r(l to make the prt Misiiions rctd. .Vrj proofs 
were uiven. 

Inlrrc-unu il.it.i rf'nrcriuiij tlu- r.trK Frt Px h \v\\^ wx.w W- I'niin'l in St.inipi-r. 
Alva \V.. op ui \::\. i>|) l';iinri. M.»ri.in. in p. pj) n-i;. 

Kt»konuu>r, 1** \V. ''p nt l.^ih tlu- -t.uvl.ir.i hi^toDV* <>i ni.ulirni..t;i 
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(Jeonietry be.uaii to bv stiulied in the I-'reiich stvcHidary schools 
(lurinu; the first hall of the eighteenth century. The ^^reatest in- 
fluence on the teaching of Keonietiy was exerted by Le^endre's 
fllhueuts '/r iivomctrie, which appeared in 17Q4. It was widel\- 
imitated, not only in Kurope. but also in the United States.' * It 
abandoned ihe secjuence of Kuclid, made jj;reater use of intuition, 
emphasized solid geometry, and admitted the use of al.uebraic 
methods. It was "the first lo.uical departure from Kudid that the 
world reco«ni/ed." The ideas of Lejj[endre have survived in 
I'rench and .\merican texts to this day. 

Kecent developments. For many years France has had the 
yood fortune of seeing some of her most eminent mathematicians 
interested in the preparation of texts for her secondary schools. 
To prove this, it is only necessary to point out auth(^rs like Hada- 
mard. Rouche and Comberousse. HoreK Hourlet. Meray. Niewen^^- 
lowski and tlerard. and Tanner\*. This fact has exerted a profound 
influence on all mathetnatical instruction in France. It is char- 
acteristic of the French secondary schools that instruction is .i^iven 
in three successive sta.ues or ••c\*cles," comprising, respectively, fdur 
years, two years, and one year.'** Kach cycle l)ei:ins l)y reviewinu 
all the mathematics of the precedin.u cycle, but on a ^M.uher level. 
In the nrst cycle. iutidtUm predominates, and only gradually is the 
fialurthr method allowed to rule. 

In geometry, the most noteworthy recent tendencies in l-'ranee 
have centered around the use of "motion,"" the fusion of plane and 
solid geometry. an<i extensive development of ut'ometric drawin^^. 

In the elementary tleld. the a\-ailable literature is not remotely 
comparable with that of (lermany. Attention should, ho\ve\er. l)e 
directed to a fascinatin.u; little botik l)y Profc-isor (\ .\. I.aisant of 
the Kcole rolytechni(iue in Paris, entitle<l htitiation mathcmatujuv/'' 

* " Sir. inr fxampk*. Charli*>. EUmt'fii^ oj Otomriry ,imi 'I rii:nuttffirir\\ 

tnmi tin- unrk- oi A. M. I.i-uvnilR-. A. S Harm-- Ccupnany. NfU \"t»rk. is^j. 
'Flu* tiM iiaraur.aph of the pn-l.ice hmiIs ;is follnws: 

"Ot the \Mriou> 'rn'ati-i"s on K!i-nu'ntary (li'onu'tr\ whu^^ ha\i' apiu-arcd 
I luring thi- pn\-i'nt Lvntury. that of M. la'ui-ndre .-land- [m-eniiTu-nt It^^ pinuHar 
nuTits ni>t ()nl\ haw unn tor it a Kunipi-an ri»put.ition. hm h.i\t :\Un c:in>vii 
it tn lu" ^I'liH-ti-tl a> thi- ha MS n\ ni.iny oi the hv>i \vnrk< ou ihi- -uf>ifil that have 
hirn puhii-he«I in thi- count ly." 

St.impi-r. .\lva W.. op. til. I jo!, p. s.\ 

•••'KU'in. F.. n/>. t//. p. 

""Laisint. C A.. Iniliilion mnlhvmaliqut\ ( leni'WP.iri--. ioocj: (Jernian 
translation. I.iufioinoii^ in tl't- .1/. Lrip/ij. loc^: Ann-ricm edition. 
.1/.////' w./.'/V'. Ih»iil»iei|a\ . l'.i::e and ("n.. Xew York. 
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tl is (hvHrilH««l l.y the .iiithnr ^is a work wiihniii an\ prnnran.. di'tli- 
lalnl to ilu« fricmis m ihiltlirn. ' Inirmloil inr iliiMrci) •hciwci'H 
\\w a^'s of .1 n." it nffots a snics ni' ini'nrinal mailuMuaiual 
UJimr-. illscussinns. ami prulili'in!* iii\ t'iin« a svvy \\U\v ranm*. Many 
••f lis liloas aiT nf pcrmanrnl valiu', 

An Iniorosiitvu (ivoMiUHr, ^•r»/^^^• »'lvinnUum\ |uiiilish(><| in Tniirs 
ami Paris (uiulainli liy a rnininina« ni" u>at l»'rs, shmvs a wi'alih 
of illu:;tralions. nicuiri's. lU'siuns. and »iiinrcU* a|i|ili(.-illiins that 
inaki' soino of its pawi's most atiraciivi'. In very nimh'usi'il form it 
prosoiits thi- fmiilanuMilal cniuTpis. as well as the lypiial facts 
rdatinK to p]aiu> I'muirs aiul snliiN, In conihision, it dffi'rs soini' 
liiu' work In oiililuor incasiiri'mi-nt. A smmil nmrsi', liy tho sanu' 
authors, prrsi'nis the main idi-as and appliralions of'plani« and 
solid K(*«>im>try in (•(pially shnph' forn», 

Aiuuht-r hrirf hut wilu.ihli' hooklct was pr»'|)ari'd by Trofossnr 
Paul Hort, as early as iSSf.."' riu- prrfacr stales that this Utile 
l)ook is -lioth a preparation for nwire reKiilar and n»nre atlvaneed 
study, and at the ;»anie tinjc it is a delinite and oMnpletc work for 
the ureal hulk of our pupils in our elenuMUary srhools: a work, 
that is. which is self-siiflUini;. eon>|)lele in itself. ' 'i'lu' entiie eoin-.<e 
is built up on direit and imiireit nu'asurenu'iit. nuirh attention 
heinu tiivvu to ouhfttor t xt rrisvs in shrvryiff}>. 

\i\ the elementary sehiiols of I'lanre. the study of geometry 
parallels that of drawinu. suppienu'iiied hy the innM piariiial rules 
of mensuration, 'i'he res ision of liu- eurriiuhun made in igj.? pro- 
duce<l no marke<l ehanyes in the UMinu'irii: work, 

('. n.M.v 

*l"lic curly period, 'i'he lirsi printed edilion of Kuilid. the 
Campanus iraii.slaiion, was issued in \'enii-e, in \.\S,t. \ \v\\ years 
later (i4<M'. l-ma I'aiioli s Suhima appeared, a ueiu rai tompil'alion 
of the matheinalical knowU'd.i;e of the linie, iiu hidini,' an misaii.s- 
fartory summary of l-.urlid. .\s in liu- ea.si' of (WTin.niy and l-"r.uuT. 
pratiical ueonielries were nmimon in Italy in ihe slMirnih eeniury. 
Cosim.i Maridii ( i .sos-157: ) wnue a popular honk mi mcnsuralinn.- ' 
Silvio lU-l lis practical lieonu'irv (i.so.Si •• deals primarily with sur- 

•' HiTl. iViiil. /•■;>»/ i'l l-.xpnhnrtiUil („;<„i /IV. I'.ii.-li-li ir.in-l.ili..n, 
l.ntnltiii. iSso. 

•••Siunipi-r. Alv. W.. ../>. ,ii |, p. .,U,. Smiil>. n K . ///.,',., v ,./ ,l/,(/y„-.. 

iniilii\ \nl I. |i io;. (iinn :ini| ('iini|);in\ . Mci-tMii. lo.-; 

• Smiih. Ii. I-:. ,•/ ,11. p iv-i; Si.imp.T. \lv.i W. ■ /• |.-.;|, p 
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voylUK prulilrms On the whtilo. howcvrr, the Kn mtiric trmlitionit 
in Italy wore Kuclideau in characicr. 

K«viviil of Huclid««n rUor. On the recommendation of C're- 
ninmi. in iHn?. the Italian (Jovernment aui!»ecl a complete return to 
KhcHiI. The ediiinn of the Elvmrnfx prepnred hy Hrinsichl and 
lU'tii (18(17) helped to make ihij* restoration effective." Since then, 
a series of ultra-riKorous textlMio^s have upiwired in Italy, which 
aim to huorpiiraie in the Keomeir/ curricuUin- of the secondary 
school some of the latest reliremonts resuItinK from modern re- 
search on the ."oumlations."- Accordinu to Klein, the excessively 
scientific atmosphere of these Ixioks is undouhiedly t(M> rarefied for 
all Init a lew specially Kifted minds. Ii is al.so noteworthy that 
Italy, for a time, wave considerable supi^rt to the plan of fusinK 
plane and sidid geometry. 

The effect of the (lentile Reform of igj j is described by Pro- 
fess«ir I". Mnri(|iies in the Fourt/t Vnithooknf the National Council."" 

Intuitive ftcomctrv in Italy. Several types of elementary texts 
have appearcjl in Italy which represent widely varyim? interpreta- 
tions of the ol)jtH.tives of a I'lrst cnur.<e in Keomelry. In iqoi 
Professor P. I'asipiali issued his (ianmtrh inttiifiui" It is "i\d- 
clressed to the vyv and the haml." Xo i>nnn('trit iustrnmnifs arc 
iisal, Paper jDhlhi^ is the chief tool for introdiiciuK and construct- 
luK the principal plane fiKures and dealing with their propenies. 
One section is del'initol; devoted to an analysis of Kriibelian fold- 
iuKS." It is highly instructive to .xee how the PytluKorean theorem 
Is presented, how alwebraic relations arc pictured, and how rejiular 
polyKons and complicated relationships are handled hy this simple 
manual technitjue. 

On the iithir hand, in Professor \'eroncs(' s S'ozhui rlvmcntart 
<H s>vimrlr'm intiiitivti,-^ we find a rather riKorous outline of the 
fundamentals. The wreatest care is taken in formulatiuK accurate 

•"'/■/ii- luiurlh I'l k /'i'i'A'. Thi' .WiUdhiiI C,>nuiil el Tfiit livr\ of .\/ij//icm.//ir<. 
Uj.Mi, jip. 71 'll. 

■ Sir. ("iir f\.im|il.'. Ihi- ii-Ms di .Sanniii ;in(l d'Ovidio. P;i(ili . hiifoiVr. 
\ iTnnr»f. Inurami. :in(l iMiriiiui-' and .\maldi .Sdmc of iIii-m- tn-aiiM-s (Niruni'M-. 
Inunimii lolluw :i iii>i(in idan. Tlu' lusion mou'iiirnl t-nnuiiili-mi .Ufliiully and 
;»p|'fai ' I" Hau- tiirn iiliaiidum-d in n-iiMil yi-ar.-. 

••• F.nrii|Ui'-. K, arliili- in 7"/ic l-'otitih Yrnrluuik, Tin- .Wiliniuil Coiincil oi 
Tr.ii III I ^ o< .\fiii lii-iiiiil ii \ iij.'i). |>|i 71 7.'. 

•• l'.i-i|uali. IV. (»'('.' UN-/ Wi/ iiiliiilivti. in i |iari<, I'artiia. 1001. 

•'• \ i-r<ini-M'. (!.. .\i< Jiiiii rlrmrnliiti di Ki-nnirliiii iiiiiiilivu, lliinl I'diliim. 
\*fr<in.i. luo'i 



ERIC 



94 



THK KIOHI'H VK.\Kli(X)K 




IXTIMTIVK (•KOMKIKV 



9S 



cniHTpts anct clollniiions. Kulos oi* monsunaion, as wtII as the 
funclamrniai lunsirut lions, are uiviMi without proof. Thvrv are very 
few applird prohU^ns, ami no ri»fmMU'.»s to life situations. Only 
eiglu paKt*s aiT devouul to solids. 

WhoriMs the lHH>klris mentioned above are virtually limited tt) 
plane TiKures. the (ivomrtria iiitNttivti of Dr. (i. (ostan/.o and 
C. Neuro,'' intended for the first three elasses of the «>mnasiumi 
has as its outstandinu feature a /w.v/dw of plaiir iiw(/ .\c^//V groi9irtr\\ 
Thus, a <Iisc u.**sion of parallel lines is M onee followi i liy a eon- 
sitleralior of parallel planes. I'hfre are no ftumal v .">fs. either of 
propositions or of constructions. The nmrse ilosis with "develop- 
ments" of solids, includinu tin five re^ulai- solids. 

\\\ iNTi niVK (iKoMKTHV IN Till-. rNITKD StaTKS 

The early period. Reference has already heen made to the 
pioneer elYort> of Thomas IlilK Hernhard Marks, and (i. .\. Hill. 
, The First LrssoHs of Thomas Hill really represent a series of 
very elementary convcMsaiinns ahoul the p n'p<»se of ueonuMi\,- and 
almul the principal plane li^ures and their properties, followed hy 
a hrief discussion of ihe cuhe. the cone, ami the sphere. Its most 
iuKenious feature is an U formal treatment of certain higher plane 
curves, such a< the conic ^ections. the cycloid, ami th«^ catenary. 

Marks's hook, on the oiIum* hand, is much more conventional. 
Part I consists of twenty-seven '"lessons*" on llie romrffts relating 
to lines, a.iules. trianKh^s, and other plam^ iViiures. Much iif the 
inaitM'ial is s^Wvu in nurstion form and is wry tiriny to a 
modern reader. There are practically no applied pn)l)lems and no 
re.'distic illustrations. I\p"t II c^ontains twonty-lU-e propositicms 
which are demonstrated in cnnsideral)*o derail, many of the pr(H)ls 
hein.i^ prectvled l)\- a ••de\-el(>pmeni h»sson/' An interesting feature 
of the hook is ihe use of coh>r in se)me of the diaurams. 

ti. .\. Hills (irontrtry for /iri^innns, a substantial vobinn- ui 
^^4 pa.ucs. is t*ne ui the most and)iiions levis n\ its kind ev«»r 
prepared. Its ihiriecMi chapters cover practically the whole liehl of 
everyday ueomeiry. including a v hole cliapier on the ellipse. The 
treatment is very systematic. The setpience is as follows: inirociUc- 
tion, straight lint^s. angles. irJ.'oi.Liles ( incbidim^ symnn^trical futures), 
areas ( Pyiha.t»t)rean theorem, transformation an<l ••partition" of 

,\iroffiiiri(o, .M'tcjiul I'tlilion. Holouna. igo;. 
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hKures incliitled) similar rtRures, the circle, the elllpHe, plune!*, 
"Keoiueirlcal btMlles" (prUni, cylliuler, pyramid, cone, sphere), sur- 
laces, and volumes. N'limeroiis exercises are Klven. and the practi- 
cal uses of Keometry are stresse<l. Much of this v«)Uin»e would mm* 
he omittwl In a first course, Imt its jjeneral point of view was far 
ahead of Its time. The followInK sentence Uom the preface is 
of Interest : 

Till' jiuihor. while rcsitliim in lii'rmany in 1S77 aiul 1S7S. maiio hinwcif 
f,iiiiiliiir wiih ihoir nu>ihutl.< .ml ti-xilioukK. and ho ha^ freely used (he 
kiiowlcdRe ihux acnuircd in wriiin« the prescni work. 

A few years later, the same author issued his Ussonx hi 
dvoturtry for thv Vse of Jitniumrsr' It was -preparod to meet the 
wishe.>i of these who prefer a shorter and easier introductor>- course 
in (ieonietry than that Kiven in the (inmetry for Hi fthiHcrs" The 
author says that he had in mind "pupils hetwecn the awes of twelve 
tit sixteen. " There are ninety-si.\ "le.ssons ' which cover much the 
same territory as the earlier book, hut in rather formal fashion. 
Ther*? are many exerci.ses and problems. The cuhr is the first 
fiKure presented, as in the earlier book. A noteworthy feature is 
the (optional) u-e of ontrif units and the attention ^iven to geo- 
metric (iesigns. The author says that the les.s«ns are intended for 
• a course of thne hours per week for a >oar, or. what is belter for 
the pupil, a course of one hour per week for a year, and a course 
of two hours per week for the year lollowinK." He continues; 
"(ieometry, as here presented, should be studied before algebra. " 

In 1888. \\\ \\. vSpecr (Cook County Normal School) wrote his 
Lrsxotis in Form, ad\-ocatin« that "form les.snns" should precede 
the direct study of number (page The influence of the German 
movement is plainly reflected in this book. 

Profe.s.sor Paul Hanus. of Harvard Cnive-sity, in the cour.se of 
lectures referred to on pages 04 and ()$. givei, in i8g.?. made known 
the detailed plans found in Kehr s hokthchc (inmrtrk, ' for the 
last three years of the grammar .H'hool. " together with a brief sum- 
mary of Kehr's principles of method. 

Report of the Committee of Ten (1894). lUcau.se of the hi.s- 
toric importance of this report, copies of which are no longer 
av. ilable. the .section which deals with "Concrete Cieometry " is 
here reproduced in its entirety. It will be .seen that we still have 

•"'Hill. (J. A.. l.rs!.on\ hi Ciromrlry jor tin l.\e oj Hc^hmrn, CJinn and Com- 
p.iny, H(i.«t(in. 1SS7. 
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vi^ry much lo learn tnm thi& forwanl-lddkinK dcicumcnt* In quoic; 

The t*ontVrcmo rcvummeiul.'i thai tki* vkihts t(romt*triciil etlHoUioH akoM 
th't^hi tis vtirly os possihlr ; in thv kmkr^Ktrtvn, if he tittvmis a kimtvrtitjrtai, 
or •/ $iot. w thv f>^mikr\ svlwoL He nhouhl at rtrsi Kuin familiariiy ihrouxh 
ihc H-nM'.^i Willi M'm|)lc itcnmririiMl t)Kun*!( and i'orm$. plane utui M)li(l; kHouIiI 
hamlio. draw, tiuMsun*. and model ihom; and should (tradually Icnrn 5omo 
of ilu'ir MiMiiIrr |)ro|H*riio.< and relation*. It is the opinion of the Confer- 
ence thai in the iMriy yrars of iho primarx' j^chool ihift work could be done 
in loiineiiion with the regular coursrs it drawing and niodellinB without 
requirihu any imponani niodithntion of the school iurriiulum. 

M iihjiit tlir of tru for (hr tivnint* chiUI, sswtvmodc hnfnutiou />/ 
itmrrti* or vxpvrimvHtdl vi'rM;/i7ry shouM Vc'". occupy tibout 

our st'hool hour prr xvcrk for of h*ost thrvv yn/r.v. During ihij* iH»rio(l the 
main fa U of plane and solid geometr>' should be lauRhi. not as an exercise 
in lotfical deduciion \m\ exact demonstration, but in as coiicrt^fc oiui ohjiw- 
thr 0 form as possihlr. Tor example, the simple pro|K»riies of similar plane 
liKures and similar solids should not be |)roved. but should he illustrated and 
coiiiirnied by ciiiiinif up and re*arranuin« drawings or models. 

This course should include among other things the careful con,\(rHi (ion of 
planr fii^urrs, both by the unaitled eye and by the aid of ruler. com|Kisses and 
proiraclor: the indinrt mrosnrrmnit of heights and distancvs by thr aid of 
fi\:nrt\\ carrfully drttxi^n fo sralt ; ami rlriPinifary wvnsHrafhni. phiPic oPid 
^'olid. 

Tbi- child should le.in lo rstimnfr by the eye and lo mrnsitrr xoifh soppir 
dt^rrr oj iwntravy thr lrai:ths of liPir.\\ thr mininitudrs of a9i\»lrs, apul thr 
tirnis of sippiplr phmr fiiiurrx: to Pnakr arcHrntr plans and maps from his own 
ovtual nirasurrwrnts and rstimatrs: apui to ppiahr ppiodrls of snpipir iiromrtri^ 
cal .\tilids (PI pa\'trhoiird and in clay. 

Of course, whili* no .iltniipi shoubl be made lo buibi up a complete 
logical system of gt'omelry. the (hibi should be thoroui^hly voPivincrd of thr 
cornrtnrss of h\^ constructions and thr truth of his propositioPis hy abundant 
concrrtr ilhtstr.itinns, and f>y frniurut rxprrimmttd trsts; .ind from the bi- 
Kinnint? of the systematic work hr should br rncoitniiirrl to drmv rasy infrr^ 
rncrs, anti to folln'w short chuins of rrtisonin\f. 

l-rom the outsi-t thr pupil should br rrquirrd to rxprrss himwlf \ vrbolly 
as xcrll as hy draiciuM and niodr liu\^. apid thr ltini»ua\ir miphnrd Ihovid br, 
OS far as poysHdr. thr lanKUaiir of thr scirncr, ;ind not a imiporarv phrasri 
(do\iy to br nnlrornvd lafrr. 

U is the briii-f uf ihi' Coiifrrfnu- th.ii the idurse here -imuesled. if >kil- 
fully taught, u-ill not only br of ^^rrat rducotional valur to all childrrpi[ but 
u^dl also br a mo^t 'fr.siruhlr prr partition for hUrr nuithrmatical uwk. 

Then. too. whili* »t will on one .siiU» supplement and aid the work in 
arithmetic, it will on the other side lit in with and liel|) the elementary 
m.'iiruiiion in physiis. if suih in>iruciion is to be civi-n.^' 

1= Hrport of Uir Conimitirr of Ten o^, Swndary Schnol Studit., [)p. uo^iu 
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Later ilevclnpmontN AHeliu K. Hurhhrookd 

Coficrctv Ctoiitvtry (1895)/' ;ih the author ilcclnrech was ••cleslnnctl 
cspciialiy for use* in Kramnuir uriiclcH i t accordance with the recom- 
menilatlnns of the Committee of Ten ami with the practice of many 
of our foremost schuoU/* Hesldes^i the Imok \\M reconnneiuled 
**for .supplementarj' work for beRlmiers io deiuoHMnitive Ke(Uiielry.** 
Its Kenend method is ' that of lon^tructinK and in^pectlnK K^^ometric 
forms and of report inK in the lanKuaKe of mathematics the results 
of the Inspectlcm. ' The pupiPs success is siiid to 'depend very 
largely upon the teacher." The hook is essentially an exercise 
manual covcriiiK the whole ninKe of the conventional plane t^K^res. 
the cube heinK the only solid reieivhiK attention. Many of the 
exercises are excellent and stimulating. 

William T. ( ampbelK of the Hoston Latin School, in 1899 
hrouKht out his OhsrrvatioHal (iromrtry^ Part I consists chiefly 
of laboratory work centeriuK around the makiuK of models (cube, 
prism, pyramid, cylinder. ium\ sphere). The plane t'lKures are 
derived from the solids. There are many pictures and interestinn 
diagrams. Part II presents a wmv systematic study of points, 
lines. auKles. polygons, circles, constructions, mensuration, similar 
fiKures. and surveying. It is a charming and interesting book, 
in spite of its obvious defects. 

In 1901 there appeared the /'*/V.\7 Strp^ in Grometry by W'ent- 
w(Mih and Hill.'*' It c(Uitains the best features of Hill's earlier 
books, is beautifully illustrated, and suggests valuable laboratory 
exercises. The preface sets forth the prcjgram of the authors in 
these words; 

This l)i)ok is inirmU'il to Ik» an inirodiulion in eU*nu*nlary Kooinclry. It 
aims lo nakr civar hy illusiralii)ns. (Ii»tinilii)!i.s. and vxoni.^t's llu' cxacl mean- 
ing uf Ihe .^iraiKhl lino, parallel lines, axial uud crtttral symmetry, loci of 
puinis. i'c|ual liKurr.^i. otiuivalcnl liKurcs. similar ..tfun'>. ai tl im-asuromenis 
ul lines, surfaces, and solids. 

Il aims also lu iiiake the learner familiar wiih ilie niosi important 
theorems, and to leaeb him lo draw, with instruments and free-hand accu- 
rate UkTures l)oih plane and .»iolid. 

He>rnl)r(>(»k. .\t|elia R.. Concyrtc iiromrtr\\ .Xmcricun Htnik Co.. Inc.. New 
Vi)rk. iSov 

" = (*ampholl. Willi.im T.. Ohu^nittiotml (icomrtry, .Xnu'fican Honk ('n.» Inc.. 
New York. iSoo. 

Wenlworih. (i. .X. anil Hill. (i. .X.. Fint Strp< in (irometry, C,\\u\ ;oul Com- 
pany. Hoston. igoi. 
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William A. Sduuh. nf ihe v. ranr Manual Traininn High Svhoul 
in I'hicaKn. in igo4 issued an oxaMlcnt introducthm to dVowr/rv/ 
It A spirit is praiiiial and Minuilatinu throUKhouL h has a 
splomliti chaplfr nn synunetry and valuablr wnrk nn sailv dnnvifig, 
and ^ivos nw nf {\\v larliest treatments nf ftrupdU rvprrsniluliopi. 

rhe /•*/!/(// /^r/^or/ of thv Xatiomil Committir of llfttrii oh 
(fvo9Hvtry Sylhihus (iwu)'' devnies an entire scelinn to "pre- 
linunary i*nin*ses fnr uraded sihnols" (pp. 46-40). It asserts that 
'Ml is of the utmost importance that some work in ueometry he done 
in Kradetl siho«)ls." Helpful suKnestions concerning this work are 
uiven. Special stress is laid nn drawinu to scale, models and 
**patterns." and on * the forms of solid Keometry." 

The juHhr hiRh st fiool hiovnHvnl, which beuan at ahout this 
period (igii-igi5). ahsorUed these sui^uestions and Kradually in- 
corporated then) in the textlmnks that were prepared for the new- 
schools which soon spranu up all over the country/* 

The recent period. The report of the National Committee on 
Mathematical Reipiirements appeared in 191 ^, It served as a clear- 
ing house and a sunimary of current tendencies, and detndtely 
placed intuitive geometry into the mathematical curriculum of the 
junior hiKh schools. Since then many variations of the proKrum 
outlined in that report have been tried, and the end is not yet. In a 
later section we sliall examine some of the syllal)i and resulting 
te.xthook changes that have hern evolved during the recent past. 

TAUT rilRKK 

TiiK Mask- ( onm:nt or lM i:nivK (ikoMKiKv 

liupoetance of coo)pellintf typcN of motivatioo In recent 
years thr currii uluni experts have suuuested various criteria fm- the 
selection of thi* iiisirui n(»Ti:d materials which are to apiiear in a 
nindrrn murse of >tud>". Si-ores of treatises have presented an im- 
|xisin.u lituiy <»f .uuidiny principles for the elalioration of de.sirahle 
ohjcctivo. \"alual)le as S(utie of this literature has l)een. most of 
it has lieen hu) theoretical or tnn complex to be of much use to the 
siruiiulinu teachers who must accomplish a definite task in a limited 

• Srhinlj. \V \. tnlfiului liou /»> (/rnmr/; v, n ;uu| H.unii, Hn^liin. \{)0\. 

" l<r}>riniril ii, ///•• M,il hrtu.n it* Tfiuhry, \*n|. \\ pp 4') I I'lllluT. 

•• SiH* Hi'i/. W . ••'rhr |)v-vili)pnu')il 111 MailuMiviiiiN in iln- Junior Hiuh Sihunl.'* 

pp. 141 • H»5. 
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\w\kh\ u( linir. What is still lackiiiK u simple but cnmprrhciiHlve 
|)uiiu of N'ifsv. in (ho liKht of which all clani^rmim procfilurer niul 
IfMnn plans can be evakiutnl. In other wonls. for each pircr of 
school work wo nuisi hiwv a convincinK. a i nmfittthif doctrine on 
its basic imiwriance. Only ihen shall wc net away from trivial 
arbitrary <letails. InsieaiK it nuisi be our aim to anchor each sub- 
ject on the permanent bedrock of fumlamenlal human needs, in- 
terests, and aspirations. Such a basis should be. an<l can be, created 
for the subject of intuitive Keometry. 

I. Till Pkhmam;m liAt KoRoi sn oi* (iM^MhiKv'* 

The primary KourcGii of i(comvtric knowleJito. It has lieen 
pointed nut (pawe 5S1 that arithmetic and Keometry owe their 
origin to two fuiulamental processes, namely. roHHtipiti and mais- 
uripi^, and that all constructive activities involve considerations 
of sffi9pt\ sizi\ and posithm. Now. what caused people to become 
acquainted with and id cultivate the «reat ranwe of Koometric con- 
cepts, skills, facts, and relationships? We .shall try to show that 
miturv Kind t/ir pnu tit at tttts mr thv prhmry uput pimnwiit soum\s 
of KvoMrtrh' IrttrHiiif!. Once this fact is uenerally recnunized. we 
shall have established ueometry as one of the Kreat .«*ocial iitstitu- 
tions that can no more be ilestroyed or overlooked than the force 
of Kravitation. 

A. Tur; su'ov or siiapi: 

How the kno\vlcd|(c of form boftan. The earliest knowledwe 
of form un<loubtedly wiis oi)laine<l from natural objects. Fruits, 
shells, trees, animals, Howers, crystals -all furnished many beautiful 
patterns. A pool of water .*4UK«ested a Hat or plane surface. The 

^*Mmli ni ihr nialrrial prrM-iUod in tin* ft)llcmini; |mi;rs i> ha^'d on prrvldus 
|iiililiuiiii>n> iiir sshiih \\\v wrWvt was rrs|Hin«iil)K« rithrr rnlirrly or in part. InMrarl 
ni ii^ini: sprritu" (|\rni.iiiun>, he wi^luN to i^Nprrs?^ hi^ partiiular indrhlrdnis^ to 
ihr iidlo\s invT snura*>: 

Mr!/. NV . fiV.»mWrv for Jnuior tit\lt Stltnoh, puhlisluMi I'ur ihr Hoard ui 
Kclui:iU<>n l>\ I'.wloil .1. M . Si. Paul Sirrrt. Riu hr^trr. N\«\s N'ork. hj.s. 

Milirr Millrr. W'nrkhtwk in hitititiv*' (IvomtUry, puhlislu'd Uy Ihr Ha(«rr 
I'lildMiiiiv: ('nmpan\. Clmdand. dhin. ro:^ 

Tt'ithitixr ('fW(Mr o( Stutiy in .httiinr ///\"// .Si /imm/ .»/.i///rM/.///V\, i\»r \\\v junior 
\\\\!t\\ sjhoois 111 l<(ulu"«trr. unpuldis|u*d. lioard i\i Kiiinatiiin. Riuln'Mor. N. V., 

lUipiU oi ihr i.ih((dn >ihnol (l.iiuidn Srlnud oi IVaihcr- Colliw, ("oluinhia 
I'riM'rMlx ) /'/^p/M/i'i/ .l/.////i'HM//f I// /.//A-v. pp ,\\ (Oni oi print. 1 Uiirrai ol 
I'ldditalion-. Trailu'r- t'ollrui*. t'ldumlii.i I nivrr-iix. Now Nurk. ijko. 
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sky looked like a heniispluMe. The rainluiw was a lui^e circular 
arch. The (h*^k of the sun and of tbe full moon resembled circles. 
A heap of sand hooked like a cone. The path of a fallinK stone 
appeared to be a slraiuhl line. Raindrops were seen to fall in 
parallel lines. The vertical position of trees called attention to the 
• rijjht iin^le." At ninht the stars, like points of \\ri\ outlined in- 
numerable fiKures. 

In short, nature is a son of hu^e museum conlaininK an endless 
variety of shajX's. Says ICmerson ; 

Tlu* vyv is \hv first i-in-K': du- horizon wliii'h ii forms is ilu- suunil: ami 
ihrouphoul naiuro ihis primar>- piiiuri' is n^poatt'il wiihoui ^-nd. li is Uu- 
hiphesl omi)lem in tlu' liphcr of ihi' world. Si. .Aumisiim* tli'scrihtMl iho 
nalun^ of liod as a I'iri'li' whose i-cniri' was cSTrywhcu' and iis i-ircum- 
fercnce nowhcro. We art* all our lifciinu' rcadins ilie copious .n-nse of ihis 
first of forms.* ' 

Hut it was one ihin^ to srr these forms, and quite another thioK 
to w.vf and to uumr them. Korlunalely. the early people were driven 
to a knowledge of form by sheer nece.'isilN-. They all had to hase 
food, clothing, shelter, weapons, tools, and simple household fund- 
tore. The food had to be stored, and so they made pottery and 
Ivaskets. (lolhin^ had to i)e maile either of skins, or of wool, or 
of plant fibers. Shelters had to be built and ecjuipped. It took 
thousands of years to perfect these household arts. Hut all these 
iictivities led to an inrreasinj^ knowledge of shape, si/e. and position, 
and so prepared the way for our present science of Kcomeiry. 

For illustrative purposes, we shall conrtne ourselves to a brief 
rehearsal of the manner in which shrltrr activities became a source 
of geometric information. 

P'arly shelters. In olden limes people lived in natural shelters 
such as caves or tree.<. When they became hunters or took up 
cattle raising, they had to wander a good deal. This compelled 
them to *-break camp"" very often, and then to put up a new shelter 
each time. 

What kind of shelter did they build? That depended largely 
on the building material which could be obtained, on the climate^ 
and on other items. The most common of the early shelters will be 
described brietly in the following paragraphs. I'orlunately. the 
home life of the .\merican Indian, on the great W(»stern re.servaticmn 

^■"Siv Knirr^un. Ralph Waldo. "Cirrlo." /-Sv.ivv. Fir.-l .'^rrir^. p. jj;. \hn\iiv 
Pulilishinu C't).. New York. Ufulalrd. 
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ami in SduiH Ami»rica. still «ives us a vviy ynuil IiUm of m)I the 
pratlical arts which nuisl have hcen carrini nn hy wihl iribos hi 
nihiT parts of the world many years ;mo. i'nr that reason. Indian 
homes furnish the most convenient anil inieresiinn examples of 
primitive IniililinKs for our i>urposes. In putting lomMhei their 
>iniple shelters, even ihe uncivilized people learned much about 
ueoinetr\-. 

1. 77/r dpi, \\\v\y American 'ooy and «irl k\>\ nn doubt, heard 
of the Indian ///)/. It has the form of a nwr. The liuure that hud 
U) hv outlin«Ml on 'he ground in huililinit such a conical shelter was 
the f/Vc/r. The framework of a tipi consisted of lon.u, slender poles. 
It was covered with birch bark, skins, branches, or mais. The 
Indians often pictured a tipi by means of a fnu^iyjr, 

2, Thr u'/.cu'(/;;/. Another kind of shelter, used very widely, had 
the foin) of a dome or a bowl turned over. The Al.u'on(|Uin Indians 
in the eastern part of the United States called such a dome-shaped 
hut a "wiKwam." .\ wigwam has the form of a hmiisphrrr, Awain, 
the lljiure that had to be outlined on the jir(jund in building a 
wi.uwam was a circlr. When seen at a distance, a wigwam looked 
like a srmidriic, 

Ruisrd sficltrts. It was hard to walk around inside either a 
tipi (M- a wigwam. In many parts of the world such huts were 
therefore raised and put on posts which were set upright in the 
urouod. In some cases a hole was dui^ under the hut. The space 
thus added had the form of a ryclimln'. The f(jrm that had to be 
(JUllined nw the ground in making a rylindncal hut was a rinir. 

The three shelters named s(i far are baserl on the ^'three round 
bodii^s."" namely, the sphnr, the rv//;/r//;\ and the roH<\ They all 
have a cirrlr as their ground plan. 

KeclunUuIur sheltcr.s. As sonn as farminu beuan and people 
settled down, they put up more permanent shelters or hou.-<es which 
gradually took the forms that are commonly used to-day. 

1. yV/r Iviifhto. Hunters and wcuxlsmen often build a "wind- 
break"^ havinu the form of a *4ean-to/* The uround plan of such a 
sheMer is a net cuticle. 

2. Thr f^ahlr housr. A lean-to does not afford much protec- 
tif)n against the cold or against animals. It was (Uily natural to 
thiak of completing it by buibhoK a ^"double lean-t(j." Such a 
.shelter was used by certain Indian tribes, like the .Apache Indian:^. 
.\ .shelter of this kind looked like a modern teni. or like a ^able 
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roof of an ordinary house. The Kroiind plan of a Kahle house has 
the form of a rn tOHKlr, This is also the shape of each of the sh)p- 
inK surfaces or *'faces." The front of such a shelter looks like a 
trianjilv, A form like that of a gable house evidently resembles a 
triaufiiilar pnsnt. 

The rvcta}};uliir housv. As in the case of a tipi or a wiKwam, 
it is hard to move about in a tent-shap»*d house, (iradually people 
learned how to put the yable house on a framework of poles or to 
(Uk a 'Hellar" under it. The space thus added had the form of a 
rectangular box or a rvvtani^uUir solUL The rectangular hut came 
into use in many parts of the world. Oln iously. this kind of shelter 
is the forerunner of the ordinary modern home. 

4. The flat-roofnl house. In regions where there was little or 
no rain, the gable roof was often omitted, thus leading to a flat- 
roofed shelter. Rectangular houses of stone with flat roofs have 
long been built by the Hopi Indians of Arizona. 

5. The si/uiirc housi\ C ertain tribes, like the Penobscot Indians 
in Maine, preferred a Sijuarv ground plan for their .shelters. The 
roof of such a shelter was likely to be a pointed one. Kach of the 
four sloping surfaces or **faces^' of such a roof had the form of a 
triangle. The entire roof had the form of a sUjuare pyramid 

Modern buildings; the rectan^tlc. The story of the early 
shelters readily suggests how the form of a modern house came 
about. Most of our homes now have a gable roof which rests on a 
rectangular foundation. On the other hand, our big office buildings, 
l)usiness blocks, *"skyscrapers," and manufacturing plants, usually 
have flat roofs. Nearly all these buildings also have a rectangular 
ground plan. Their walls are rectangular, as well as their floors, 
windows, and doors. The boards in the floors, the bricks and 
stones, are rectangular. Naturally, building lots, as a rule, are 
also rectangular. This has led to straight streets which usually 
cut each other at right angles. The sidewalks consist of rectangu- 
lar sections. Moreover, nuich of the furniture and other ecjuipnient 
in modern buildings is of rectangular form. 

Hence it is that, as someone has said. **ours is a rectangular 
civilization. 77/r rrctaHylr is easily the most practical of all the. 
jnrms we study in ometry. 

Dominant forms. An analysis of the geometric forms arising 
in connection with such t v-eryday practical activities as building, 
weaving, and farming, and in the industrial arts, shows thai among 
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the plan** figures used constantly, the m 7i/w^(f/r, the rirrlr, and the 
ttitwxlv are easily the nutstanrlinn forms. Moreover » the most com- 
mon space forms are the nrtanftulat solid, th*? prisniy the three 
toumi ho(ii(\s, and the pvnimhL In other words, these forms seem 
to occur more frecjuenily in the practical work of the world than any 
others. In particular* when we understand the vvoUition of these 
forms and the reasons for their ctuistant use in everyday life, we 
are no lonuer in doubt about the reasons for including them in any 
truly motivated course of study in geometry, 

H. THK STL'UV OK SI/K 

The evolution of uieuKurciiicnl; (armlntf ws a source of ^co- 
mvtric information. The most important of all human activities 
have always centered around the securing of an ade((uate supply of 
food. As soon as the ordinary stocks of food in any particular dis- 
trict became limited, it was necessary for people either to migrate 
or to think of some way of increasing their supplies. This accounts 
for the tilling of the soil, or farnthta. Moreover, it became neces- 
sary to store food and water. This gave rise to basketry and the 
making of pottery. Finally, food had to be transported from place 
to place, which caused the invention of the wfurL The exchange 
of commodities gradually led to barter and to other commercial 
enterprises. Storehouses and granaries were eventually constructed. 
All these and many other activities contributed to the development 
of geometry, especially to a kn()wle('ge of mensuration. 

It has been known since the days of ancient Kgypt that farming 
led to surveying, and thus caused the discovery of many geometric 
relationships. In fact, (geometry means ''earth ntrasiurment'' 
Herodotus tells us that Kgypt was the home of geometry. This 
was due to the annual floods caused by the Xile. These floods 
regularly destroyed many boundaries, thus making it necessary each 
year to survey the farms anew and to enter on the assessment rolls 
the e,\act area of each piece of land. In this way the l)asic tech- 
nic|ues and rules of mensuration were discovered, ,\m()ng the 
earliest of these was the rule for finding the area of a rectangular 
piece of land. The Kgyptians also had rules for flnding the area of 
a triangle and the area of a circle,'"' 

■"•,St»c R. (\ .ArthibaUr.^ hihli{)u'ruphy on Kuypti:in and Hahyloniun mathc- 
matirs in thr Amrriran rtiition ol' the Rhind Mutht'matkal Pdpyru.s, j vols., 
OlK-rlin, Ohio, igjy-igjg. 
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It is probable, likewise, that at a very early time people learned 
to estimate the capacity of bins and jiranaries. In other words. 
farminK and the related arts dellnitely established and developed a 
knowledge of the simplest processes of mensuration. The story of 
the early units and tools of measurement is of ai)sorl)inK interest 
even to very younj^ pupils. 

Measurement as the master art. Ju.st as the study of shape 
can always be motivated by reference to nature and to the practical 
arts, .so mea.surement is indi.s.soluljly connected with the very warp 
and woof of our existence. It can be shown that modern life de- 
pends on accurate measurement at almost every turn. No one has 
explained this more clearly than Mr. Henry I). Hubbard of the 
National Bureau of Standards in Washington. To quote: 

Mfdsurcs rule the world. .Ml thitiRS are made to im-asure. To indus- 
try, measurcnu'iit i.s the tool of creation. IndiLxtry is .science .set to mea.sure. 
Measurement is ti miracle worker. 

Here ii* a .xhoe factory with a hou.xeful of la.st.x. The .shoe .suni!* centuries 
of shoemakinR art in a set of measures— length, width, instep, ankle— by 
which the shoe is built, cia.ssil'.ed. sold, and worn. 

.•\ dre.ss pattern .sums up an ape-old art— clothinR the Dody. .Artists of 
the mode build their creations on measures of the body. Ever\- cut of the 
she ars or stitch of the neecllo is nicusured. to ensure perfect fitting for com- 
fort, taste, or health. 

What is true of the shoe last and the dress pattern is true of a hundred 
thousand products of industry. If we need a hat. gloves, collars, the first 
question is size. The machine knows only the size, the user only the quality. 

Modern science be^an with measurement. Measures are ^'reat teachers. 
They teach truth. By modern methods, scientists measure accurately how 
things hapiH^n in nature and in experiment. Such measures huild civilization. 
They are the numbers which rule the world of enterprise, the unseen frame 
of all achievement. 

The engineer puts measures to work in skyscraper, bridge, and other 
structures. Measures ilow through his pencil to scale drawings, means 
of measures the eni^ineer builds his dream oj beautw When the cathedral 
stands tinishecl. strong and beautiful, we forget the measures, but they remain 
forever the strength and beauty of the cathedral. 

The blue print speaks the laniiuafie of measurement. In study, shop, 
and laborator>-. the world of '^Tomorrow"' is being traced on pa|H»r with the 
aid of measured scales. Measurements are thus shaping the pattern oJ the 
'^Wonderlands of Tomorrow.'' '^'^ 

For a more extended (luotalion of nu!)hurd s views on measurement, see 
The Third Yearbook, The .Witiottal Council of Teachers of Mathematics 1028 
PIJ. 



INTriTIVK (IKOMKTRV 



TIIK HTl'DV Ol- POSITION 

Nature*!) busic po»ition». The trunk of an upright tree is in a 
vvrtU al position. Some of the branches are hormmtal, or nearly s()» 
while others are drooping or sliintmn. AKain, the trunk of a tree 
and its shadow form a rl\^ht (/w.tf/r. It is easy to see that these 
relations were bound to appear constantly in the products of the 
manual arts. Thus, the framework of a modern building is a con- 
figuration composed of perpendicular, parallel, and oblique lines 
Evidently this fact, as in the ease of a tree, is vine to the force of 
gravitation. Hence prrpnuliculartty and parallelism are seen to 
have a background as lasting as the laws of nature. 

The omnipresent role of position. Kven a child learns very 
soon, in his home, that the desks, chairs, pictures, ru^s, and all 
the other objects in the house, have definite places or positions. 
At a later sta^e. he finds out that, likewise, constant attention is 
Kiven to the exact location of things in the school, in shops, in stores, 
and in offices. He is told that this definite arrangement of things 
is necessary for the sake of attractive appvaraNcr and for the sake 
of ordrr. It has been said that ^'heaven's first law is that of order,'' 

.\Kain. we may think of a machine such as the en><ine in an auto- 
mobile. We know that unless all its many parts are put exactly 
in the right place or position, th.* machine will not tc'ork and the 
car will not run. 

When we study a city map. we see that it shows the location of 
all the important public buildings^ such as schools, churches, fire 
houses, banks, and hotels. In the same way, the map used by a 
motorist shows the location of towns and cities, of roads, railways, 
and the like. 

When we go to school in the morning, we find out the correct 
time by observing the position of the hands of a clock. Most of 
us do not realize that the stars, as they rise and set from day to 
day throughout the year, have enabled the astronomers to develop 
the calendar. That is, the positions of the stars represent a great 
clock by which we keep time. Hy observing the positions of the 
sun, the nioo^i, and the stars, and by using his maps and instru- 
ments, a captain can steer his ship across the trackless ocean. 

In countless trades and industries, practical people like builders, 
contractors, carpenters, and machinists depend on charts and blue 
prints which show every detail of the work to be done. 
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Kvery hour of the day, whether we are walkiiiu or resting* the 
correct position of our body is of importance to our health. 

These and many other illustration? that mi^ht easily he ^iven 
will serve to explain why much attention should be paid to a study 
of "position." 

Symmetry and position. In creating the world of organisms, 
nature evolved an unendinK vaiiety of forms. Many of these» such 
as the human body are synupictric. The causes of this symmetric 
arrauKement are profoundly interestins, but cannot be discussed in 
this chapter.''-' It is sufficient to say that, for similar reasons, man 
was also led, unconsciously at first, to }?ive due attention to the 
symmetric appearance of his manual and industrial products. In 
countless ways, symmetry accompanies us in every walk of life. A 
fruitful and simple field which illustrate> the laws of symmetry is 
that of elementary rfr.w'j^«. It is not an accident that since the days 
of Diirer in (Jermany and Houelle in Krance the study of sym- 
metric figures has been suggested persistently as (me of the most 
profitable aspects of everyday geometry. 

Number and form united. The fact that numbers may be 
used not only to indicate size, but also positiou, is of the very great- 
est importance. Everybody is familiar with this idea. It is only 
necessary to recall the appearance of numbers on the dial of a clock 
and on measuring instruments such as rulers, thermometers, gas 
meters, and so on. The orderly position of these numbers unde^'lies 
the reading and recording of definite measurements. 

In the same way. by using number-pairs, we can locate point* on 
a surface with the aid of tivo axes of i ?ference. This is what hap- 
pens whenever we locate the points of a graph with the aid of a 
table of values. The startling conse(;uences of this simple idea, as 
suggested hy I)escarte.=> and his followers, revolutionized mathe- 
matics.-'-^ It was Descartes who **prehided over the marriage cere- 
mony of algebra and geometry," by making possible the simul- 
taneous or unified study of number and form. 

•'•-Sei- \Vhi»elei» R. H. ami Perkins. F. T.. op. at, (41. pp. .^Q2-,^q6; Wheolcr, 
R. H.» The Laicr of Human Nature, pp. oj. D. .Appioton an(i Company, New 
York. \Q^2\ tor a further mention nl" I)iirerV symmetry of ^Io^ien. soe pji^ic 

The use of coordinates, in the modern sense, can be traced back at least 
as far as the TmctiUus de latitudhtihus formarum of tlie French deruyman and 
Mhohir Nicole Oresme (died i^^i). An even earlier appearance of this idea was 
discovered in a manuscript of the tenth ccntur\*. See Smith. I). K.» lIistor\ of 
Mathematics, Vol, II. pp. .uo-,u»o, Ginn and Company. Hoston. lyj.^. 
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This notion of coiirdinates underlies naN*i^<ation and surveying, 
astronomy and higher geometry. It Is primarily responsible for the 
(lesiKoatlon of mathematics as the "science of position*' or the 
•^science of order/* 

I). UASIC (iKOMKTRIC IDKAS 

Congruence and similttrity. The vast practical importance of 
conKruence and similarity is not realized by teachers and pupils 
when the classroom work is limited to the usual *iaws" relating to 
triangles only. And yet these ideas are illustrated in every direction 
by the products of our machine ukc. A Ford car is made possible 
only by the 'Mnass production" that is characteristic of a modern 
factory. Millions of **parts'' are turned out, as nearly alike as 
human ingenuity can make them. The same idea is usecl whenever 
designs, patterns, pictures, and plans are **duplicatc(!." Any **re- 
print" is a duplicate of some original. Shoes made on the same last 
and according to the same style may be regarded as congruent. 
Castings coming from the same mold are congruent. Any two 
objects constructed in accordance with the same specifications 
illustrate the principle of congruence. 

Whenever the scale ratio used in copying a plan differs from 
unity, we obtain a set of similar figures. Hluc prints, enlarged or 
reduced photographs, maps, and even **moving pictures," are based 
on this idea. The industries often manufacture several ••sizes" of 
an article, all buill according to the same model or style, and hence 
similar, 

Xature is full of suggestions of congruence and similarity. The 
leaves of any plant or tree, as well as annuals of the same species, 
resemble each other. Crystals, fruits and flowers, the decorative 
patterns of organisms, the cellular structures of plants and animals, 
and the rhythmic motions of electrons, nr less than those of the 
planets and the giant suns, proclaim th^ lominancc of this idea. 
It is this very regularity of nature's patterns and motions which 
alone makes science possible. 

In the light of the Nast ramifications of these ideas, so com- 
pletely ignored in the usual course in **(lemonstratiNe" geometry, 
should not a first course in geometry point out some of the romance 
that they suggest? 

Symmetry. Axial and central symmetry, likewise, are of uni- 
\-ersal interest, as was pointed out above, Natural and manu- 
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factured objects illiistrale this interesiin« relation in an almost end- 
less variety. 

In geometry there has been a KrowinK -'^Mviction that the use 
of symmetry as a fimdamental principle, through the Idea of rota- 
tion and foldinjr, is the best device we have for makiiif> many geo- 
metric properties clear intuitively. Unfortunately, our conservative 
hifjh school geometry has avoided the extensiv* employment of sym- 
metry as a tool, although a thoroughly rigorous treatment is possible 
on this basis,-'* and although great mathematicians have long given 
enthusiastic support to this mode of approach. 

Equality, inequality, and proportion. A very large part of 
geometry centers around the idea of ajini/ity. In the case of con- 
gruent figures or objects, the corresponding parts are e(|ual. We 
are surrounded on all sides by e({ual lines and etjual angles. When 
figures are similar, however, the corresponding lines are nucqnal. 
Instead, there is iiow an cqmility of ratios of corresponding lines. 
We are thus led at once to the concept of a proportion. Ratio and 
proportion are therefore ^-een to be donu'nant relations in any course 
concerned with everyday geometry. 

Functionality and variation. The idea of functional changes,' 
long ignored in the average mathematical classroom, is now gen- 
erally regarded as one of the corner stones of the mathematical 
edifice. To quote: 

Everyone know.-^ that amonc the mo.^^l impressive facts of our world is 
the Kreat fact of Chan\^t\ The universe of events, whether \^,rcnt or small, 
whether mental or physical, is an endlessly tlowing stream. Transformation, 
slow or swift, visible or invi.^ible. is perpetual on cver>- hand. ... To dis- 
cover the laws of change is the aim of science. In this enterprise of science 
the ideal prototy|)c is mathematics, for mathematics consists mainly in the 
study of functions, and the study of functions is the study of the ways in 
which chanfjes in one or more things produce changes in others.-'-' 

The world of forms is a continuous demcmstration of these 
trenchant words of Professor Keyser. W hen a stone is dropped into 
a pool of water, we soon observe a series of concentric circles travel- 
ing rapidly away from the center of disturbance. Any growing 
organism presents a functional picture. Its parts vary from moment 
to moment in accordance with the laws of its growth. The leaves 

•'♦See Fladt. K.. Klrmoilnr^rnniftriv, Part II. pp. Q-14. I.eip/iu. lojH. 
•'**.St'e 71tr Sixth Yf^arhnok, The Salional Council of Tvachn's of Mathematics, 
lOJii pp. 50-51' 
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of a tree exhibit numerous variables all tied together in one con- 
figuration, or pattern, or functional relationship. 

In the same manner, we may view any geometric figure as a 
momentary, static member of a functional series. Thus, any given 
square is one of an infinite number of possible squares. All of them 
reflect certain underlying properties which do not vary, but remain 
'invariant.'' The perimeter of any one of these squares is governed 
by the formula p — 4s, and its area by the formula A — s\ In each 
one, the diagonals are equal, the mid lines are equal, there are four 
axes of symmetry, and so on. By investigating the invariant 
properties or laws of all squares, we have gained control over the 
possibilities of any given square. 

This is a simple and yet very profound thought, which can 
be developed profitably even in the most elementary course in 
geometry. Kvery geometric jortnida expresses an invariant prop- 
erty of a certain configuration. Every construction line is built into 
a functional background. 

A wealth of construction problems can be devised along these 
lines. The pupils can be told to draw any three lines so as to 
form a triangle, and to measure the angles of the triangle. The sum 
of these angles is found to be always the same, a surprising and 
thrilling discovery to beginners! They can draw a set of con- 
centric circles. In each case the circumference is found to be 
K times the diameter. Let the vertex of any triangle move along a 
path at a fixed distance from the base, and the area of each result- 
ing triangle is always seen to be the same. Numerous other ques- 
tions can be brought up, such as: What happens when the altitude 
of a triangle is made twice as large while its base remains the same? 
How does a plan change when its scale ratio is doubled? What is 
the effect on a solid when all its dimensions are enlarged or reduced? 

Hut a chain of similar figures suggests not merely a set of in- 
variant properties applying to any one of them. By comparinf^ 
any two members of the series (e.g. two similar triangles) we obtain 
a set of invariant ratios. Thus we are led to the study of numerical 
trigonometry as a natural outgrowth of a general principle. 

It is possible to view almost every classroom activity in mathe- 
matics in the light of functionality. As a unifying principle it is 
unexcelled, not merely in algebra, but also in geometry. ''Func- 
tional thinking in geometric form" .should become a cardinal part 
of our mathematical creed. 
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IL Thk Basic Instructional MatkriaLvS of Intuitivk (iKoMETRV 

No agreement on organizing principles. The strugnle for a 
universally recognized content and an established seciuence of topics 
has been goinf? on for many decades in the field of intuitive 
geometry. Vet, even it a second 'Ku. lid*^ could offer a generally 
acceptable system, it is doubtful whether such uniformity would be 
desirable or necessary. Once we give up a strictly deductive type 
of organization, we have considerable liberty of action. But what- 
ever one*s organizing principles may be, there is still need of agree- 
ment on the main ingredients of the course. Again, once these are 
chosen, it will make a difference whether they are assembled in hap- 
hazard fashion or are made to fit into an organic whole that is both 
significant and appealing. In the following pages some of the basic 
geometric materials of instruction will be analyzed with a view to 
finding criteria for the evaluation of existing or proposed curricula. 

A, geometric concei-ts 

A basic list. We have attempted to trace in some detail the 
permanent natural setting of the fundamental geometric concepts. 
When this background is more fully appreciated, there will be less 
uncertainty about the selection and the relative importance of these 
concepts. .A basic list should include terms such as the following: 

RecianKle. Tarailel lines. Congruence. 

Square. Perpendicular lines. Similarity. 

Circle. Lenffth. Symmetry. 

Triangle. Width. Equality.' 

Rectangular solid. HeiRht. Line. 

Cube. Dimensions. .Angle. 

Cylinder. .Area. Mea.^urement. 

I'rism. Volume. Ratio. 

A considerable number of geometric terms might be added. The 
Xew York State Tentative Syllabus in Junior High School Mathe-^ 
matics lists more than 120 separate geometric concepts. Other pub- 
lished lists have helped to clarify the issue of determining the active 
vocabulary of intuitive geometry/'" 

•*''Spe Schorlinc. R.. A Tentative list of Ohjertives in the Tearliitt}^ of Junior 
Hii^h School Mathematics, pp. loi ff.. (Jeoruc Wahr. .-Vnn .Arbor. Mich., igi.s; 
also. Smith. I). K. and Reeve. \V. I).. The Teachin^i of Junior Uii^h School Mathe- 
matics, pp. 44 ff., <;inn and Company, Boston, IQ27. 
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Fallacy of frequency considerationji. Curriculum InvcstiKa- 
tions have often made the mistake of appraising the relative im- 
portance of mathematical terms by a count of the number of times 
such terms are used in maKazines, books for the general reader* 
textbooks, and the like. \'aluablc as such studies have been, they 
certainly must not be taken as fmal. Kor example, even if the 
notion of coMf^rurmr were not explicitly mentioned in a million 
pages of ordinary reading, it would still be true that it constitutes 
one of the most essential ideas of geometry. And though the aver- 
age citizen of our day might never have occasion to handle a mrtrr 
stick, ^vt j'hould still be under obligation to discuss the most scien- 
tific system of measuren^ent produced thus far. In other words, 
''social utility" is far from being an cxclusiv.-^ criterion in the build- 
ing of a course of study. 

GhOMKTRIC RKLATIONSIIIPS 

Metric relations, A very large part of geometr\* is concerned 
with the nvjtric properties of the geometric figures. In fact, 
measurement, both direct and indirect, is one of the chief concerns 
of everyday mathematics. In the trades and industries, in sho[)s 
and laboratories, it is perhaps the most important aspect of 
geometry. The metric relations of geometric figures range from the 
simplest to the most complex. Thus, all right angles are e(|uaK 
Vertical angles are v({\\:\\ Parallel lines, triangles, parallelograms, 
circles, all suggest important metric relationships. The rules for 
determining areas and volumes are metric. With every angle we 
may associate a fixed set of ratios which are the basis of trigonome- 
try. Geometry originated as the science of ^*earth measurement," 
surveying. To-day it furnishes the means of exploring a metric 
domain which includes not only the tiniest electron Init also the 
spiral nebuliT in the ocean of infinite space. 

Positional relations. Though the world of forms exhibits in- 
finite variety, the geometer always visualizes and studies these 
forms with the aid of a few idealized "elements" called points, 
lines, and surfaces. I}y combining or arranging these in a sys- 
tematic way, he creates, as by magic, an unending set of configura- 
tions such as angles, triangles, polygons, circles, higher curves, and 
the world of solids. 

If thrrr sticks are taken and the various waj's in which they may 
be used in order to form siunificant geometric figures are investi- 
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«.iloil, |)aialU'l linos and iho whole iloniain nf trianKlo.< art* at oiwe 
availaldc. Wlvw font stirks arc usi-il in a plane soifato. it Is 
sil)lo to oxploir the propcrtios of tlu- various t|iia<lrilatt'rals (hat nin 
then lu' loinu'd. SiKnilkani •positional ' ciui'stions will ri-ailily suk- 
«ost tln-nisi'lvos. such as: How many iliffcn-ru relative positions ran 
a point occupy with reference to a circle? Which conliKurations 
arise when we haNe a circle and a line? A circle and two lines? 
A circle and three lines? Two circles? 

This «an)e works hoth ways. It is hoth synthetic and analytic. 
Not oidy can we "cond)ine" the simple element.-' into ever more 
complex structures, hut we can hreak up a M»'<»nietric -whole" into 
its constituent parts. Let it he recalled that ii is this "combinatory 
analysis ' which has niww to the methods of geometry their v;ust 
potential powe»-. 

Functional relutions. W hen we lr\- to deternune the properties 
of a fiKure that changes accordinw to a fixed law, we are led to the 
idea of a functional relationship. I'hus. if a point in a plane moves 
in such a wa>- that it is always at a fixed distance from a Kiven 
point, it descrihes a drc/c. De.scartes found a nuihoil of slatiuK 
such relatic)n,«<hips -analytically. ' In the ca.xe of the circle, we 
ohtain the characteri.stic e(|Uation .v- ; v- .. familiar to most 
hiuh .school pupils. 

To what e\teni should functional thinkiiiK of this ,«<ori he culti- 
vated in elenu'iiiary «eonirtry? We should certainly refrain from 
trouhliuK a l)e«inner with the definition of a ' locus.'" Nor is such 
a definition nece.«<.sary. Countle.ss -motions under constraint" illus- 
trate the idea in which we are interested at this point. Can we not 
depend on simple (|uesiions similar to those in the followiiiK 
list ; 

r. Where are all the houses that are located one mile from your 
."^chool building? 

2. What is the path described by the door knob as you open the 
door? Hy one corner of the cover of >«)ur book as you open it? 

3. When you open the drawer of a di-sk, what is the path of one 
of its movini^ corners? Of its ed«es.' 

4. When a street car travels alon^ the tracks, what is the path 
of the center of one of the wheels? 

A study of machinci-N- in action can he made to .su^Kest func- 
tional ideas to any pupil of average intelligence. Kor more am- 
bitious minds, it is perfectly pos.sible to include a few of the hiKher 



INTrn iVK (iKOMKTRV 



plane curves. Phus, as a wheel travels alonij the Krcuiiul, what is 
the path described by a point on its rim? With the aid of S(|uare(l 
paper, or with the techni(jue used by Mrs. Kdith L, Somervell in the 
case of kinderKcirten children* a surprising aniouiil of valuable func- 
tional work is possible. 

C. C.i;oMi:TRIC FACTS 

Number of facts unlimited. Obxiously there can be no limit 
to the discovery of geometric truths. .Mso. there is no reason why 
ut least the major propositions usually stressed in hi^h school 
Keometry should not he considered in an elementary course, even 
thoiiKh they cannot ordinarily be proved (Irductivily at that sta«e. 
.Ml these geometric truths should, of course, be derived naturally in 
connection with the organic development of the subject. The selec- 
tion of geometric facts in any classroom is largely guided by time 
allotment and the background to be created. It is desirable to 
attempt to classify these facts according to the scheme su^^ested 
for the study of relationships. KollovvinK this plan, we may speak of 
metric facts, positional facts, and functional facts. 

Metric facts. In this ^roup l)eh)n^ all the mensurational prop- 
erties of figures. Here is a partial list of such propositions: 

1. \'ertical an^^des are equal. 

2. The sum of the angles of a triangle is i8o . 
The base unifies of an isosceles triangle are ecjual. 

4. The opposite sides of a parallelogram are etjual. 

5. The diagonals of a parallelo.^ram bisect each other. 
There are many such statements. Obviously, all the formulas 

concerned with areas and volumes should he included under this 
headinu. .Vbove all. the Pythagorean proposition is a fundamental 
metric fad of .ueonieiry. 

Positicmal facts. In this j^roup we have all the facts that per- 
tain to the intersection nf ri^ure,<. the construction of figures, the 
uni(|ueness of constructions, and the like. This list includes state- 
ments such as the following: 

1. Two straight lines can intersect each other at one point (mly. 

2. Two circles which intersect each other have two and only two 
poinls in common. 

If two isosceles triangles are constructerl on a common base» 
the line passing through their vertices is the perpendicular bisector 
of the common l)ase. 
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4. Only one perpendicular can be drawn to a Riven line throURh 
a given point. 

Obviously, many propositions may be classified as both metric 
and positional. This is true, for example, of the usual laws concern- 
ing congruent and similar triangles, and of symmetric relations. 

Functional facts* i. Any minsurational situation which in- 
volves two or more variable elements is a fruitful field for func- 
tional considerations. Thus, in a formula such as A zzz lu\ we may 
ask what happens to the value of .1 when / is doubled while iv re- 
mains constant. In doing this kind of work, however, the attack 
should be purely pictorial for a long time. That is, the relationships 
should be studied by means of diagrams rather than algebraic svppi- 
bols, A merely symbolic study of variation does not interest the 
beginner, nor does it convince him. 

2. Here again, we have all the facts pertaining to **loci/' Many 
of the truths that cause such slifficulty in demonstrative geometry 
can be dramatized and made very real and meaningful even in the 
most elementary introductory course. 

3. All construction work offers a natural background for **func- 
tional*' (}uestions on the part of the teacher Thus; draw a set of 
squares, of sides i in., 2 in., 3 in., and so on. Compare their perim- 
eters and their areas. Can any three sticks be hinged together so 
as to form a triangle? If four sticks are hinged together so as to 
form a (juadrilateral, investigate the limiting values of the diagonals. 
Consider a set of cubes having as edges i in., 2 in., 3 in., and so on. 
Study their surfaces. What do you observe? Can this conclusion 
be generalized? What is the practical value of this discovery? 

Needless to say, at this point we have the most wonderful op- 
portunity of correlating arithmetic, geometry, and algebra. 

D. OKOMKTklC AHILITIKS ANI> TKCHNigUKS 

A word of warning. The practice of dissecting any subject 
into its primary "bonds/' skills, abilities, and other "objectives," 
and then subjecting these simple elements to the usual routine of 
piecemeal drill and testing, has been shown by the newer psychology 
of learning to he absolutely false. The incessant repetition of such 
"elements" does not guarantee learning?. Without adecjuate, or- 
ganic motivation that leads to insight, and without the ivill 
to learn, there is no real learning. Then, too, it cannot be 
stressed too often that in the field of geometry we cannot expect to 
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"get rich (julckly." A proper time allotment must be provided for 
growth or "maturation." A few lessons in "constructive" or "ex- 
perimental" geometry at the nui of the school year, "if time remains 
over from the arithmetic work,'* will and should prove disappoint- 
ins. "We never reap more than we sow," The principal reason 
why geometry so often fails in our schools, aside from the absence 
of genuine motivation and good teaching, is the haphazard intro- 
duction and hasty presentation of the geometric materials. 

The use of the tools. Each instrument presupposes a "mastery 
technique." A carpenter becomes efficient in using the tools of his 
trade by constantly employing them in meaningful situations. In 
learning his trade, he does not drive nails for two weeks, saw boards 
for a month, use the chisel or the screw driver alone for ten days, 
and so on. In the same way, pupils do not become expert in using 
geomettic tools by a few specific drill lessons. To be sure, the 
techni(iue of handling each instrument must be clearly explained, 
rehearsed, and illustrated, to avoiVl waste of time and materials. 
After that, the continuous, organized use of these instruments in 
significant geometric situations will gradually lead to a really pro- 
ficient response on the part of the pupil. 

The standard equipment for work in intuitive geometry includes 
the ruler (English and metric scales), the compasses, the protractor, 
and a supply of squared paper (both English and metric units being 
desirable). A more ambitious course also calls for the customary 
instruments used in mechanical drawing, and for simple surveying 
instruments. Much of this auxiliary eciuipment can, of course, be 
made in the .school shops. The course of study must be planned in 
such a way that these instruments are given adequate attention 
throHf^hout the school year, 

Gla.ssification of geometric abilities. If the geometric clas.s- 
room activities are conducted in the proper manner, and if a suf- 
ficient amount of time is provided, the pupils will acquire more or 
less completely all the desirable abilities that have been enumerated 
in recent curriculum .studies and in the current literature oi. junior 
high school mathematics. These abilities may be classitied as 
(I) mechanical. (2) conceptual, (.?) practical', and (4) appre- 
ciational. Thus, the pupil will learn to identify anc! clas.sify geo- 
metric fonns. He will eventually be able to draw or construct the 
fundamental geometric figures. He will know how to measure line 
segments and angles within a reasonable margin of error. He will 
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find it possible to visualize and to imagine seonietric figures, includ- 
ing three-dimensional figures. He will desire to carry on simple 
geometric experiments leading to new discoveries. He will gain 
confidence and skill in applying the principles and rules he has 
learned in connection with everyday life problems. Finally, he will 
•^experience" geometry in his surroundings and will appreciate its 
all-embracing atmosphere. 

K. GKOMETRIC DRAWING AND DESIGN 

General importance of this field* It has been said that ''the 
fine arts are the best reflection of civilization/' Many of the fine 
arts have a geometric foundation. This is true of such "graphic" 
arts as designing, printing and lithography, painting and etching, 
of sculpture, and of the making of pottery and jewelry, of fine metal 
work an(' the use of art in advertising. Numerous industries, such 
as those concerned with the making of clothing, furniture, and tex- 
tiles, with rugs, linoleum, wall paper, metal work and plumbing, as 
well as the practical activities of the architect, the interior decora- 
tor, the engineer, and the surveyor, would be crippled without a 
knowledge of the geometric methods employed in drawing and de- 
sign. The blue print is the language of the trades, the map is the 
passport of commerce and travel, the graph is the barometer of 
industry, and the photograph — nature \s automatic drawing — has be- 
come the indispensable instrument for bringing entertainment to 
the masses. 

In an address delivered several years ago by Dr. Thomas J. 
McCormack, this inspiring passage occurs: 

Reality i^ what ou^^ht to he, not what is. . , . The life of sense is the life 
of the animal, with all its immediacy; incoherent, unorganized, chaotic, with 
no before or after. The life of man is the life of order, the life of 
control, the life of purpose, the life of the idea and the ideal, bom of the 
[)ast and avid of the future. All other life is unhuman. Where the idea is 
lacking, there art, and science, and philosophy are lackin}^, and exisienct*^ 
sinks to thf animal leveL The characteristic of man is thought. The 
machinery of thouiiht is the idea, the universai . . . The vestment of thoufiht 
is lan^^uai^e, Philo.u)phy, art, science, literature, all are simply species of 
one ^reat \^enus — expression. And expression is the daughter of reason, not 
of senM\ "Heard melodies are ^weet. but those unheard are sweeter." Let 
Phidias carve ami Sappho sine: but fairer than the fairest form ever carved, 
fairer than the most exquir^ite mu:^ical note ever uttered is the rapturous 
vi\ion of Beauty herself^ clear and unalloyed, absolute, >iniple and everlast- 
ing. Approximation to this ideal in conduct and expression, and not the 
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ravishment of the senses, is the really human life, the onlv life worth living 
lUtat ought to be always tra>ncauh what is. It is the standard and 
(OHihstone by which we test our loyalty to our higher selves. lu every 
human h e, however low. the ideal is triumphant, some ^reat desire trans^ 

Ui .ut, hut the dream is always cherished as the ultimate reality 

he fact IS that the great and the most beautiful part of life" is vicarious 
Ue 1 ve largely by proxy, take our sunshine from others, and suffer, not one! 
)u a thousand luminaries to irradiate us. We are moons, not .stars This- 

e,l'J''7'f '"'T'u-" '""^ In no otiH-r wav cin we 

comiKi s hfe and the universe. They abbreviate infinity for «.v. and ^ive « • 
immortality in tin passing moment. ' 

entln' '^.!T f"-- V'^^'-s. that begg.d for utturance for gen- 

^ M- ''^^^ ''■h'-'" "nriddled the comple.xitv of the heavens 

or Galileo wh.n he untangled the skeins of earthly mition.'or I I'n when 
he imprisoned in a word the process of unfolding life. HV .see it J,-^ / 
/or,ns 0 Rodin .spring from thr shapeless marble. It is the epiphany f tt 
tdea~the same m every nrld of human thought and expressions^ 

Classroom possibilities. A great gold mine of vah.ahle geo- 
metric training aiifl appreciation lies imbedded in the field su-ested 
above. So far. only a beginning ha.s been made in bringinrthe.e 
treasiires into the schoolroom. A considerable bodv of" literature 
on th.s subjec. is now available, both here and abroad. Our verv 
I.nmed time schedules do not permit a very liberal margin for this 
sort of work. And yet, any teacher who has observed the genuine 
joy and enthusiasm with which geometry pupils respond to everv 
opportunity for free "e.xpre.ssion work" of the artistic tvpe will trv 
to -Create time" for this appealing and arresting fortii of classroom 
activity. In any case, it is always possible to depend on the stimu- 
lus ot -supplementary honor work." of exhibits and source book 
displays, and thus to find an outlet for this phase of applied 
geometry. m « 

It was pointed out above that Pestalozzi had a verv high rcard 
for geometric drawing. The Herbartians developed this tield U, i 
cc.nsideraljle e.xtent. Thtis, Dr. K. Wilk presented a valtiable suni'- 
mary of the origin and the po.-^sibilities of historic onuimnil We 
have also called attention to Frdbel s "forms of beauty." 

In many of the recent Kuropean curricula. geomJtric drawin.' 
has become an integral part of the work in geometrv. e.xtending 

.MrCormack. Th..ma> J.. lUyonJ Gond ,u„l Evl, pp. - .HMn-.. .-ivvn 
tore thv Kndi.h s.tu.n ..f ..u- Sute Hi.h .S.ho.,, ("'nun-na. f 
Illin(u>. (hampamn. 111.. .\(ivi-mlHT m.-.^. ' 
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over a perio<l of several years. What has already been accom- 
plished in this direction may be inferred from the writings of Jahne 
and liarbisch in Austria, of Becker, Treutlein, Lietzmann,-'^ Wolff,"^ 
Schudeisky and Ebner in (Germany, of Morris, Spanton, and Mrs. 
Somervell in England, of Bourlet '''^ and Haudoin in France, and 
of (iarbieri in Italy. 

The National ComnMttee of Fifteen on Geometry referred to 
some of the literature on applied geometry, including the field of 
design. Miss Mabel Sykes of Chicago did pioneer work which is of 
permanent N'alue/"^ The publications of our large museums are full 
of excellent material. Trade catalogues, books on applied art, 
periodicals and adverti.sements, and many similar sources, will in- 
creasingly assist in transforming the geometry of the classroom into 
a living, enjoyable reality. 

PART FOUR 

TiiK Organization ok thk Instructional Materials 
I. *ossiBLK Curriculum Approachks 

A. A TOPICAL organization 

The synthetic approach. This approach is the old ^'systematic** 
one which, until quite recently, held complete sway in every school 
subject. In geometry, it began with points and lines, and pro- 
ceeded step by step '*from the simple to the complex" — a Pesta- 
lozzian idea fostered and abv.tted by the old association psychology. 
For an adult this is a very logical and satisfying scheme. It is out 
of place in the schoolroom because it fails to put ••first things first,'' 
when such criteria as interest, social utility, and economy of learn- 
ing are applied. Hence it is being abandoned in favor of other 
plans that provide both meaning and orientation with less effort 
and greater certainty. 

The analytic approach. In this ca.se the subject is organized 
around large categories, such as shape, size, and position. All minor 

••^ Lk-tzmann. W.. Matfivmniik und hildendr Kun^i, Hreshiu. lO.U- 
•'•"Wolff. Cionnr. Mathrmntik und Malrrei, Lcipziu. ig25. 

J""Sfc Khncr. Mux. Ausfiihrlichr Stofuusivniil fiir die Lehrpliine im wissen- 
srhuftluhrn Zvichnvn, lA-ipziU. IQ24. 

Bourlet. ('.. Cour\ nhrvy^e de i^eometrie, Paris, iqo;. 

(kirbu-ri. (iinvanni. Cromrtria intuitivn v disri^no i^romrtricOy Paravia 
and Co mi Kin y. 1004. 

>"-Sykf>. Mabol. Problems for Gfomt'lry, Allyn and Hact)n. Boston, IQU. 
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topics or activiiies are then brought into relation to these l)roafl 
divisions. This mode of approach intejjrates the work under inclu- 
sive headinus that jjive meaning to the subsidiary items. In other 
words, the point of view is organic and -contlKuraticmal." It is more 
natural than the synthetic plan and it i.s more appealing to the 
learner. Its danger lies in an overdose of certain fixed materials 
at one time, thus leading to monotony and weariness. 

The following list shows a topical organization of the sort sug- 
gested above: 

1. S/hipr 

I/. Dctiniiions (vocabulary). 
A. Xuiation i symbolism). 
(\ ClassitiiMtion oi forms. 

(I. ProptTtifs of tigurcs i facts ;uui relationships — informational). 

iL Measurement (tlirecl and indirocl). 

Formulas (areas antl volumes), 
r. Relations (metric and functional). 
3. Position 

a. Constructions. 

Ik I)ra\vin^; and <lesipn. 

r. Facts and relationships ( positional and fimctional). 

H. A PROJKCT ..\PPROACn 

Advantages. The use of genuine 'iife situations'' in the school 
has a direct motivating power that no other plan of teaching can 
possibly surpass. This approach would, most certainly, largely 
eliminate the perennial acv. -.sation that the conventional school is 
merely a preparation for life, not life itself (Dewey). And so, our 
textbooks are now making desperate efforts to do justice both to 
this ideal of immediate interest and to *-life participation.'" 

Difficulties. The proud boast of the project enthusiasts is that 
at last they have found a way of '^bringing life into the classroom/" 
that children originate their own curriculum, materials, that there is 
spontaneity and self-activity where previously one could find only 
imjtation anfl mechanical drill. Hut no real geometric project cur- 
riculum seems to have been developed so far. The attempt of 
Martin and Schmirlt in Ciermany (see page 80) appears to have 
been unique. The reasons are obvious. .Among the outstanding 
defects of a project organization are the following; 

I. Real projects cannot be codified in book form. 
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2. Projects endanger or make impossible a systematic develop- 
ment of the basic objectives. 

.V In an efficient school system the mastery of the essentials 
cannot be left to the chance inspiration of teachers and pupils. 

4. Slow pupils cannot integrate or assimilate the niary *Mnci- 
dental learnings" suggested by a real project. 

5. In the case of parallel classes in the same school, the adminis- 
tration of divergent project plans is virtually impossible, and uni- 
formity is the one thing proscribed in a project curriculum. 

6. A consummate amount of pedagogic skill is required, such as 
many teachers do not possess, to bring out and to organize the 
educational ''lessons" of a significant project. 

c. A ''unitary'' organization 

Meaning and possibilities. A ^unitary'' organization, as ad- 
vocated and popularized by Professor Henry C. Morrison and 
his followers, is the combined product of a Herbartian teaching 
technique and the tenets of the measurement movement. Hence its 
good features and its obvious flaws. The idea of segregating the 
instructional materials of each school year into a moderate number 
of ''units," each having its own "central theme" which is rehearsed 
until a "mastery test" reveals satisfactory scores, is a simple and 
alluring one. Insofar as a "unitary" organization operates in 
terms of lar^^e, inclusive topics or problems, it gets away from 
tri*. ial '^elements'' and emphasizes organic learning. This is in 
harmony with sound psychological doctrine, Besides, the plan cer- 
tainly tends to cause defmiteness and administrative efficiency. It 
controls the pupil's growth as does no other plan. Many teachers 
have come to welcome it. 

Limitations. .Among the dangers and misconceptions which 
are certainly invited by a unitary organization are the following: 

I. Whether a given piece of school work can or should be mas- 
tered '*once and for all" by a continuous exposure to that phase of 
the subject is very doubtful. This idea of emphasizing one topic 
at a time to the point of mastery requires close scrutiny. The 
newer psychology has shown the importtwce of "spaced learning,*' 
of repetition ajtcr adequate intervals^ and of provision jor mat- 
uration. 

Morrison, Henry C. The Practice of Tvachini^ in the Secondary School, 
Uniwrrfly of Chicago Pres?, Chicafio» 111., igjo. 
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2. A unit which is too extensive causes monotony and aversion. 

3. A comprehensive unit may involve too many objectives, with 
the resultin^i; danger of confusion. 

4. A unit orKani/ation often demands much supplementary work 
on the part of teachers and pupils. 

5. The organic interweaving of relatively independent units is 
not an easy task. 

U. A PSVCHOLOOU'AL VIKW OK TUK CURRICULUM 

The curriculum from the standpoint of the learner. Since 
the days of Pestalozzi and Herl^art. educators have tried increas- 
ingly to view school life through the eyes of the pupil. The school 
has tended to become **child-centere(L" often forgetting that the 
child must eventually face adult standards whether he likes it or 
not. Vet, an exclusive emphasis on the materials of instruction, at 
any age level, without due regard for their probable influence on 
the immediate emotional and conceptional life of the child, is cer- 
tainly no longer defended by anyone. And so, we may view the 
curriculum as a many -colored spectrum whose primary colors relate 
to such ingredients as kmyivlrd^v, -^kills, habits, attitudes, and types 
of thiukin^y - Some of these c* ies obviously refer to subject 

I . 

! Objective Subjective ; 

i ; . . I 
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matter and some to the learning process. It is a mistake, however, 
to treat these components in water-tight compartments. Thus, 
while attitudes may be listed in a printed course of study, they 
should really be thought of as part of the ever-present atmo.sphere 
or spirit of the cla.^^sroom. 

Importance of a psychological orientation. The new p.^\ chol- 
ogy has thrown a flood of light on the learning process. It has 
established the **organismic"' point of view. "^When we think, we 
think all over," says Herrick. The old *daws of learning/* as pro- 
claimed by the orthodox ^'bond*' psychology, especially the Imv of 
freqiieney and the laxi^ of effect, are being rejected or revised in the 
light of recent, crucial experiments. Says Kilpatrick: 

"••Mead. A. R.. Lraniinti and Tnwhinii, (*hup. X. J. H. Lippina>lt Co., 
Philadflphia. ig.i.i. 
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It appears that in each instance of behavior as above (iuscrihct! ihe 
whole organism, and in some measure each constituent part, is involved. If 
this hv so .... learning then takes on a very broad meaning. It becomes 
not simply the acqui.uiion of a new way of behaving as commonly con- 
ceived. Rather does each new way of behavior mean in some degree a 
remaking of the whole organism. Xo part is omitted: intellectual in- 
sight . . . . emotional changes .... glandular readjustments, neuro-muscular 
readjustments. Some remaking and reorganising is effected throughout, the 
degree of change at any point depending on the character of the experience 
as a whole and on the connection of the |)articular point with the rest. The 
far-reaching .significance of this conception no intelligent theory of educa- 
tion can disregard. The whole organism is in some degree changed in each 
learning experience^'"' 

Above all. attitudes, ideals, and types of thinking are now 
conceded to be the most potent carriers of "transfer.^* The long 
debate about "mental discipline" has re.<oIved itself primarily into 
a (juestion of mcthixL The problem of -transfer;* says Jiidd, is one 
of -'working for transfer.'' And. according to Wheeler, transfer 
involves an organismic and configurational background/"" Hence, 
we cannot be too insistent on adequate means of motivation, on a 
continuous struggle for perspective and real mastery, and on a 
scrupulous regard for daily le.sson plans that are both logical and 
p.^ychological. 

A COMPOSITK PI.AX 

Necessity of a compromise. Teaching is primarily an art, 
rather than a science. It will remain so until we have progressed 
far beyond our present degree of insight into mental and physical 
phenomena. And for that reason the school will continue to utilize 
and to conserve tested procedures that have been worker! out 
through incessant labor by generations of teachers. The errors of 
each educational program or theory are at last made apparent, 
and a new and better synthesis is proclaimed on the banners of 
progress, only to be supplanted eventually by a still more promising 
reorientation. The .story of curriculum revision is one of constant 

Kilputrick. \V. H.. ".X Reconstructed Theory of the Kducative Procerus;' 
Tnirhrrs Collt'i^f Rtrorr!, Vol. p. v<4. Mareh. lu.u. 

^"'See Betz. \V.. "The Tran.<fcr of Trainini:. with rarti-ruhir Reference to 
{leometry/* 7'he fifth Yearbook, Thv Satiomil Council of Teachers of Mathc- 
mtitir\, iQ.iO. pp. i40'ioS. 

Wheeler. R. H.. Seirfice of Psyeholoiiy, pp. j02 ff.. Th{)ma> V. CroWell 
(\)m|)any. New York, iojq; also Wheeler. R. H. and Perkin.-. K. T.. op. cit. I4), 
pp. .US-,u»7. 
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triahand error. The axiomatic formulations of each age are ridi- 
culed by the on-coming reformers and iconoclasts of a new day, 
who in turn become obsessed by the fixity of their own visions. 

In ()r«ani/ini? a program for the teaching of intuitive geometry, 
may we not conserve the best features of all the plans sketched 
above? There is but one serious stumblingblock. It is the well-nigh 
universal, slavish cult of the textbook and of prescribed curricula, 
the comfortable but paraly/ing conviction that a single printed doc- 
ument can impersonate or replace a living, enthusiastic, inspired 
teacher. Once this radical error is given up, the door is open for 
a flexible and ever-progressing type of curriculum. 

Nature of compromise. A textbook must necessarily present 
a definite, systematic program. Every item must be listed on a 
specified page. Developments, exercises, definitions, summaries, 
tests must all be introduced in a more or less stereotyped fashion. 
But the teacher is not bound hy these codified materials. The 
intcrprrtatioH given to the instructional materials and the lijc that 
is infused into them, are the real test of good teaching. Two 
musicians may attempt to play the same composition. In one case 
we may turn away in despair, while in the other case we are en- 
tranced by the magic touch that gives a haunting beauty to the 
score. 

In the same way. one teacher of geometry may decide to begin 
with a project that promises to arouse immediate interest. .Another 
teacher may depend on a motivating discussion and accomplish the 
same purpose in less time. In one classroom we may find a rather 
unpromising topical plan which is yet made to yield goofi results by 
the pedagogic skill of the teacher. Another schoolroom may place 
the emphasis on a series of large ^^units" which are never allowed 
to become boring. In one community the teachers may be com- 
pelled to follow uniform lesson plans, methods, and time schedules. 
accf)mpanied by standardized tests. Another school system may 
grant much greater freedom to its teachers without l)eing neces- 
sarily superior. 

Absolute uniformity of attack, of organization and method, pre- 
supposes a perlagogic Utopia. Too many variables are constantly 
at work. Xevertheless. the preceding pages have attempted to cre- 
ate an interpretative background in the light of which it will be less 
dilYicult to evaluate existing or proposed curricula, some of which 
we shall now examine. 
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II. The Curricula of Otukr Countries 

A. THK TIME ELEMENT 

The international situation. The jiraphic representation (on 
page 127), reproduced from Mr. J. C. Hrown's monograph on math- 
ematical ciirriciiUu'"'* shows the number of years devoted to the 
study of geometry in thirteen of the foreign countries which are 
listed in that document. While many of these curricula have been 
modified in the meantime, the time allotments have not been 
changed sufticiently to rob Mr, Brown's summary of interest after a 
lapse of two decades. \ew studies are now being prepared and 
will become available in a few years. 

It appears, then, that in all the leading foreign countries instruc- 
tion in geometry is begun not later than the seventh school year» 
that it usually extends over a period of several years, and that in 
some cases the work is begun as early as the fourth or the fifth 
school year, 

B. RECENT ENGLISH CURRICULA 

Report on the Teaching of Geometry in Schools (1923). In 

this document, referred to above, the work in intuitive or '^experi- 
mental" geometry is outlined as follows: 

Sta^^e A: Thr Experimental Stage, Here the boy will meet with the com- 
mon geometrical nations and ligures; a proceedinK corresponding to the old 
preliminary course of definitions, but differing widely in this respect, that 
the treatment is no longer mainly verbal, but arises from real problems such 
as land measuring ("boy-scout geometry"), and is illustrated by the use of 
drawing instruments and other simple apparatus. .\s the course develops 
a certain number of fundamental facts emerge, relating to angles at a point, 
parallel lines, and congruent trmnglcs. Opportunities for the introduction 
of deductive work will occur at this stage and should be utilized, the tran- 
sition to Stage H being effected gradually. The treatment of deductive 
work in Stage .\ should be simple, and should in the main be conducted 
orally. Formal written proofs should be postponed to the next stage. 

Stage .A is essential as a prepanuion for Stage H. but unless it is arranged 
carefully there is a danger of its becoming desultory and aimless. It should 
end at the aire of about u ' j years: thus an average boy who is on the way 
to a public school should have entered the ne.xt stage before he leaves his 
preparatory school. 

The lirst steps in geometrical work will be largely exiKTimental. and will 
be connected with arithmetic and geography. Land measurement seem.< to 

^"••Krown. J. C. op, cit, Sco [ol. 
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fomi an important pari of [Wm work, and it h suweMoil that it* drcunv 
suuu'os allow, some iworiisfs should bo worked out of doors, not. it need 
hardly ho said, forndnjc a I'ontinuous course preliminary to all elass-rooni 
work, hut interi>olated appropriately from time to lime. 

Apptirafns, This should he as sitnplo as possible. K.\|KMisive apparatus 
is not merely unnecessary hul umlesirahle. hoth because the supply will gen- 
erally he small ami be ause eLd^orate ik'tails are apt to obscure ihe main 
principle. 

Phiyiironmi or firU work, This may iiuluile: nnM>urrnnMil of direction 
round a li.xed point, ck^u-rminaiion of posiiion by ilireciion ami distance, 
planning to scale, me.isurement of height by scl sipiare and by anKular 
elevation, determination of position ami disl.mce by IrianRulation from a 
tixed base, measurement of area by base-line and olTs<.-ts. measurement of 
slope in various directions from a lixeil i)oint. and the plotting of sections 
and contours. 

Cliiss-room :ivrk\ Thrvv is much room for variety in the order in which* 
this is done; the course shouhl incUule: 

Measurement of lenKth. work with decimal scale, e.stimation of fractions 
of a scale division, comparison -u' units (inch, centimetre, etc.); marking 
of points at a Kiven distance fnwn a «iven point, ti.xinu of position by dis- 
tances from known points. 

.Accjuisition of the idea of .i line as a boundary or edjje. testinu of the 
iilraitfhtness of a line and of a ruter-edKc: ac(|uisition of the idea of a sur- 
face, testing of tlatness. 

Kindinu of areas «e.«.. of regions nn a nKi|)) by the count inu of scjuares; 
tiiscussion of area of a rectanule. and of volume of a rectangular !)lock: 
construction of card models of F.m\Av solids. 

Discussion of the rotation di a radius, measurement ui* uKdes: nukinu 
of plans. 

Discrimination of vertical lines am! horizoni.il planes, of hori/oiit.d lines 
and vertical planes; study of the translation or sliding of liirures. 

Inlroduciion to parallel lines; recoK'niliim oi corresponding and allernale 
ancles: development of the idea of direction: walkimr of boundaries; dis- 
cover\* of the anule-sum of triancle and polymm. cnnstrmtion of reuular 
polyirons. 

Copyinu i)f a wiven tri.nmle. construiiion of a tii.mule from d:it:i. inlrt)- 
tluctiiin of ihe distinction betwiH'n .<atist.ictory and un>alisf.u lory unade- 
(puie or incoherent) groups of data; recounition of toimruence of i ri.mules. 
and of similarity of triancles in the thnv-anule case. 

The princip.d ruler and compass constructions (biM-iiion of lill^^ ami 
antrles. eti. ). and appreciation of symmetry in the tmure*^ described. 

Determination of are.ts of paralleloKram. tn.mule. and irape/ium. bv dis- 
>ei lion. 

.V frw xMitencos fron) a later section nn Staue li ore a<l(ie(l for 
the sake of completeness. 
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iVd^y B: IMincdve, This stage U transitional, leading from the boy* 
scout geometry of Stage A to the foniial geometry of Stage C. li is an 
essential feature of the Committee's recommendations that there should he 
such a transitional stage, that it should deal with matter selected from the sub- 
stance of Euclid> Books MV and \l. together with some solid geometry, 
and that it should be an important part of the whole course, taking up per- 
haps 2jj years, say from 12^ u to 15. Hut the very fact that the stage is to 
be transitional makes it dilTicult, and as yet undesirable, to frame very 
precise proposals. 

The method is to be mainly deductive, but not without appeal to in- 
tuition. 

Or. Nunn\s syllabus. In 1925 Dr. T. Percy Xunn issued in 
Elvmnitary School Syl/ahus in Mathematics, which contains a con- 
tinuous course in j^eonietry heKinninK as early as the svcond school 
year. A synopsis of this syllabus may be found in a recent volume 
published by Dr. J. Shibli.'^" The earlier stages of this proposed 
course suKKcst numerous exerci.ses in drawing, measuring, and sur- 
veying. The development is very Knulual. Much attention is j?iven 
to solids and to the basic geometric ideas (symmetry, congruence, 
similarity). 

A number of English te.xtbooks have appeared which are con- 
structed along the lines of the syllabi mentioned above. 

C. RKCKNT GKRMA.N CURRICULA 

The secondary schools. The great political transformation 
of (Jermany has brought many changes into its educational system. 
As with us, curricular readjustments have ranged all the way from 
minor adaptations to a fundamental reorganization. Again, the 
new (lerman Rvich is still a federation of relatively antonomous 
states, as in the case of the United States, so that one will look in 
vain for absolute uniformity of educational programs and practices. 
Hence it is impossible to present a single comprehensive picture of 
recent developments. .\ fairly accurate impression is obtained 
only by inspecting the curricula of the major territorial units. The 
following account is an abstract based on the authoritative sum- 
maries of Dr. \V. Lietzmann of (iiittingen, whose encyclopedic 
grasp of the situation has made him the leading .spokesman ot the 
(ierman reform movement, which is based in the main on the 
Mcran Report of 1905 and its subse(|uent revisions.^ 

^''*Shrt)M. J.. Rrrrnt nrxrhif>mrnt.\ i>t the 7>tin)in:^ of Gmnirlry^ pp. 6o-fiJ. 
J. Shibli. Siatr folloi^r. IVnn.\vlv:inia. io.u\ 

I.U'tijmann. W.. dl, U\s|. Vol. I. pp. it. 
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Prussia (Regulations of 19.' 5). 

The cultivation of space intuition and the comprehension of the func- 
tional interdependence of variable elements in a given setting should he 
stressed at all times. Mathematical phenomena in the pupirs environment 
are to receive constant attention. Applied problems should be based on 
real data and on life situations. The pupil should be trained from the 
hepinning in accurate oral expression and in a clear exposition of his 
knowledge. 

The point of departure in geometry should be the study of simple solids. 
There should be much work in estimating and measuring, in the making of 
models, and in the use of the geometric instruments. 

There should be a gradual transition from intuition to logical deduction. 
The idea of motion and of variation, as applied to plane and solid figures, 
is to be used extensively. Special emphasis should be placed on axial attd 
central symmetry, on rotation, translation, and folding. 

In addition to the ruler and the compasses, the instruments of mechanical 
drawing are to be introduced. From the ver>' beginning geometric drawing 
is lo be emphasized. .\ ^'considerable amount of time" is to be set aside 
for this pun)ose. The relations of art to geometry, including the signifi- 
cance of perspective, should be carefully illustrated in the classroom. 

Measurement is to he one of the major objectives, T e degree of accu- 
racy is to be increased gradually by mere refined methods. 

The great importance of mathematics in the modern world should be 
discussed and <*xplained continuously. Historical backgrounds are recom- 
mended as of extreme value. 

Supplementary manual and shop activities are endorsed. The pupils 
should be encouraged to make models and to construct other illustrative 
devices. Under the general guidance ol the teacher, mathematical club 
activities are to be offered, for a further study of supplementar>' topics of 
special interest. 

This program is to he carried out, in connection with arithmetic, 
in the first tivo years of the secondary schools (ages lo to 12). The 
fundamental idea, of course, is preparation for the work of the late- 
years. The Prussian program is in close agreement with the general 
point of view of the Bavarian. 

Bavaria (Regulations of i(>i4). 

Functional thinking, space intuition, a clear grasp of mathematical ideas 
and^ principles, skill in solving applied problems, accurate verbal expression, 
avoidance of mere memorization, an intelligent reaction to mathematical 
situations suggested by the pupils environment— are to be dominant aims 
throughout. 

In geometry, practical illustrations based on the schoolroom and the 
school premises arc to be the point of departure. The usr of the gcom'^tric 
instruments is to be stressed. All drawings, at the board or in notebooks, 
are to be executed with great care. 
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This preliminary geometric work is to be done <iurinK the third 
year of the secondary schools (ages 12 to 13). 

The ofticial curriculum of Wurttemberg, though very similar to 
the two preceding programs, offers a few differentiating features, 

Wiirtif^mhcrii (Regulations of igu). 

At (/// stages, intuition is to be Riven the broadest [H>5sible sco[>e. All 
memorization work is to hv reduced to a minimum. Illustrative devices arc 
to he used wherever possible. The manual activities of the puj^ils are to be 
encouraged. Historical considerations are to i)ermeate the work of all 
classes. Correct oral expression a.n(] accurate, succinct presentation must be 
insisted upon. .Ml written work must be arranged systematically and exe- 
cuted neatly. Geometric drawinjjs are to exhibit an ever-incrcasinfi degree 
of accuracy. 

In geometry, instruction should beuin with the simple solids, from which 
the fundamental concepts, the positional relations of lines and planes, and 
ihe prinujxd jxeometric li^rures are derived. "Scientilic" definitions are to 
be avoided. The use of the geometric instruments f including those employed 
in mechanical drawing ) gradually leads to the fundamental constructions. 
Through empiric methods (translation, rotation, folding, and nieasurenicnt) 
the principal propositions concerning angle relations and concerning areas 
and circumferences arc obtained. 

The pupils are to have con.stamly at hand pai)er models of die principal 
plane iiuures. and to make cardboard models of the princii)al solids. 

There is to be a irradual transition from intuition to demonstration. Even 
at a later staue. many obvious truths may be assumed intuitively. 

I-'rom the outset, geometric figures should not be regarded as rigid. .\n 
extensive* use 01 motion is recommended for the i)urpose of illustrating and 
sugcrestinu important gronu-tric relations. Three-dimensional exercises should 
be included wheneVfr possible. 

(ieometrtc drawing i> receive attention throughout, ('olorod crayons 
should be employed extensively, and all blackboard drawings should be as 
accurate and attractive as possible. 

.\s in Havaria. this work is assigned to the t/tird year of the 
secondary schools, along with the usual course in aritht^ietic. 

The elementary schools. The oft'iti'^l regulations of 1922 
furnish only general thVections. and fail to give detailed objectives 
for the work oi each school year. .\n inspection of recent elemen- 
tary textbooks, manuals, and courses of study leads substantially 
to the following picture of present-day (lerman trentls and fie- 
mands in the field of intuitive geometry: 

1. The cultural and aesthetic aims are beginning to receive as 
much attention as the strictly practical consideratifms. 

2. Purely theoretic and abstract tt)pics are being tlroppcd in 
favor of everyda\\ worth-while materials of instruction. 
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3. The sequence of Euclid is rejected in toto. 

4. The extreme project idea (^lartin and Schmidt) together 
with the "incidental" discovery of geometric truths, is rejected. 

5. The immediate environment of the pupil is used extensively 
as a geometric background. 

6. Applied problems are stressed throughout. 

7. Functional considerations and three-dimensional thinking are 
receiving due attention. 

8. Tables and graphs are being used extensively. 

9. Symmetry and motion are found to be of great value. 

10. Mathematical amusements are introduced occasionally. 

11. Life situations are being preferred to models. 

12. Outdoor exercises (surveying) are meeting with favor.^^- 

1.5. The geometric instruments, often including those used in 
mechanical drawing, are employed throughout 

14. Mensuration is made real by the measi'.renient of actual 
objects. 

15. Models and other illustrative materials are made by the 
pupils themselves. 

16. Socialized discussions, guided by the teacher, are replacing 
formal lessons and stereotyped recitationsJ^'^ 

17. Book problems are being subordinated to problems sug- 
gested by the pupils. 

x8. Mechanical procedures are being avoided. 

As with us, the extremists are being held in check by experienced 
and conservative minds, and the ultimate goal is a better compro- 
mise between the old and the new. 

Teichmann gives a complete course of study in geometry for the 
last four years (Grades 5 through 8) of the elementary school.^^^ 

K. Engel, an experienced Berlin educator, advocates three stages 
of geometric instruction, extending from the kindergarten to the last 
year of the elementary school.' The work of the Ifnvrst stage is 
based on ideas of Fnibel and Dr. Montessori. The middte stage 
comprises a study of directions, of measurement, of rectangles and 

TimnuTmann, H., Raumlehrestunden im Frcien, Union Deutsche VerlaRs- 
uesvllschaft, undated. 

^i^Sce. for example, Scharrelmann, H.. Produktive Geomclne, BraunschweiK, 
This puhlicalion reminds one strongly of (Jeorue lle^^" A Class in Geometry, 
published hy K. L. KelloKCj and Co., New Vork, 1014. 

Hiittner. A., edited hy Teichmann. O.. op. cit. pp. 40 ff^ 

^'•■•Knuel. Ernst* op. cil. [23]. 
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squares, rectangular solids and cubes, circles and cylinders. The 
last stage completes the usual program of the elementary school, 
including anj^les, triangles, quadrilaterals, polygons, circles, areas 
and volumes, congruence, similarity, symmetry, surveying, perspec- 
tive, and geometric design. \ vast amount of pedagogic experience 
is incorporated in this volume of .^08 pages, which is perhaps the 
most original and up-to-date discussion of the past decade. Its 
translation would be a boon to American teachers. Its obvious flaw 
is a one-sided though masterly employment of motion as the cxclu- 
siVf generating and organizing principle of geometry. 

Defects of German curricula and textbooks. .\t all times 
the Germans have been their own most severe educational critics. 
Long and stormy have been their debates about almost every 
imaginable school question. Mathematical reform has been no 
exception to this rule. Thus, it is a constant source of regret to 
many, as Dr. Lietzmann points out, that the elementary and 
secondary schools do not have a unified program for the introduc- 
tory courses, a defect which is expected to continue until all the 
teachers of mathematics have enjoyed he same degrt?e of academic 
training. 

.Among the shortcomings of the present courses in intuitive 
geon.etry the following are usually mentioned as particularly objec- 
tion-ibit : 

1. There is no recognized organizing principle. 

2. The elementary schools still 'Mpe" Kuclidean traditions, with 
a view to creating a ''scientific*' impre.ssion. 

3. The secondary schools are interested too exclusively in logical, 
systematic procedures. 

4. Minor topics are often given an unwarranted emphasis. 

5. There is .^till too much i^'Stalozzianisni in the sequence of 
topics (e.g. beginning with the straight line or the cube). 

III. Rkcknt Amkri''*an Syllabi and Tkxthook Tknokntiks 

Syllabus of the National Committee on Mathematical Re- 
quirements (1923). In this program intuitive geometry i.s treated 
mainly as a preparatory subject, in a 6-^-3 organization, precisely 
as in the secondary schools of Europe. In the section relating to 
intuitive geometry, in Chapter III of the Committee's report, the 
following topics are recommended : 
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Intuitive geometry, [a) Thu direct niuasurenient of cli.^tances and anples 
by means of a linear scale and protractor. The approxinuiie character of 
measurement. An understanding of what is meant by the degree of precision 
as expressed by the number of "significant" figures. 

{b) Areas of the .square, rectangle, parallelogram, triangle, and trapezoid; 
circumference and area of a circle; surfaces and volumes of solids of corre- 
sponding importance: the construction of the corresponding formulas. 

[c) Practice in numerical computation with due regard to the number 
of figures used or retained. 

{d) Indirect measurement by means of drawings to scale; use of square 
ruled paper. 

{e) Geometry of appreciation; geometric forms in nature, architecture, 
manufacture, and industry. 

(/> Simple geometric constructions with ruler and compasses. T-square, 
and triangle, such as that of the perpendicular bisector, the bisector of an 
angle, and parallel lines. 

[^) P^amiliiirity with such forms as the equilateral triangle, the ^30'^-6o^ 
right triangle, and the isosceles right triangle: symmetry; a knowledge of 
such facts as those concerning the sum of the angles of a triangle and the 
Pythagorean relation; simple cases of geometric loci in the plane and in hpace. 

(A) Informal introduction to the idea of similarity. 

The work in intuitive geometry should make the pupil familiar with the 
elemeniar>- ideas concerning geometric forms in the plane and in space with 
respect to shap(\ sht\ atid position. Much opportunity should he provided 
for exercising space perception and imagination. The simpler geometric 
ideas and relations in the plane may properly be extended to three dimen- 
siovs. The work should. moreo\ cr. be carefully planned so as to brinn out 
\^eometric relations and loi^ical connections. Before the end of this intuitive 
wo k the pupil should have definitely begun to make inferences and to draw 
valid conclusions from the relations discovered. In other words, this in- 
formal work in geometry should be so organized as to make it a gradual 
approach to. and provide a foundation for. the subsec^uent work in demon- 
strative geometry. 

In several respects this syllabus obviously f?oes beyonri the tra- 
ditional offerin{<s. Xo time schedule is suggested, although each of 
the five model plans mentioned on pages 29-30 of the repc rt assigns 
intuitive geometry to the seventh and eighth grades. (Concerning 
schools still organized on the 8-4 plan, the following significant 
passage is added : 

It cannot be too strongly emphasized that, in the case of the older and 
at present more prevalent plan of the 8-4 school organization, the work in 
mathematics of the seventh, eighth, and ninth grades should al.^o be organ- 
ized to include the material here suggested. 

The prevailin}^ practice of devoting the seventh and eis^hth abrades almost 
exclusively to the study of arithmetic is generally recognized as a wasteful 
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marking of time. It is mainly in these years that American children fall 
behind their European brothers and sisters. So essentially new arithmetic 
principles are taught in these years, aful the attempt to apply the previously 
learned principles to new situations in the more advanced business and eco- 
nomic aspects of arithmetic is doomed to failure on account of the fact that 
the situations in question are not and cannot be made real and sij^nificafit to 
pupils of this ui^e. We need only refer to what has already been said in this 
chapter on the subject of problems. 

New York State Syllabus in Junior tii^h School Mathe- 
matics (1928). The curriculum revision wave which swept the 
country during the past decade oroduced a large number of new 
or revised syllabi, issued by committees, boards of education, ex- 
amining boards, specialists, associations, and central educational 
authorities. All of them aimed to be progressive. Not a few were 
hastily assembled, depending on a dubious array of "paper objec- 
tives." Some of them were scholarly and really constructive. 
Among these documents the one issued by the University of the 
State of Xew York is especially complete and systematic. For the 
study of intuitive geometry it suggests the following topical out- 
line: 

I. Index of important terms used in intuitive fieometn;. [About i;jo con- 
cepts are enumerated.] 
II. Relations. 

1. Important geometric truths. |.\ list of basic geometric facts is sub- 
mitted/! At the end of the course, the transition to demonstrative 
Keonietr>* may be attempted in classes of at least normal ability. 
Whether their proof he assumed or not, the three cases of congruent 
triangles should be made the basis of a number of the very simplest 
original exercises. 

2. Important geometric relations and loci. 
III. Measurement and applications. 

I. Direct: lines, angles, areas, volumes. 
J. Indirect: 

(2. Drawing to scale on squared paper. 

Construction of the figure in\-olving the unknown length or dis- 
tance, using any convenient scale, 
f. Compulation of lengths and distances by numerical trigonometry. 

3. Practical measurements: shop, household arts, designs, graphic charts, 
and diagrams. 

IV'. Constructions — ruler and compasses required, as well as sfjuared paper 
whenever helpful: triangles and T-s(|uare may be used if available. 
I. Segments of a line of sf>ecified length. 
J. Circle of given radius. 
3. .Angle equal to a given aiigle. 
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4. Construction of triangle, given certain i)arts: special cases — right. 
fC|uilatvral. isosceles. 

5. Parallel lines;. 

6. Four fundamental constructions: bisection of line, bisection of angle, 
tirawing of a perpendicular to a given line at a given point in the 
line and from a point outside the line. 

7. Rectangle, square, hexagon, octagon. 

8. Scale constructions: congruence and similarity. 
\ . .Applications. 

1. To shop drawings. 

2. Interpretation of blue prints. 
Making of house plans. 

4. Design. 

5. Pattern making. 

6. Survey plots. 

This outline is preceded by a Basic List of Central Objectives," 
of which the following have a bearing on intuitive geometry: 

1. The fundamental processes and facts of direct and indirect mensura- 
tion. 

2. Space .ntuition. 

3. The ability to discover and use relationships. 

4- The mastery of important mathematical terms, ideas, or concepts. 

5. The acquisition of importanl mathematical skills, habits, and attitudes. 

6. The development of important mathematical types of thinking Canal- 
ysis. generalization, retlective thinking, functional thinking, etc.). 

7. Appreciation of the indispensable role of mathematics in the modern 
world, ia) as a tool. (//) as an organized body of important truths. 

8. Appreciation of the ideal of perfection, of absolute correctness and 
accuracy, of permanent truth, which dominates mathomatical teaching. 

{). Realization of the long and interesting historical development cf 
mathematics. 

10. .Vppreciation of the beauty of geometric forms found in nature, indus- 
try, and all the applied arts. 

The syllabus also contains sixteen pages of ^'Suggestions for 
Teachers," with reference to the teaching of intuitive geometry, 
which are concerned with aims and objectives, method, measure- 
ment, concepts, facts, relations, and geometric drawing and con- 
structions. 

Recent textbook tendencies. Since the textbook is still almost 
synonymous with the course of study in many American school- 
rooms, it is a matter of serious concern to the future of mathe- 
matics that our new texts should be constructed in harmony with 
(i) the best traditions of the subject, (2) the recent recommenda- 
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tions of competent and experienced specialists in education and in 
mathenialics, d) the crucial findings; of actual classroom experi- 
mentation over a considerable period of years. 

Any impartial analysis of recent texts along these lines is not 
very reassuring. Some of the outstanding pedagogic blunders of 
the past century are still retained with fatal persistence. We seem 
to learn very slowly from the experience of those who have preceded 
us. A Pestalozzian organization, ''from the simple to the complex," 
is not uncommon. In fact, organizing principles are usually con- 
spicuous by their absence. Xo two authors seem to agree on the 
most worth-while objectives, or on method and sequence. The scene 
is one of almost hopeless confusion. Perhaps this is unavoidable 
at the present moment, but it is a situation which is not conducive 
to increasing the regard for the status of mathematics in our 
schools. 

A group of textbook studies appeared in the Fifth Yearbook of 
the Department of Superintendence (1927), which fully corrobo- 
rates the preceding .statements. .\n analysis of more than twenty 
junior hiu^h school texts in mathematics revealed that the amount of 
geometry included ranged "from almost no geometric material to 
one hundred per cent."^"" Another analysis, of thirteen series of 
junior high school textbooks, prepared for the same Yearbook^ led 
to findings such as the following ; 

1. The topics sek'Cted hy .uithors to meet these objectives | previously 
statetll vary widely in number and emphasis. This variation is so ^reat that 
the conclusion is reached that authors must interpret these objectives differ^ 
rntly or else there is no relationship beturen content and achievement of 
objectives. 

2. With the possible exception of the urst two topics in each of the hooks 
there is no agreement amonii authors as to the order of presentin\^ the various 
sections. 

^. Authors seem to vary less on all these points in the ninih year than 
in the two precedini^ years. This is probably due to the fact that the ninth- 
grade courses are primarily alct-bra. 

4. Finally, while an attempt has been made to place the facts in as 
favorable a li^ht as possible, onr cannot escape the conclusion that junior 
his^h school mathematics is still in a transition stance and that // xc'/V/ probably 
be some years before definite objectives, content, methods, and results Can 
be aiireed upon. 

Department of Suprriaifudrncf, Fifth Vcnrhnnk, pp. iOJ ff.. I)epartnu*nt 
of Superinti-ndi-ncf of tht- National K'lucation Association 01 ihi- I'nitt-il Statt'S, 
\Va>hinuu>n. IX (\. 10:7. 
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It is encouragins. however, that an examination of seven junior 
hi^^h school textbook series in mathematics which have been pub- 
lished durinfi: the past six years shows a ^?reat iniproN'ement in cer- 
tain directions. For example, the geometric topics or •Hmits** are 
tending to become an integral part of the course and are no longer 
placed at the end of the book *Mor optional use." This is certainly 
a very great victory for intuitive geometry. Again, the illustrative 
features of the texts are often of a superior order. The 'dife situa- 
tions** are becoming less triN'ial or imaginary. The suggested activi- 
ties and exercises are a little less fictitious and come somewhat 
closer to classroom possibilities. The technicjue of measurement 
has improvetl. Xot enough proN'ision is made, however, for a 
firudmd growth of the geometric abilities. Materials are often 
"bunched" in a confusing way, showing hasty compilation or a 
careless arrrmgement. Finally, all too often, there is lacking the 
clear-cut evidence of actual classroom trial and experience. Let 
us hopi' that the coming decade will bring further progress and 
will eliminate some of these unnecessary blemishes. 

PART FIVE 

Classroom Mkthous and Dkvicks 
i. The Ataiospherk ok the Classroom 

A. EgUIPAIKNT OF THE CLASSROOM 

The old and the new. Time was when the standard equipment 
of a mathematical classroom throughout the year was a blackboard, 
a box of chalk, a set of erasers, and a textbook. To complete the 
picture, it was only necessary to add the conventional caricature of 
the weary teacher who was busy all day long "'hvarint^ recitations," 
"'assii^niHf^ the new lesson/' and correcting many square yards of 
faulty exercises 'at the board/' and hence always coN-er'^d from 
head to foot with a layer of chalk dust that threatened to carry 
her off to an early grave. In this uninviting, truly ^^dry-as-dust'* 
atmosphere it was indeed hopeless to make mathematics llourish. 

Such professional backwardness and indifference is no longer 
possible or defensible in this age of photography and magazine 
reading, of moN-ies and high-powered a(i\*ertisini^. of rapid travel, of 
mass education and coirpeting school schedules. Our restless chil- 
dren, harassed on all Sides by conllicting interests and by a multi- 



iXTrrrivK (ieomktrv 



139 



tude of daily impressions, are almost forced, in sheer self-defense, to 
challenge the wisdom of school pro^^ranis and daily ^^assignments/' 
**\Vhat is it all about?" ' What is it ^zood for anyway?'' Instead 
of dismissing such impatient queries as impertinent outbursts of 
ill-bred adolescents, the alert, modern teacher welcomes them as a 
means of setting the stage for a period of high adventure and 
glorious achievement. Under her skillful guidance the classroom 
gradually takes on the appearance of a new universe. On display 
boards, on charts and posters, in cabinets and bookcases, on desks 
and tables, in source books and folders, the necessary illustrative 
materials and devices are assembled from day to day, until there 
arises a veritable museum of form, and a genuine laboratory of 
exploration and thinking. 




A School Exhibit Im.i-stratint, Symmetry and Design' 

This illu.<traii()n is reproclumi by the courtusy of Mrs. Mabel Orr. Principal 
of the AlfxandtT Hamilton Hiirh School. Rt>chL->u»r, N. V.. and of Mrs. K. D. 
Frahi-r. of thi- >anu' school. 



To experience fully the contrast between the old and the new. 
in this re.^pect. one has only to enter almost any classroom in an 
up-to-date junior high school, or to study one of the periodic mathe- 
matical exhibits of such a school. 

Creating a geometric atmosphere. How the transformation 
suggested above can he l)rought about without undue haste or 
pressure, is descril)ed most convincingly by Miss Olive A. Ree, of 
the lioston Teachers College, in a report puljlished in The Third 
Year book, Thr Xatitmal Council oj Trachrrs of Mathrmatics. .A 
few significant paragraphs from this article will serve to suggest the 
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manner in which Miss Kee approached the task of creating a 
"mathematical atmosphere/' '^^ To quote: 

Should the mathematics classroom breathe mathematics^ Is it possible 
tu develop an arrangement of materials which will make the appearance of 
the mathematics classroom as distinctive as that of a room where science 
or history is taught? 

It must be admitted that in the majority of cases the visible evidences 
that a classroom is devoted to mathematics are few and uninteresting. Pos- 
sibly a set of graphs, which have been cut from newspapers and magazines, 
and which may or may not mean anything to the students who casually 
glance at them, is displayed above the blackboard and above eye-Ievel. Or. 
much better, models of the various geometric forms may be displayed in the 
cabinet. They may have been constructed by the students, in which case 
they surely have some meaning. But. with these exceptions, one is likely to 
find little of signitkance. 

Miss Kee then explains how she undertook to develop the idea 
of mathematicd posters to be made by pupils in the schools; 

Posters were, tf course, rather generally used in the English and hvgiene 
departments of our own and other institutions at that time. No one'ques^ 
tioned the fact that a good poster advising us to drink more milk has a 
more detinite appeal than the bare spoken or written message. Posters in 
the mathematics classroom, however, were an innovation. 

The matter was first taken up with those of our students who were pre* 
paring to teach in the elementar.' schools. Considering their interest in the 
work of the lower grades, the writer saw various possibilities in enlisting 
them m the poster-making enterprise. Posters of the following sorts were 
suggr-ted: 

1. Those which would show the uses of mathematics in society. 

2. Those which carried in their slogan a positive and definite suggestion 
for the pupil in connection with certain classroom tasks. 

3. Those intended to stimulate younger pupils to gn^ater endeavor. 

4. Those showing geometric forms in nature and art. 

The results were very encouraginj,', as anyone will testify who, 
like the present writer, has seen some of the posters made by the 
pupils during the experiment. We quote again : 

From our experiment we are persuaded that stre.,sing the many uses of 
mathematics may, we do not say will, help us to interest students in it In 
any event, there is much evidence to show that .students took a livelier 
mterest m mathematics because of the poster project. One of the<;e young- 
.stars in the junior high school .said enthusiastically to her teacher 'my 
there s mathematics in almost ever>'thing." 

V ,V'^,''^: ^'-"^ xMathcmatical .Atmosphere.- The Third Yearbook, The 

^^attonal CouncU 0} Teachers of Mathematics, 1028. pp. jo8 ff. 
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One of our most beautiful posters was that of "Geometry in the Home' ~ 
a girl making a lamp shade with hexagonal base. An amusinR one was 
* Know your Proportions" — a hmcheon scene with the small son complaininK 
of too much salt, .Another had "Math, in the Makinjc. Math, in the Baking ' 
as its jiloRan, at the risk of Hiving the enemies of mathematics refuse the 
lusciou,s cake. 

Far-fetched? lii some cases. Questionable? True. Yet the boy of the 
junior high school age is ready to challenge and to be challenged. If he 
tries to meet challenge with accurate information, and if his parents take 
sides, then the casual public is ann^'^ed if not convinced. 

In conclusion it may be reiterated that other features than the work on 
the blackboard should suii^est mathematics. Is the atmosphere such that all 
may realize that the teacher loves her subject enough to try to win others 
to its practice and delights? ^^ay even those who dislike the mechanics of 
mathematics be led to admit freely that the subject lives? // our class- 
rooms breathe mathematics before and after, as well as duri>i\^ class periods, 
we may feel that ue have taken a step in the ri^ht direction. 

B, ARorSINO .AND MAINTAINING INTKRKST IN GEOMETRY 

The spirit of the teacher. Even the most complete equipment 
i.s useless or harmful when it is not made to r>erve its real purpose. 
Of what use is a mountain of musical instruments where there are 
no nnisiciars to play them? All the paintbrushes in the world, and 
miles of canvas, are of do avail when the trained hand of the skillful 
artist is removed from the scene. In the same way, geometry can 
be tauKht effectively only by a teacher who understands its back- 
ground, knows its laws, has mastered its techniques, and is an eager 
student of its limitless possibilities. Only then does the subject 
lo,se its formal, forbidding character, and only then does it convey 
a vital message to growing boys and girls. 

Means of arousing and maintaining interest* Fortunately, 
the well-nigh universal paucity of pertinent literature and of neces- 
sary efjuipment. so characterii^tic of former years, is gradually being 

altered. During th'^ , i liecade great progress has been made 

in this direction. The available resources, such as inspirational 
books and pamphlets, pictures, instruments, study helps, work 
books, slides, films, source books, club programs, and mathematical 
recreations, have become much more abundant. Dr. E. lireslich 
has performed a real service in assembling and making known much 
of the recent literature bearing on this subject,^ \ great wealth 

"''Hrcslich, Krnst R., The Techuqur of Trtichi'n}^ Srrnntiary-School Maihe- 
matks, Chap. Ill, InivoMty oi (^hicatio Pn». Chicauo, III., iq^^o. 
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of valuahle siiKnostions will be found in the pa^es of 77/r Mtithf- 
imitics Tnu fur, of School Scinitr ami Muthvmaths, and of the 
Vnirhooks of the National Council of Teachers of Mathematics. 
The chapters (in objectives, model lessons, home-made instriiiiients. 
mathematics cliihs and contests, and on mathematical recreations, 
in Smith and Reeve's Tvuvhhtf' of Junior IIif>ii S,iiool Mathv- 
ntiitirs are \ery helpful and supply splendid iMblionraphies. 
Dr. William I.. Schaafs Mathcmatits jor Junior lli^h Schoof 
'/V(/(7/rr.v '-" ofiVrs numerous sections on educational values and cul- 
tural backgrounds. Woodrin^ and Sanford's Emichai rctuliins< of 
MathrtHotics '-' calls attention to supplementary • enricbment" ma- 
terials, In short, the new spirit which is coming into the teaching of 
mathematics is in evidence on all sides. .\nd so. with only a mod- 
erate amount of enthusiasm and effort, any eneruelic aiid open- 
minded teacher should have little difficulty in creating that mo.>;t 
essential of classroom nece.xsities, a mathematical atmosphere. 

Tvi'ICAI, C"l..VSSROOM rR()ci;ni-Hi:s 
.•\. I'WWISION I'OR MO'IVATIOS 

FsscMitial nature of motivaticm. It is not uenernlly known, as 
yet. that the newer psycholouy of learninK has establislu'd mc.tiva- 
lion as one of the chief corner stones of education.' W ithout it 
there is no real learning. Hence the naive attitude of sarcasm, 
with which conservatix-e or reactionarx' educators are in the habit 
of referring' to "kinderKarten devices," or "soft pedaKo^y."" is not 
always based on a real underslandiiiK of ,^ound psychological prin- 
ciples. Motivation dors not and should not aim to elimimitc -work. 
On the contrary, ,i;enuinr motivation is the primary means of en- 
eoura.niNM hard ii>or/c and of making it Jruilful. It is \astly dif- 
ferent from merely -enteri-iiniim" the pupil, as .^o many setMii to 
think. Hence, real motivation should not be blamed for deplorable 
evidences of dawdling and inefticiency in .<ome of our school work. 
.1 seientifu- use of motivation al'ways tends to stimulate a maximum 
of interest and of elassroom efn ieney. 

"••'.Smilh. I). K. anil Rwvr. W. I)., <./>. ni. Chaiiv \||. XIII ami XIV. 

'-•"Siliaal'. William L. M.itlirm.tli,-^ for Junior IHkIi Sclitwl Tr„l,rrs, Johiix.n 
I'uiiii.-hiim CDinpany, Kiilimonil. \"a.. lo.u. 

WiKidriiiL'. .M. .N. an<i Sanford. \"., linrirhnl Tr.idioia of Mm lir»„itks in 
till- .SV/«)<>/, Huri-au uf rul)!ii-ali(in?. 'IVaihcr* Ci.lh-uT. ('(.lunilii.i l"iuv»T.<Uy. 
Ni'U' Wirk. m:X. 

'--'.Sit WhiviiT. K. U. anil IVrkin.-. T.. op. ,il. I4I. pp. 4o.s.4.-(). 
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Motivatiuft discu.ssions. Kach important new topic or unit 
shoulti l)e approai'htnl hy \hv [vndwr with a 'tiood deal of care. An 
attitude of expectancy, even of tension, can he created in advance 
by occasional anticipating .glimpses of the new material. \\*hen at 
last the day arrives for a fn'st serious study of the topic, a ^oinl deal 
will depend on the maimer in which the ^Mlrst moves'' are made. 
In the opinion of the writer, which is based on classroom experience, 
there is no more simple and more effective means of initiating a 
new topic than that of depending on a "motivating discussion.'' 
This is PU)t a Irrturc in which the teacher reveals her superior 
wisdom. It is, rather, a carefully guided '*con\*ersatior/* with the 
pupils, in the coin-se of which the new objectives ^rafiually emerge. 
Thus, if the new unit relates to -measurement/' the preliminary 
discussion may touch on items such as the following: (i) trades, 
industries, and professions which depend largely on measurement; 
(2) occasions for measurement in everyday life: (.0 the most com- 
mon measuring instruments; (4) the purposes of measurement: 

(5) interestinjr measurement prr)jecls .mmiested by the conmumity ; 

(6) the meaning of accuracy in measurement; (7) the historical 
(ieveh)pment of the conunon units of lenuth; and (8) what it means 
to "estimate" lengths. 

In the case of very youn.u: or very restless pupils, it is well to 
carry on this back.unnnul work at the rate of five or ten minutes a 
(hiy, for several days. When the soil has been prepared in this 
manner, there is usually very little difficulty in attacking seriously 
the successive divisions of the topic and in carrying on the activities 
that are demanded by its objecti\es. 

Insufliclcncy of the textbook. It is still a cardinal defect of 
our classroom routine that we expect ahiiost everything from the 
textbook alone. .Naturally, in these days of mass cducaticm. the 
textbook is of more \ ital importance than ever. It cannot be con- 
structed too carefully. Hut no single book can pro\-ide within its 
limited di.'Uensions driving power, enthusiasm, backgrounrl, the 
stimulus of constant guidance <in(l correction, organic interweaving, 
and new outlnnk^; nor can it cause a growth in skills and abilities, 
the creation of perspective, and a socialized atmosphere— all of 
which accompany the orderly progress of well-directed classroom 
activities. Hence, from --book methorls" come the permanent limita- 
tions of the individualizefl study techni(iue, so loudly heralderl for 
a while as a panacea, of --directed study/' and of mere '-recitations. " 
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Intuitive Kcometry is peculiarly sensitive to the one-sided employ- 
ment of these methods. It is essentially a laboratory subject. Its 
results are not obtained by readhia, them in ready-made form. 
They are derived from an "exploratory techni(iue," still to be de- 
scribed, A larfre number of witnesses could be (juoted in support 
of this view, both here and abroad. It is .significant that the early 
American books were built on a "lesson" plan, now happily aban- 
doned. In Europe, many te.xtbooks in intuitive geometry never saw 
a second edition.'-' Some European extremists have even demanded 
that all textbooks in intuitive geometry be officially forbidden. 
Perhaps one of the chief causes of the slow progress made in the 
teaching of geometry is to be found in the unwarranted cult of the 
textbook. 

B. THE TEACHING OK A GKOMKTRIC "UNIt" 

General nature of procedure. At the close of the motivating 
discussion, the various objectives of the unit are introduced system- 
atically. They usually occupy the attention of the pupils during a 
period of one or more weeks. The classroom procedure is a com- 
bination of what was formerly known as the '•development method" 
and the "laboratory technique." Under this plan, the whole elass 
is the working unit. Each pupil has an individual standard note- 
book or work book, in which the important introductory exercises 
of each group are entered, while the teacher directs the work 
orally or from the blackboard. .\t first, each step is the result of 
careful questions and of oral responses or conclusions reached by 
the collective cooperation of the class. .As the work progresses, 
additional problems and exercises provide for the var jus ability 
levels. Each pupil is then expected to work at his own best rate 
and to show definitely that he has a satisfactory comprehension of 
the day's main objective, 

For the sake of variety, or as a rapid check of the mastery ob- 
tained, blackboard work may be substituted occasionally or at 
regular intervals for the individual desk work. If too great a dis- 
crepancy exists between the achievements of the best and the 
"slowest" pupils, it is well to provide supplementary honor work 
for the accelerated group while retarded individuals are given more 
time to improve. It is a mistake, however, to expect perfection 
during the first contact with a new unit. .\ "loo per cent mastery" 
'"••Lu-umann, W., o/>. cil. Vol. 11. p. o«. 
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slogan, if employed prematurely, will do much harm. Some skills 
and abilities are likely to mature slowly, and temporary back- 
wardness on the part of some pupils should not cause undue worry 
or alarm. 

A typical outline. A textbook cannot possibly present its mate- 
rials in strict conformity to a lalK)ratory plan without becoming' 
too bulky. It must introduce definitions, rules, conclusions, exer- 
cises, and summaries at definite points, whether the pupils are all 
ready for them or not. The textbook can, at best, suggest onlj* the 
final product of a lesson series. The load toward that ^^oai will 
often differ considerably from that of the book. Hence, the teacher 
must have in mind a general plan of action that will eventually 
lead to the desired outc(mies. Thus, at the completion of a unit 
dealing' with one of the standard plane fi^aires, such as the anf?le, 
the circle, or the triangle, the pupil should tlnally be able to show 
his mastery of the followinj? aspects of the work: 

Dt'tinitions (cuncfpls). Constriu'tions and related prof)U»ms. 

Xotation. Relationships or facts. 

Classitkatiun. Applications. 

Measurement. Supplementary activities. 

The order of these subdivisions may often be a different one, but 
in the main they will provide a fairly complete inventory of all the 
classroom or home activities that are su^'«ested by a typical ^^eo- 
metric unit 

C. THK OKVKI.OPMKNT 01- OKOMHTRIC CONCKITS 

l/nderlying psychological principles. .\t no point in the teach- 
in^r process is there such widespread haziness as in the field of con- 
ceptual training. This appears to l)e due largely to a lack of infor- 
marion concernincr authoritative psycholo^^ical theories al)out the 
formation of ideas, judgments, and concepts, and about the emerg- 
ence of reasoning processes. Hence we mu.^t pause for a moment 
and review brietly the fioctrines of the newer psycholocry that 
have to do with these difficult cjuestions. Says Professor 
Wheeler : 

The (iinri memory of a culor. a tone, a touch sen>aiion, or any sensory 
process is an imai^e. The memory of u prrreption is called a concrete idea, 
. . . The memory of .M'milarilirs between uhjeits is called an abstract idea 
or coHcrpt. It i> rherefure an (.utunnvth. i;eneticaliy. of comparative jiid\^- 
iPiil. Rrmrmiu rin^ similarith\\ h tureft ohircts rmiMrs the observer to iiroup 
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t/tcsc ohjrcfs into classes and leads to processes of reasonini^. A scientific 
laic is a i-onci-pl duriwd from noting similarities in the l)fhavior of the same 
ol)jcci under different conditions, A statement unth rei^ard to any kind of 
uniformity or [^nivrality is the expression of a concept that makes possible 
the rational prediction of future events. Moreover, definitions of all sorts 
are systrms of concepts. The entire field of mathematics is conceptual, A 
person uses ronerpts whenever he enii)loys r.ny kind of syml)()I. . . . Thf 
use of Concepts and the makinii of i^eneralizations are the oittstandim^ fca^ 
tares of intelligent behavior from the standpoint of self-olwrvation,^-^ 

The growth of concepts, as investif.^-ited by S. C. Fisher/-^*' ac- 
cording to findinj^s summarized by R. H. Wheeler/ was observed 
to be as follows: 

The first staue in the (ieveh)pment of the concept was (he remembrance 
of indixidual fi-^nrrs hirgely in terms of concrete visuai motor and other 
images. Later on these concn-te images became ha/A* and attenuated; details 
having to do with the variable features of the objects disappeared while 
details pertaining to repeated fnitures remained. Similarities l)etween the 
different objects, then, were heinu abstracted from the objects as wholes and 
separated from the features which made one object different from another. 
.\s time went on. these abstracted features were remembered less by means 
of visual and mure by means of kinesthetic and verbal imagery, until finally 
the name uf the figures sut'ticed as the material of the concept. 

Again, Professor Wheeler tells us that; 

Intelligent behavior exhil)its various degrees of complexity ranging from 
perception to reasonin\^, each level ref)resenting a certain stage in a growth 
or maturation process, in the life history of the individual. These stages 
are perceiving, recognizing, comparative judging, and rea.soning. Associated 
with stages one and two is imax[ery; with stage three, ideas; and with stage 
four, concepts,^-' 

Hence, srpisory processes and images are seen to bo ultiniates of 
the mental life and ^*may be compared very rouja;hly to ihe chemist's 
molecules an(l electrons." 

.\ more detailed study of perception, jud^^dnj?. the for.niation of 
concepts and of reasoning, is ^\\cx\ in Wheeler and Perkins' Prht- 
ciples of Mental Development. To tjuote: 

'-'WhirliT. R. H.. Tilt* Scinicr of /V \r//(>A).i;y, p. 14^1. Thomas V. Ciowell 
(*i)nip::n\*. Ni'W N'ork. kk'cj. 

= --Fi>hrr. S. ('.. "The Process of (icncrali/ini: .-Xhstractinn. and Its Prcjduct. 
thf (Ji-neril Conci-pt." I^syrh'do^icnl \fomniruphs, igio. \*ol. XXI. No. go, pp. 

5 --Mi. 

Whn-ii-r. R. H.. 'fhr ,S(trnce ot P^ytholoiiy, p(). i.;7 i4S. Thomas V. Crowi-ll 
('omp;in\-. Ni-w N'ork. iojo. 
/hid., p. 14Q. 
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The observational world of the child, at about this sta^re [three years of 
age], is a world of discrete ot)jects. . . . The chihi sees what he can and 
ignores the rest. . . . When the chihl matures sulViciently to urasp lar^rer and 
more complicated situations in their totality, objects then i-merce in patterns 
of knowledge differentiated with respect to their logical interrelationships. 
. . . When objects emer^^e from total perceptual ixitterns so that the appre- 
hension of concrete relations between the parts is in\olve<i. the process is 
known as judmK- The child is able to tell that this object is different from 
that, smaller, larger, lon^ier shorter, hotter, colder, hi^^her. lower: or. that 
one object is doing something to another. . . . Just as perception always 
involves an inventive aspect judi^ments arc procvsM'.s of i}nr}i(ioiL Each 
relation is a discovery. .\ \-ast new world opens up to the child vhen he 
discovers that objects and situations actually differ irom one another, Again 
the discoveries of these differences should always be made in the spirit of 
adventure and of creative work. . . . 

He I the child] is able to recognize differences between ot)jects sooner 
than he is able to recognize similarities. The latter process must wait upon 
further maturation, which appears from the eii^hth or ninth y\ar on. . . 
The patterns of e.xperience that now emerge* from this tleld are ix-rceptions 
of vast total sitnalions, the parts of which are all interrelated, as they emerge, 
in terms of explicit knoivledi^e of the properties of icholes. The proiK»rties 
have taken on whole-diaracter in their own right, and can be employed, 
deliberately, in the processes of thinking. This process is called **general~ 
izing abstraction.** or the formation of concrp. .. It involves the explicit 
recognition of aspects in common betxcwn all the parts of a complex situa- 
tion. ... 

K.xpre.^sed in words the difference between a judgment and a concept i*^ 
this: .\ judvnrnt is equivalent to .saying. ''This ice is cold.** a st:itement that 
implies having compared a piece of ice with somethinij less cold, A concept 
is equivalent to saying. '\Ul ice is cold/' and implies the disco verv of ;i 
property common to all pieces of ice. Rules, principles, deffnitious, a.xioms. 
and seirnti/ic latiKs are all examples of concepts. Judgments, then, are recog- 
nitions of concrete relations between specific objects, while concepts are 
reco^niiions of abstract relations.^ 

Classroom applications. In the li.u[ht of this revoalimr exposi- 
tion, how futile, not to say .urote.^cjiie. is the **assi*rnnient** of pa;{es 
of totally meaningless definitions that are to he learned ^^once and 
for all.** thus dismissing the whole unpleasant job in oiic .^rand 
sweep: Hut things do not ^*«et learned** that way. Such a pro^ 
cedure is merely a return to the empty verbalism of former <?en- 
erations. so completely discredited by the experience of the a^ies. 

Of course, a child of twelve or thirteen has ^one through the 
preliminary staka\< of perceiving, reco«ni/inK. and jud«in« many 

'-•^ WhiTliT, R. H. and IVrkin.-. F. T.. up, cH. [4I, pp. 14^ ff. 
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times, but not. as a rule, in the field of i^eometry. Hence, it is 
neces.-iary to make definite provision for these essential steps that 
lead to the formation of geometric concepts. Perhaps it is now 
clear how this should be done. Suppose, for example, that the topic 
of ••circles" is under discussion. From a great variety of actual 
illustrations (e.g. objects, pictures) the concrete idea of a circle 
is obtained. Circles of various sizes m.t> ihen be drawn on the 
l)lacklu)ar(I or on paper. It is seen that each one may be drawn by 
a uniform procedure that directs attention to the similarities in the 
structure of circles. In each case we have a center; there is a fixed 
radius ; the figure is drawn on a plane surface. At first, these con- 
stituent elements of the concept ••circle" remain attached to their 
visual and motor background. Thus, for a time the pupils should 
be expected merely to draw a circle and to identify its elements in 
the drawing, or to make a ' gesture drawing" in the air. The 
••verbal imagery" .should be added f^radually, until the pupil can at 
last give a verbal definition that •\suffices as the material of the con- 
cept." That is. as someone has said. (/ definition should be a 
summary of experience, not the starting point! 

One more word of caution is necessary. Xot every concept can 
or should be defined verbally. There must always be basic unde- 
fined terms. Thus, no 
well-informed teacher 
will be guilty of per- 
petuating the time- 
honored pseudo-defi- 
nitions of point, line, 
and plane. Then, too, 
it is a mistake to de- 
mand of beginners an 
al)Solutely final for- 
A .Mnr.ii s Si-Ki-A( K ( (inc-suicd) mulation of all con- 

cepts, not to be modi- 
fied or "unlearned" at a later stage. The history of science and of 
mathematics is full of contrary warning signals. Many a funduUien- 
tal conce{)t has been so enlarged in the cour.^ie of time, because of a 
wirier experience and a growing insight, that the originators of the 
concept would no longer recognize it. Thus, a M()bius surface 

"-'■'A nnt- .-ifli'fl M(il)iu> >un*ari* may Im* ()l)iaini*<l 1(j11<.us. Take a rrct- 
.in;:ultir ^trip u\ |a|uT. turn iint' t)i ilu- i-nd.- nvi-r. thrnuiih ,in anulc u\ iSo . ami 
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has but one si(k\ while untutored intuition ascribes two sides to 
every surface. There are curves that fill every nook and corner of 
a .vwr/(/.r.^^" And there are continuous curves that have no tan- 
gents. An examination of recent texts (ui higher geometry shows 
that the development of concepts is one of continuous groxMh and 
hence is a task of extreme delicacy.'- ' 

In conclusion, it cannot be stated too emphatically that the con- 
cepts of a science are its most essential tools. Hence, the successful 
elaboration of clear geometric concepts will always be one of the 
most crucial tests of good geometric teaching, and (me of its major 
responsibilities. 

D. THK TKCHNlgl'K OK .M K ASL'RK.M K\T 

Providing for the organic growth of skills and abilities. 

It is now known that -skills;' to be effective, must be developed 
in significant settings. Unrelated skills are (juickly forgotten. The 
following key sentence, to be kept in mind in connection with any 
••mechanical" technique, might well serve as a motto for many a 
cUussroom exercise : 

Practical skill, modes of cffcciivr tcchni(|ue. cm hv intoUiKently. non- 
mechanically used only whoa intclli;r-tue has plavvd :i part in their acqui- 
sition,^'* 

Hence, it would seem that real projects should always be used 
as a background for the major technitjues of geometry. Owing to 
the usual limitation of time and available resources, however, this 
approach is not as ideal as it is thought to be. In most cases the 
teacher must Se satisfied with described, or dramatized, life situa- 
tions. .And there is no reason why the child's ima^iuathm should 
not supply, with sufficient vividness, the motivating reasons for 
otherwise barren, unrelated hits of almost any mechanical routine. 

Classroom procedures. In Thr Third Year hook of the Na- 
tional Council, the writer submitted a detailed study of the tech- 

thtn paste the iwu ends lou'i-lhcr. Thi- lad that lhi> Mirfan- i> milly uni'-sidrd 
u-ould (quickly ht- di>C(>Vi»rcd it liic allumpt wi-n- made tu um- a 1 iTtain uilor in 
painlini: nm* uf its sidi»s. and a (liffm*nl nil»ir in paintinL' ihi- nthiT ^idi*. See 
Lielxniann W Aujbau uml (iruudlui^r drr Malhr^^iutik, \) j;. Leip/iu. Uij;. 

'••"Vounii. J. W.. Funiliinienltu ('orrrpts of Mi^t^hnt nud (,n>mfir)\ pp. 107 
ff.. The MaL-mjllan ("cimpany. .New York. iqii. 

' Sei» Hilberl. I), and CohnA'osseti. Sti »an. Anschaulicht^ Cn'o>neir'h\ Berlin. 

'-'Ocwey. John. !!o\c \Vr Think, p. 5;. U. ('. Hejlh and Cumpany, Ddslon. 

IQIO. 
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nique of direct measurement in the junior hif^h school. It was 
suKf>este(l that the work in direct measurement should be carried 
on in four distinct, successive steps, as follows: 

1. A careful Mudy of the measuring instrument should bt: made, 

2. ,\de(|uate practice in ^'prescribed'* measurement must be obtained. 

3. Detinite provision must be made for the development of accuracy, 
throuiih controlled" measurement. 

4. The skill thus acquired should then be exerci,sed extensively through 
suital)le applicat ions. ^ ^-^ 

A ^'prescribed" measurement is one that provides specified nu- 
merical data. Thus, we have an illustration of this kind when a 
pupil is asked to draw a line sej^ment 4;^ in. Ion*?, or an anjijle 
containinf? 57 \ All work in scale drawiufj with f^iven dimensions, 
and in the construction of graphs from given data, falls into this 
category. 

In the case of ^ controlled" measurement, the pupil does not 
know the final numerical values in advance, but the teacher can 
check or control the result by mcuNS of the ktuncn properties of 
the Jifiurc. Thus, if the legs of a right triangle are given numer- 
ically, the length of the hypotenuse niust have a certain value. If 
the pupil measures the successive interior angles of a polygon and 
then rtnds their sum» a definite value nuist result in each case. 
Indirect measurement, when based on .-^cale drawings, involve:^ both 
prescribed and controlled measurement. 

The four steps mentioned above can be used in the case of 
linear measurement, of angular mea,surement» and of areas and 
volumes. Thus, when the coordinates of the vertices of a plane 
figure are given, in terms of specified units» a definite perimeter, 
a definite angle-sum, and a definite area will be obtained. Similar 
e,\ercises might be suggested for a three-dimensional domain. 

K. TIIK TKCH,\igUK OK DRAWING A,\D CO.NSTRV CTIONS 

The care and use of the instruments. Much attention must 
be given at all times to *he condition of the geometric instruments, 
The niechanical details of this important item should be worked 
out at the very beginning of the course. If the pupils have their 
own instrumrnis, they must be trained to have them ready for 

Hetz, W., *The Tcuchinu' of Dinrt ,\lt*a-urcnu'nt in thi' Junior Hiuh SchooK"" 
7 hr Third Yt'uyhuok, The Sational Council oj J't'iicltrrs oj Mathematics^ 1928, 
pp. i4()-ig4. 
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instant use at a moment's notice, without uiuiiie noise or confusion. 
\yhen the school furnishes ail the supplies and instruments, a spe- 
cial system of distribution h necessary. The best device that has 
come to the attention of the writer is that of usin^ special trays, 
one for each row of seats, with three comp-irtmems in each that 
take care of rulers, compasses, and protractors. 

The pupils must be tauf,'ht how to hold each instrunu-nt or how 
to place it (m the paper, and how to perform the rwiuin-d motions. 
.Much time can be saved if <lrawint; bo.ards are available. It is a 
Kood plan to have the pupils visit a class in mechanical or architec- 
tural drawing, and to brin^; in .-aniplcs of v,.Vfk completed in the.se 
classes. 

The use of the kite and of composite figures. The funda- 
mental constructions are often tau-r.U by a purely imitative pro- 
cedure. Thus, the pupil is .shown how to hi.sect an an^le without 
understanding the reasons for thr various motions. The result is 
always an undesirable mental uncertainty and confusion. Instead, 
a thorough understanding of these constructions cm be developed 
organically by studying the ."Symmetric propnties of the kite, in 
which ca.se even very slow .-seventh grade pupils (|uickly grasp the 
es.>^entials of the c(ui.struction problems which it suggests. 

Again, the isolated presentation of individual construction.- is 
misleading. They should be used in organic combinations. .So far. 
no better plan has been sugge.sted for this purpose th;in the u.se of 
applied design, or of compo.site figures such as (lothic windows, 
trefoils. <inatrefoiIs. star polygons, and the like. .Not only are all 
the fundamental construction .skills introduced in natural combina- 
tions when this method is u.sed. but an innnediate check is jjrovided 
for the degree of accuracy that should be attained at any stage of 
the work. 

k\ INVKSriC..\TIO\- OK CKOMKTKIC RKI.ATION.SHIPS 

Three modes of approach, \e.\t to the development of clear 
geometric concepts, the stu<ly of geometric relationships in a pn)per 
setting is the principal ta.sk of geometry. If this work is to be of 
educational significance, it must be carried on in the spirit of dis- 
covery, of e.vploraticn. and of adventure. It is not of supreme mo- 
ment hoxi> many jacts the pupil learns. /;/// rvrrythiHt^ depends on 
/lo'cv he acquired these facts. 

In this process of exploration, as has l)een suggested above, there 



ERIC 



152 



THE EIGHTH YE VRUOOK 



must be a gradual transition from observation to reasoning. Before 
we go on, it may be well to recall Carson's distinction between the 
terms ^'deduction'* and ••proof." To quote: 

At this point I wish to suKfjest that a distinction should be drawn between 
the terms "deduction" and *'proof." There is no doubt that prooj implies 
access of material conviction, while deduction implies a purely lo\^ical process 
in which premisses and conclusion may he possible or impossible of accept* 
ance. A proof is thus a particular kind of deduction, wherein the pretnisscs 
are acceptable {intuitions, for exatnple), and the conclusion is not acceptable 
until the proof carries conviction, in virtue of the premisses on which it is 
based. For example, Euclid deduces the already acceptable statement that 
any two sides of a triangle are together greater than the third side from the 
premiss {inter alia) that all right angles are equal to one another; but he 
proves that triangles on the same base afid btiween the same parallels are 
equal in area, starting from acceptable pre?f\isses concerning congruent figures 
and converging lines. The distinction has didactic importance, because pupils 
can appreciate atul obtain proofs long before thvy can understand the value 
of deductions; and it has scientific importance, because the functions of proof 
and deduction are entirely different. Proofs are used in the erection of the 
superstructure of a science, deductions in an ufiulysis of its foundations, 
undertaken in order to ascertain the number and nature of imlepemient 
assumptions involved therein.^-^^ 

Three main roads ar. open to us in the game of ascertaining or 
testing geometric truths. vSome of these facts will seem certain at 
once, as soon as attention is directed toward them. This is true, for 
example, of the basic positional facts relating to the intersection of 
lines or of lines and circles, of symmetric relations, and the like. 
vSuch truths are accepted immediately because they possess an 
intuitive, compelling power of conviction. 

Hut there are other truths which, while appearing plausible at 
the outset, are made completely convincing only by a physical or 
mental ''experiment. Many of the metric facts belong to this 
group, such as the ecjuality of vertical angles, the angle properties 
of parallels, and the laws of congruence. Here we may resort to 
a technique of superposition,' of motion {rotation, translation, 

Carxin. (5. St. I... op. cit. |d.^|. pp. ff. .-V morf exterKk-d quotation bear- 
inn (in this ])()int i.< «rivt»n l)y Ri-i'Vi-. W. in I'ltr Fifth Yrurbook, The yational 
Conned of Tnirhrrs of Mathrmatirs, lo.^o. p. 12. 

'•■•Thi- fiui»>tit)n of superposition an^I motion, in connection with logical ueo- 
nu-trir prooiV. i> one ol extreme flelicacy. Kuclid um-(1 superposition e.\plicitly 
!)Ut three times. Hilbert eliminates motion hy .suitable "axioms." N'erone:*, 
Kertrand Rus>ell. and other.^ have attaeked the u.-e (j1 m()tit)n in geometry on the 
uround that 'geometry is concerned with empty .<pacc which i> imm{jv;d)lc. Thus, 
in iQOJ Ru>sell wrote that what in ueonietry i> called a motion i> merely the 
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folding), either actually or in imagination. ( onclur^iyhs thus ob- 
tained may also he verified hy measurcnivnt, It should be clearly 
understood, however, that since measurements are always approxi- 
mate, real ••proofs*' can never be obtained in that way. 

Finally, there are relationships which must be approached by a 
process of analysis followed by an adequate gcneraiizafioH. For exam- 
ple, the rule for the area of a rectangle is not immediately apparent. 
Hence, we resort to the plan of outlining a rectangle of prescribed 
dimensions on squared paper. It is iheii possible to find a definite 
and uniform relation between the dimensions of any rectangle and 
its area. Let it be remembered, as Dr. T. Percy Xunn has pointed 
out, that a sitiale figure is sufficient in this process of generalixation. 

In a first course, the process of analysis described above does not 

transference of our attention from one Imure to another. It appears that Russell's 
opposition to motion ha> induced some of our British colleagues to place a 
wholesale prohibition on this time-honored i)edaK(ii2ic device. Tn the report 
on The Tvachhi^ of Geometry in SchooU (London. 1023), there occurs this 
tiuotation from Russell's Principles of Mathematics (p. 405, published in 1903), 
relatinu to the usual congruence of "proofs'* by the use of motion: 

** "To speak of motion implies that our triannles arc not s|)atial. but material. 
For a point of space is a position, and can no more change its position than a 
leop-ird can change his spots. The motion of a point of space is a phantom directly 
contrary to the law of identity: it is the supposition that a jjiven point can be 
now one point und now another. Hence motion, in the ordinary .<i^nse. is only 
possible to matter, not to space. . . . The fact is that motion, as the word is 
used by «eonieters. has a meaninj: entirely different from that which it has in 
daily life. . . . Motion is a certain class of one-one relations' between classes of 
points, and 'a motion presupposes the existence, in different parts of space, of 
titrures havinu the same metrical properties, and cannot be used to define those 
properties * 

The report proceeds to ^jive a detailed critique of the related ideas of con- 
uruence. motion, and riuid bodies (see pp. 27-3S). See also. Heath, Thomas L., 
r//. |if)|. edition of locS, \'ol. I, pp. 2.16 ff.; Enrit|ues. F.. op. cit. pp. 
oS-ii.S: Hnrirjues. F., Problems of Science, pp. iqq ff.. translated l)y Royce, 
Katharine. The Open Court Publishing Company. Chicmo. igi4. 

The anta/onism to motion has recently led to the increasing practice of 
assnminii all the congruence proofs. This natural result shows clearly dhe untenable 
psycholouical conscfiuences which accompany a premature in.sistcnce on '**pure'' 
lode in elementary teaching:. For it cannot be repeated too often that/ just as 
the formation of concepts depends ultimately on sensory imaucs. the pupil does not 
arrive suddenly at ideals of **ri^'or" by the exactinu decrees of the loeician. A 
transition is neCessar>-. and durini; this period the usual assumptions made in con- 
nection with superposition are psycholo^:ically sound and neLes>ary. It is reas- 
surinu that very competent critics in Kurope and .-Xmerica are endorsinu this 
psycholo>:ical attitude. (Thus, an excellent discussion of the transition from 
"concrete" reasonimr to ^'abstract" reasoning, and from intuition to deduction, is 
tiven by E. Riunano in his P^\rkolof^y of Rea^onhii^, Cha[)S. \' and VI; Knulish 
translation by Holl. Winifred .-V.. Harcourt. Brace ami (\)mpany, Xew York. 102.^. 
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ordinarily rest on a mmmum set of assumptions. Hut insofar as 
it eniploj-s a chain oj connected thouf^ht processes or inferences, 
it is educationally equivalent to the work ordinarily done in demon- 
strative geometry. 

G. SUMMARIK'' AND TKSTS 

Importance of frequent summaries, A comprehensive Hinit'^ 
will always involve a considerable number of objectives. A young 
pupil is therefore in danger of "getting lost" unless the road he is 
following is kept constantly before his eyes. Hence, there should 
be a growing outline of the work to be placed from day to day on 
the blackboard and in the notebooks. At regular intervals, careful 
oral or written reviews should be provided. A great variety of pro- 
cedures may be followed in ••getting a new look at the old mate- 
rials." Xor is it necessary for the teacher alone to initiate and plan 
all these reviews. A socialized recitation that causes the pupils to 
ask each other -'any question anyone can think of" is often a more 
severe ordeal, cheerfully endured, than any teacher would care to 
impose. 

Insufficiency of objective tests* The exaggerated claims of 
the testing expert^, on behalf of the superiority of the "new type" 
tests, have not aKvays rested on a substantial foundation. A reac- 
tion has set in, caused by the evident defects of many of these 
'•push button" testing devices. For example, on many of these 
tests a mere "meniorizer" may score as highly as a re-d ••thinker," 
thus giving a totally wrong impression of the pupil s le achieve- 
ment. In particular, these tests glorify resu/ts rather tnan methods. 
Hence, they are often an incentive to mechanical drill, instead of 
being a means of developing or testing poxoer, 

The progress of the pupil can be appraised adecjuately only by 
a painstaking observation of his daily oral and written work, his 
degree of interest, and his growth in the desirable attitudes and 
types of thinking. When the limitations of idl tests are realized, 
they will be used more intelligently, namely as temporary and not 
conclusive barometers of insight and growth. Much improvement 
is still possible Ui the construction of geometric tests.' 

^•'•'Mr. A. H. Millor ni tlu- Kairmount Junior Wvzh Sihonl in Ck-vclaiul. Ohio, 
has it)r years ^iwn carefully ci)n>truftcd and sciL-ntiikMlly evaluated objective 
L'ei^metric tots in a lar-^e number ul dasse.*. This unijuijli.-hLMl material, when it 
bet mics avaihible, will prnbahly cun.-titute the nii)>t authoritative contribution 
made thus far. 
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III. Sl'l>PI.i:.\lKNT.\RY DkvIOI-S AND AcTIVITIl-S 

Manual activities and projects. For the active, •hand- 
minded" y<mng.>;ter. intuitive jjeometry provides an impressive 
number of interesting and valuable activities. Kach unit calls for 
the collection of suitable illustrative material ; magazine articles. 
picuire.«5. newspaper clippin5,^s, and graphs must be a.>*sembled and 
put on the display board or inus« be mounted on charts. Xatural 
objects or models, as well as instruments, nnist be .><ecured for many 
of the le.ssons. Krecjuent occasion:: ari.><e for paper cutting,', folding, 
pasting, measuring, and the like. Posters and large graphs, used 
in connection with the various campaigns of the .><chool, offer a 
welcome opportunity for those who are "art-ndnded." Finally, for 
those who are particularly ambitious, there is always the outlet of 
large, supplementary projects that call for considerable, long-con- 
tinued effort.'"- 

Source books. For some years, alert teachers have encouraged 
their pupils to make private collections of interesting mathematical 
materials that have a bearing on the cla.><sroom work. In this way 
the pupils gradually build up their own ".source books" which they 
often prize more highly than any other feature of their course in 
nuithematics. It is a matter of continued surpri.><e to teachers and 
pupils how many unsuspected ' life values " ma\' be discovered in a 
supposedly -academic" .subject like geometry. Xaturally, aside 
from ci-caliiig interest, the primary purpo.>*e of source books is the 
impetus which they give to the development of 'transfer." 

Kxhibits. Periodically, the resources of a ck-i.-^s. or of several 
classes, may be pooled for the .sake of a common corridor exhibit. 
The incentive coming from such collective displays is almost be- 
yond belief. Many a pu[)il in this way gets his fir.^^t glimp.>*e of the 
great and permanent values of geometry, and henceforth becomes a 
real ' self-starter" in the subject. 

Contests, clubs, and dramatizations. .Some adults may be dis- 
posed to look askance at certain indirect methods of motivation 
which a skillful teach*. i sometimes uses to advantage. .Such, how- 
ever, is the appeal of leadership, of socialized endeavor, of group 
approval in the lives of adolescents, that the modern .^^chnol has 
encouraged the coii.-,trLietive po.s.sil)ilitics of the.se gregarious im- 

.Sec Till- Third y,;ir/i,Hik. The .\iilwiiul Council nl Ti;i,hn-i nf M ,ith.;mhi - 
tO.'.S. pp. I7IJ-IS.V 
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puisnes. •Malhenialical dubs exist in mnny schools and do valuable 
suppleinenlary work. Assembly proKi;n^^?^ b^^ve beiM) found an ex- 
cellent stimulant* as well as a means of correcliny false impressions, 
riaylets, likewise* especially when written by Ov.- pupils, lend to 
add a ix)etic touch to the prose of the daily routine, and thus point 
the way to a higher orientation. 

Glorifying squared paper. Much of the most proAtable work 
in geometry, inchidinfi many of ii.^ supplementary actiN'ilies* may 
now be done with the aid of .squared paper. ICN'er since the days 
of the Perry Movement and of Klein V espousal of functional 
thinkin« in {geometric form " this valuable Kt'ometric tool has been 
enjoying an ever-increasin« popularity, between igoo and 1912 
more than eighty articles or monographs appeared dealing with 
graphic methods and devices. Of outslandinj? importance was 
Professor K. H. Moore's classic paper in The Srfiool Rrvinc 
(1906). ^ The recent history of graphic representation is too well- 
known to require restatement at this point. Throughout the school 
year there is almost constant opportunity to introduce exercises and 
problems that iuN'olve the use of stjuared paper, as the foUowiuK list 
of topics or activities will prove: 

1. The construction of bar ^nipbs and line ^^raphs. 

2. The direct mea.^urement of line se.u:ments. 

3. The economical drawing of geometric desiKU.^* patterns, and 
plans. 

4. The study of basic geometric ideas (conuruence, similarity, 
symmetry. e(|uality, variation). 

5. Scale drawing and the indirect measurement of distances. 

6. The study of metric, positional, and functional relationships. 

7. The plotting of number-pairs in connection with alwebraic 
{iraphs. 

8. The study of ^'loci. ' 

If fmu ional thinking can be called the basic melody of mathe- 
matics, then stpiared paper can be calK d the .<la^e on which this 
melody is constantly rehearsed and depicted in characters that all 
may learn to read. 

Outdoor exercises. If the Kgyptian scribe Ahmes could return 
for a visit to this earth, and could witness a modern geometry class 

'=^M(j()ri\ K. H.. *'('r(is> Si-dion Paprr a- a Mallirniatital In>lrunu*nt," 
7V/r St lni(il Rt'virw. \ XIV. Nci. ^. pp. .U7 i^'^. M \\\ iwoh. 
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in action, he would be lull of amazement at the spectacle. What 
has become, in the meantime, of this simple science of **earth meas- 
urement"? From direct measurement and sense perception it has 
advanced step by step, until now ii is e\-en more efticient in indirect 
measurement and in purely mental experiments. Hut let us not 
forget that this imj)osinK structure rest^ firmly, and forever, on the 
reassurinu soil of Mother Karth. Let us return from time to time, 
with our pupils, to this primeval fountaiiihead of j^eometric knowl- 
edge and skill. 

Kielfl trips and outdoor ".surveying** exercises tenrl to reduce 
the taint of bookishness which often robs the "j^rammar of nature" 
of its perennial freshness. However, no attempt should be made to 
reproduce or imitate the hv^hW technical precision work of the 
trainofl civil eni<ineer. .\ drum utizat ion of the necessary steps, 
with homemade instruments, serves our purposes (jUite as well, if 
not better, at this sta.ue. The .school premises, or the neighborhood 
territory, will usually afford ample opportunity for the tlirect or 
inrlirect measurement of hei.uhts anrl rlistances. In case of inclement 
weather, or of limited time .schedules, ti j school corridors anrl the 
UNmnasium will provide temporarily for this improvised field work. 

Kven a few lessons of this sort will arouse an astoiiishinf^ amount 
of interest. .\nd tt) many a youn^ minrl there comes in this wa\\ 
for the tirst time, a realization of the tremendous power of a science 
that has taught man how tt) reach across continents anrl oceans, 
anrl how to explore the mysterious anrl beckoning labyrinth of 
sjiace that hohls in its infinite recesses an unending confi.uuration of 
teeming universes, 

CONCLrSlOX 

General summary, i. We have seen that the .geometry of 
everyriay life came in»o (existence through the manifohl practical 
activities that callerl for a knowledge of shape, size, anrl position. 
As these activities were really flue to fundamental human needs anrl 
were regulated and i:t)vt»rnet| everywhere by the same universal 
natural forces oi laws, the flevelopnient of geometry was bounrl to 
exhibit certain coirmon characteristics in all parts of the world. 
The first steps towarrl civilization were accompanied by a .urowin^^ 
ac(|uainiaiice with certain nutstandini^ futures, such as the rectanj^le, 
the circle, the triangle, aiid their corropoiuliim solirls. Techni(|U?s 
of mensuratifin anrl of construction .<oon oecame a neces.sity. The 
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ideas of symn.otry and equality, of con;j;ruence and similarity, which 
were sufi;ji;t\sted so constantly by natural objects, were seen to be of 
basic importance in the manual arts. Perpendicularity and paral- 
lelism evolved as inevitable consecjuences of the ^gravitational forces. 

2. In this natural and practical background geometry remaine<l 
eml)edded for thousands of years. Gradually geometric instruments 
or tools were invented. UmHs of measurement, at first very crude, 
became established in all parts of the world. The incessant recur- 
rence of certain geometric processes and constructions, such as were 
necessary in building, farming, weaving, and other hou.seliold arts, 
led to the discover}' of the principal metric and positional relation- 
ships and facts. And the observation of the rhythms of nature, 
illustrated so majestically by the cycle of day and night, of the 
seasons, of the lunar j)hases, of eclipses, and by the changing posi- 
tions of the Cf)nstellations, prepared the way Un functional thinking, 
for the creation of the calendar, for sj)herical trigonometry, and for 
a scientitic astronomy. 

3. 'I'hus it was that when at last the (Ireeks began to speculate 
about the validity of alleged truths, and hence to develop deductive 
thinking, the materials of geometry were the universal property of 
mankind. The Cireek sages did not have to rrrair these materials 
anew. The basic geometric concej)ts. however imperfectly formu- 
lated, were known to the average adult who plied a practical trade, 
as were man\" of the fundamental geometric skills and facts. All 
this information had been derived throughout the ages from direct 
contact with the soil and with natural objects or manual acti\'ities. 

That is, three outstanding facts seem to have emerged from our 
discussion, which a teacher oi geometry caiinoi afford U) overlook 
if he would do justice to the spirit and the potential value of the 
subject, at (/;/y sticge of instruction. 

First, geometry did iu)t drop from the chuuls as a ready-made 
science. Its evi)lution was very slow and came about in respon.^e 
to everyday human needs and interests. 

Second, the framework of geohietr\- -its ba>ic concepts, skills, 
and facts- re({uired the prompting and maturing intluence of real 
life situations. For example, generalizations such as we have in 
the rules of mensuration were the outgrowth, or lUud product, of 
constantly recurring occasions demanding a detinite niensuratif)nal 
procedure. 

Third, even after the appearai*. ; of Kuclids masteri)iece, the 
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world continuocl to employ the practical jjeometric methods of the 
ajjes rather than the -scientific" approach created in Greece. 

The permanent place of intuitive geometry in the curricu- 
lum. In summini? up the educational role of what is coninionlj- 
called -intuitive" j^eonietry, we may now submit these two theses: 

1. Intuitive ^eon^etry is the geometry of everyday life. The 
universal forces that createrl it are also thtjse which will continue to 
justify and maintain its place in the curriculum, (ieometry do 
veloped in response to permanent human needs, and it can l)e 
<lefended only when it reflects the com{)ellin^^ background from 
which it spranj?. 

2. If the ••scientific" <;eonietry of the hi^h sch(jol is to survi-.-e 
as a school subject, it must have a prepared soil in which it can 
Mrow., Without the preliminary traininij;. without the body of con- 
cepts, skills, and appreciations that a i^ood course in •Mntuitive" 
j^eomeiry should ^^uarantee. demonstrative «ecjmetry becomes, at 
best, a manipulative «anie and a ••bai? (jf tricks." Very few pupils, 
if any, can derive a maximum educational benetlt from the present 
arrangement which crowds into a few months durin^^ a sinf?le school 
year loo many staj^es of (les-elopmcnt. each of which is now known 
to re(|uire its own period of maturation. 

The role of intuition in demonstrative geometry, i. This 
discussion would hardly be complete without a brief consideration 
of the function (jf intuition in the j^eometry of the hij?h school. \o 
aspect of geometric instruction is the source of more pronounced 
conflict and misunderstandin.t^. 

Let it be asserted at once that intuition plays an indispensable 
role in demonstrative geometry. And this statement is true even if 
we accept a thorou^^dily rigorous, abstract definition of a -mathe- 
matical .-science." such as the one f?iven by Veblen and Voun^^ in 
their Projretive Geometry, To quote: 

Tlu* slarriim poii-i at any strirtty toiriial ircainit-nt of gfonu'try (and 
indocd oi any hrauvli of mattu'inalii s ) must thi-n he i i ; a st-t of undet'inrtl 
t*lt*nu-nt> atul rdatiun<. and ii) a st-t nf uni)roved propositions involvine 
tht*m: and (^J troni thi-<e all other prop()>iiitms (theoremsj arc to he 
derived hy tlu- nu-thods of formal logic. 

Mnrenver, sinte we assumed the point of view of formal 'i.e. symbolic) 
loiric. the undetined ideinenls are to be regarded as mm- symbols devoid of 
roU' nt. rxrrpi ok implird by the jiaulamrntnl propositions. Since it i> 
manifestly alj>urd \o >pe\k of .i proposition involving: lhe.<e symbols a** self- 

'■"The numcnd- ui-n- in-crted by the writer. 
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evident, the unproved proposition* referred to above must he regarded as 
mere assumptions. It is customary to refer to these fundamental pruposi- 
lions as axioms or postulates, hut we prefer to retain the term assumption 
as more expressive of their real hi^ical character. 

We understand the term a '•mathematical science" to mean any set of 
propositions arranged according: to a .sequence of lo^ii-al deduction. From 
the point of view developed above such a science is purely abstract. If any 
concrete system of things may be reei'rded as satisfying the fundamental 
assumptions, this system is a concrete application or representation of the 
abstract science. The practical importance or triviality of such a science 
d'.^pends simply on the importance or triviality of its possible applications.'***' 

.•\ classic example of such a development is the one suKsested in 
I). Hilbert's t'ainous Fomulations oj Gromrtry.^^^ Concernin;:? the 
choice of the "fundamental principles" or ••axioms" of ^eonietry, 
Hilbert says: 

The choice oi the axioms and the investigation of ihrir relations to one 
another is a problem which, since the time of Euclid, has been discussed 
in numerous excellent memoirs to b»» found in the mathematical literature. 
This prohlrm is tantamount to thr logical analysis of our intuition of 
spacer 

Now, our '•intuition of space" certainly rests on an empiric 
foundation. Visual, tactual nnisctdar, and even audilory sensations 
are the ultimate foundations of the '*pure** intuitions, the undetmed 
elements and relations with which we deal in any geometric system. 
Without them, these intuitions would not arise,*'* This does not 
mean, of course, that empiric intuition affects the logical character 
of .scientifically formulated clefmitions or axioms. 

A«?ain, it is a .^rave mistake to suppose that even the most 
abstract lo.iiician can formulate a meaningful system of undetmed 
elements and relations, includinf^ a ^^roup of consistent and mutually 

• \'ebl(»n. O. and \'oim:£. J. W.. Projrrtiir iirmnrtry, pp. i-j. (Jinn antl 
Company. Bo>ton. toio. 

Hilhfrl. I).. Thr hoioulaliini "/ C'rtnfwtiy. tmn^latrd by Tnun-cnd. H J., 
The (^pen Court PubhVbinu ('nm[)any. Chicmt*. 1()oj; >i\*lh (Jormun edition, 
beip/iir. io:.<. 

1 '-//)'./.. p. I. 

• ' -Xii oMcM)-ivi' litcr.iture bcarinu fni thi^ pi)ini i> nou a^MilahK'. See. lor 
i-\.tin[)li'. Much. K.. St>a('f* and Grom \. The Open Cmirt Piibli^hinu Company. 
Chii.ttri). I'jof): KnrifiiH*>. F.. Triiiirpi t/rr T.h'wnitiir^t'Dnwtrir, pp. i uj. >i'Cond 
eijitit)n. I.i'ip/i-^. lo.*;: Knrif{ue<. K.. f^mhlrnt^ /»/ Srimr*', pp. ioi)-,\<i. Thr ()[)en 
(*ouri riilih*-hini£ CuniiKiny. Cliirairo. it)ii: Sirohai. K. Ifir ih'untith\n^t' tier 
rrinm (tri>wf'tr/r iu ihrrw \'rrhaltni< znr .l;n///«z.v//>?c. I.i'ip/i-'. U}:>: Poincan*. 
JI.. \i'i>>rn^ch'ift loui iIypoihrs*\ pp. 5U*i.. (Jerman translation. Loip/ii:, 1014. 
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imleponrlenl postulates, without a tmal appeal to intuition. Sooner 
or later, he is compelled to come down to earth and to explain his 
relations by mramft^jid terms. An architect always plans the 
foundations of a huildinfi; with reference to the structure which they 
are to support. In the same way, a system of assumptions or 
axioms is significant oidy if it serves as a valid foundation for the 
superstructure which it is to bear: that is, if the use or appdcathm 
to l)e made of the fundamental assumptions is known in advance. 
Hut this anticipatory knowled}i;e of the complete editice is po.ssible 
only after a preliminary, intuitive surx'ey of the job that lies 
ahead.**' For it would certainly be illo}i;ical to expect anyone to 
claim at the outset a loj^ical character for this anticiputrd structure 
which <^-an hv made loi^icu/ly cohrrrnt oidy by a properly chosen 
••^ adaiion.'' 

If all this is conceded, it follows at once that geometry is a 
srirncr only insofar as it is concerned with loi^ical deductions 
from undetlned elements, relations, and unproved propositions. The 
moment we raise the (jueslion of the ultimate "truth" of its state- 
ments, or the (jueslion of its applications, we are at once in the 
domain of empiric intuition.'"'- 

2. A riii[orous ueometr\' in the sense statecl above must neces- 
sarily become abstract or s\nd)olic. It tends to eliminate the con- 
ventitmal diagrams or figures and to depend .solel\' on a carefully 
dellned symbolism. The rea.<ons f{)r this modern ccinceplion of 
ri^(U' are well known to anyone who has examined the b'terature on 
the foundations of mathematics.''* Moreover, a truly ri.i(orous 

' " Siv Struhiil. R.. '>p. (•/.'. pp. 1 .'N n. 

'^'Ihid, p. i^o: Mu* :ilsn. Pf)iniarr. H.. •'Tlu* \aliu* ni Siirnto." Popular 
Sdrnrr M(tiilhl\\ Si-ptrnil)i*r. loon. 

■''■In a linlun* hy iMtiMrin thi-rr cmur- tin- tftlhtuini: ir.trri'^tini: p.i^-aiif. 
riMnin'iirm one ni a >imilar stntcnimt nijwlo hy Ri*rtran*I Rn--t*Il: "In -n iar a- 
the pn)p{iMtiun- t»t mathrnialit- rdati* tf) n-ality. llu\\ an* nf>t crrtain : and in 
Mt tar a^ thry art* rrrtain. tlu*y iln nni ri'lati* to n-ality." Set* Min*ti-in. A.. 
(iroffif'trir tout I\rt,iltn()ti», pp. <..4. Berlin. lo.M. 

= Soi*. tnr i-\anipK*. \ rhlon. C). and N'ounu'. .1 \\* . •»/). rit . I 140I. pp. 
: ft.: N'tJiuvj. j. \\* . Funii'imtnttil Courrpis t)f Mi^rhy.i ^ui,l (lriimt'tr\\ pp \S I'f . 
The Mainiillan ("itnipcun . Ni*\s N'ork. idii: \'ohli'n. O.. '"Thi* Fnundaiinn- ni (ieuni 
rlr\." Mimi»\iritpli> '*u ^(»p^l ^ c»/ Mrtlrru \fiit hrmiitit \, fditi'ti l)\ N'nuni;. J. W. .\.. 
l.niiu'man^. (inni .md Co. Ni-w York. lOii; Kr\.nT. C*. j. Thr Pti\turr\ of 
\\'(ntt/n\ pp 4.| n".. ('nlurni»ia I'niwr-ity Ph'-n N't'W \*nrk. iojo: Koy.MT. ('. J.. 
Mathnihitirnl Pliil'^^fphy. pp :q tf . K V Duttmi \ ('«».. ln«- . Nt»\\ York. I'j::: 
!*ii*rpont. J . "Mat hini.it ii al Ki.;«>r. I'.iM and PrrM-ni." Hnlhtin of lit*' Am'-rir-m 
Mnthrmiilioil Stuirty, iu^nj. pp. 
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geometry must explicitly state ^7// its assumptions and must then 
••rlerive all other propositions by the methods of formal lo^ie/' 

It is virtually self-evident that ordinary hi^h school .i^eometry 
does not and cannot attain this ideal of lo.i,dcal perfection. FoV 
example, any use of a geometric ft^ntre is reail\- an appeal to iniui- 
tion. Kntire groups of axioms are usually taken for K^rantetl with- 
out any specitlc enumeration. This is true, in particular, of certain 
axioms of order (also called axioms of position or •'irraphic" 
axioms).'*^ We also assume tacitly the possibility or the uni(|UO- 
ness of important constructions. Thus, no one expects a hi^h school 
pupil to provt^ the proposition that a se.ument has hut one hisectioii 
point, or that an an^le has hut one hisector.^*^' We assume without 
proof that the dia.t^onals of a pandlelo.ii:ram intersect, that a segment 
connectin.ti any point on the hase of a triani^le with the opposite 
vertex lies entirely within the trian.u:le. and so on. 

The attempts made thus far to transform hi.u:h school .ueonietry 
into a rigorous system have failed, and for obvious reasons.-" 'I1ie 
simple truth is that in putting' up the jniwmnrk of ordinary 
demonstrative iieometry we cannot iiet alonj? without the liberal 
aid of intuition. 

Finally, it is a common error to suppose that our conven- 
tional "proofs'" are derived exclusively by '"the methods of formal 
Ifj^ic." On the contrary, the discovery of a proof by analysis, as 
well as its restatement in synt/irtic form, is made possible at ever\ 
step only with the aid of intuition. Loi^ir can ^^uurantrr ihr ror- 
rtrfurss oj rarh step, but it dors not tcK us n^hivh step to take next! 
That is the function of intuition:"' In other words, each proof in- 
volves a ilirrrthr or onianizin:^ principle which is never a matter 
of pure louic. The reason why so many i)upils fail in drmoustrativr 

•*S(T HiihiTt. I)., op, til. I141I. p|>. 5 ft'.; Vvhkn. O. /»/). cU, 1 147 1, pp. 
5 if. : 1-laiIl. K.. /\h'mr}Uu)'\:ri>mi iih\ Part II. pp. 11.. I.i-ip/iu'. ro^S. 

'** For a Mmplr. riL'nri>u> proni m" tlu-c pmpuMiion.. Tiiu^mo. 11.. Dir 
Elrmniir dry (i' i>»i,'tni\ p() Lt'ip/iu'. looo 

**-'rhi- iri -hiiwn. for r\ampli\ hy thi- unpoda.:o;:ic ihanulrr of the splemlifl 
ti-xts puhli-fu-fl in Iial\-. hy thr t«>tal oblivion that ha- nMTtaken H, HaL-todV 
intrrr.Minu R'ifi"}hil (it r^niro y fj..hn WiUy \ Son>. Int . \\-\v \'ork. 1004). and 
li\ tlu* lorl.ithlinir appiMr.inu- ol .-iitli c\trl!rnt u-\l- or .-tndir- .1^ tho.-i* of Thifmr. 
oi Kiilin.: and l{u\c.t.oit. nf Wclur and W fll>ti*in. and. U* a «trtain f\li-nt of 
Ma.it. 

■ 'It H. roimari'. I'-pn iaily. who -tn*--td thi- point airain unii riirain 

'M t' r.-fiTi-nn- uivi n alMjwi. Oihrr Frrn« h uritcr- haw .-inm^ly rntlor^cd this 
viru. notal»I\ Jnh- Tannery, h, KifinV mn-iani rmpha-i- t.n intuition i> loo 
wril kn«»\\n to rfjuin* i*\plitit ^oninn*r. . 
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seonu'try is to he found precisely at this crucial point. Instead of 
developing a primary, organic understanding of the whole situation, 
they lost by concentrating attention on isolated steps. It is 
the old errf)r of the mechanistic association psycholoi^y, which has 
been exposed so relentlessly by the newer point of view. What we 
need is an or^auismic loi^ic that rej^laces the old i)iecemeal arrange- 
ment of "steps" by a conlVuurational outline or plan, in the litijht 
of which the steps can be understood.'*"* Kach demonstration jire- 
supposes an e.\plorator\- jM'ocess, an attitude of discovery. .\ntl 
hence, a geometric [M'oof, as was pointed out lon^ ago by Kroman, 
Hdltler. others, always rej')resents a *M''iental experiment." 
Such a view, however, as can readily be seen, amounts again to a 
constant dej^endetice on intuition. 

Thus it is that demonstrati 'e ueoinetry. to use a familiar phrase 
due to Professor Max Simotu is really a "mixture of intuition antl 
logic." It would, therefore, be a wise policy on the part of high 
schot)! teachers to make a thorough study of the ways in whiidi 
intuitive and demonsiralive geometry are interrelated, an tlto adopt 
a new attitude of appreciative support with reference to the poten- 
tial value of jntiior high .school mathematics. 

A final appraisal. Iiuuitive geometry, as we have seen, offers 
a uni(|ue field of training in that it exhibits the characteristics of 
both the natural and the i)urely mental sciences. Hy slow degrees 
it transforms the crude "sixitial"" sensations or images of childht)(Hl 
into the scientific foundation needed in later life. It leatls from 
immediate contact with *"things*" tr) an inner world of thought, of 
l)recision and beauty. It builds for the mind an ever-larger home 
l)y extending its horizons from the narrow confuies of the classroom 
and the neighI)orhor)d to ex'er-receditig nebuhe that tloat as U!i- 
charted islands in outernvist >i)ace. .\tirl it achieves these asioun<l- 
ing results with the aid n\ man's most precious gift, tuuuely. his 

'*- R. U. \\*Iu-i-K-r li.i.- niricK- :i n-.il i»)ntrihutii)n Ijy lii-^ ii>t'i"iil arul Iiuid di- 
tii**i<in ni ••.iiiinii-iit In-ju " a> run^iKtn-d willi thu "k)uit: of unity." ov "tiri^.mi-niu 
lt»v'i<-." St i' Whn'Irr. R, H . /.r/;^ » of Human Saiure, pp. 41J if.. \). .\ppli-tnn 
and C*nn)pan>. N\\v \*(»rk. i.j;:. 

•" K. KrumanV idi-a- almu: - nu'nt:!! i-\perimont>" in Lri'nnu-try, datinu hark 
{•» i^^;. .irr cli- u-*i-tl l»\ (V Hi)!di-r m liU AuulittnHU\i uud Pruhrn hi drr (Jrotu- 
lint* "p. 10. Li'ip/ij. \uco'. In lii- rx.iilini: n-ct-nt trcatiM-. l^ir iUiiilu'tn lihrlir 
.1/' .'/;'••/•• ' l^<-rlit^. uj.-.i^ Ht'ltlt-r ai^ain an.dyxi-> tin- nntun- of tlu-M- im-iital t-xprri 
nirni- in .cn int.n-iinj mtnncr »pp. j; ff i. A nicest ht-lpful and riMd.il)li- pn'-tn 
i.ithin <»i il»r Kri.:\in tiit ^-r- . jr\d »»l nd.itrd fjiir-ti«m-. i- inund in Rifnano. V. . 
I'hr r.^\(/ti!, ,:\ . ' /<'': >fUHi:, pp i:i ff.. fit | i.;;]. 
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ability to think. Oeonietry is indeed the world's most potent lab- 
orator)- of thinking, and thinkinj? of a type that can be fruitfully 
applied in myriad directions. As such, it will continue to make its 
appeal to those who would be truly educated. For back of our 
industries, back of our inventions and our social institutions, there 
stands -as the original inu; and oryanizin.i,' force that keeps all things 
moving- -the trained niind of the tfthikn. "Our sole dignity con- 
sists in thhtkhij^," 



COHERENCE AND DIVERSITY IX SECONDARY 

MATHEMATICS 

A PERSONAL PHILOSOPHY HASKI) OX THK OPIXIOXS 
or ^L\XV LEADERS L\ EDUCATION 

By RALPH BKATLKV 
Harvard Graduate School of JiduiHtion, CanthridKCf Mttsuirlutwfts 

We cannot know, but we can think. We can never fully know 
what is the true end of man : we can never know the precise purpose 
of the secondary school: we can never know the part which uiathe- 
niatics ought to play in training the youth of this nation. These 
matters rest ultimately upon philosophy, and there are man\- 
philosophies. The answers vary according to the philosophy we 
choose. If we choose that one which yields the most satisfactory 
answers, we must realize that this very satii^faction. however ob- 
tained—from standardized tests., subjective opinion, the e.xpeilence 
of the ages, common sense— derives its ultimate validity for us from 
some philosophy. Our choice of answer, of what to us is satisfying, 
reflects indeed our choice of a philosophy. Our neighbor may 
choose differently. As between the respective merits of these phi- 
losophies, who can arbitrate? 

Even if we can never surely know, a common philosophical no- 
tion prompts us to the belief that if we would live. })e good citizens 
and good teachers, we must try to discover by thhikiuj^ the most 
satisfying philosophy concerning the education of boys and girls in 
secondary schools, referring particularly, hut by no means exclu- 
sively, to the part to be played by mathematics. No philosophy 
will satisfy us which will not also satisfy the boys and girls as we 
think of them. This chapter aims to present a philosophy which 
recognizes ancient good and new endeavor, and attempts to reconcile 
them. tV)nlident that ansone else will find it as difficult to prove 
the present philosophy wrong as for the writer to prove it right, it 
is submitted in the hope that it may provoke further thought. 
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An eclectic philosophy. The steady accunuilation of statistics, 
results of experiments, and philosophical in(|uiry all indicate that 
the wheels of progress are turninf?. The writer has gathered the 
opinions of leading teachers of mathematics in secondary schools 
and colleges and of educational philosophers over a period' of years 
as a necessary part of his pn)fessional work, and has reenforced these 
opinions recently l)y statements written in answer to his (juestions. 
The cjueries were in the form of a (juestionnaire which was a bit 
unusual in that it allowed the answerer great latitude in discussing 
any idea suggested hy the questions, and e\-en encouraged such 
diversity of response. This departure from accepted practice was 
prompted by the fact that the number of persons (juestioneri was 
too small to warrant reliable statistical treatment. When large 
numbers are involved, the errors introduced by the necessity of tele- 
scoping one s opinion on a complicated (juestion into a convenient 
catchword— //r^f, tepid, or cool—wmX to cancel one another. In this 
case, the small numbers involved and the broad philosophical im- 
port of many of the ({uestions cau.sed the writer to give preference 
to a procedure which would encourage the answerers to discuss their 
opinions in greater detail. These opinions, somewhat conflicting, 
yet often surprising in their unanimity, have contributed largely to 
the philosophy of mathematics in the secondary school embodied 
in this chapter. The responsibility for the fmal statement l)clongs to 
the writer alone, but credit for the majority of the ideas is due to 
numerous authors whose writings have become so much a part of his 
thinking that he dares call nothing his own for fear of unconscious 
plagiarism : and due also to a group of persons who have contributed 
so recently to his thinking that the details of their contributions 
can be distinguished and identiTiefl.^ 

' The list of conlriljulinu perscjns is jzivfn lu-n* with izratriul atknowKMl-ment : 
C. R. Adams. Hniwn Tnivcrsity ; (Ifrtriuli* Allen, fnrnu-rly Oakland (CalJ Hi'jh 
School; F. L. Hacon. Kvan>lon (Ill.j Town-hip Hiuh Si'hool; Hanrroll Hcatli'W 
Harvard (irathiati* Sfhool of Kdiu"Uion; \V. H. IU*t/. AU-xandtT Hamilton Hiirh 
School. R(»du»-tLT. \. v.; K. R. H(»\\kor. rul)Iir Latin Sthooj. IJovton: K. R. 
Hroliih. raivi'rMty of Chicago: T. IL Hri-izs. 'IVadu-rs Colk-f. Columlua Tni 
viT>ity: \\ T. Cimpholl. Snporintcndi-nt of Schools. Hosion: W. W. Charters. 
Ohio Slate Tnivcrsity; W W. L. Cox. \cw York Cni\vr>il\ : Mauriu* C'ro>hv! 
Smith (•r)llc-i-: A. A. I)oimla>s. Pomona Collfu'c; H. R. Doti-la-. Cniwrsitv of 
Minnesota: W. V. I)o\vney. Kneli>h Hii:h School. Hoston; L. P. Kis^hart. Prince- 
ton I'niverMty; (i. W. Kvan>. L>nn. Ma^s.: J. P. Kwretl. St.ite Teirhers Colk-u'e. 
Kalama/oo. Mich.: K. \. Ferri-s. Cornell l'niver>ily ; \V. H Kiti-. Colunihia I'ni- 
ver-ity; H. I). (Javlord. Hrowne and Nichols Sihool. Cimhriil^'e. Ma-.; A. L. 
(•i.uhl. A-iMant Superintendent of SchooN in char-je oi Intermediate .Schools. 
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The old and new contrasted. \\V know that \hv secondary 
sihool arose in this fountry as the first sta.i<e in the training ol' 
preachers and teachers. I-'roni a i)rescri})e(l curriculum for a select 
few, it has developed into a diversity of curricula and elect ive 
courses for all. Prospective preachers and teachers art* scattered 
aniony our pupils still, hut now in an almost unobserved minority. 
Failure to pass indicated orii^inally that the pupil was not adapted 
to the Course and the pupil was dropped: failure is now interpreted 
as indicating that ihv course is not adapted to the pupil, and the 
course is dropped, or modified, The old courses have lost ,<ome use- 
l:\'<s matter and received slii^ht amounts of new material, mostly 
}iin)(\. A ^(eneral relaxation in the de^jree of difficulty ol all courses 
favors the averat^e student nf to-day, h»ss .gifted mentally than the 
avera;re student of fifty years a^io. The provision for students of 
even lower mentality, in nitithematics at least, is almost wholly 
inade(|uate and urossly unfair to them, K(|ually unfair, and much 
mon» harmful to society .tronerally. is the inadetpiate provi.'-iion for 
studfMits of superior al)ility. C^m we not reco^^ni/e and preserve the 
i^ood in both the old and the new philosophies, and devise means to 
serve better l)oth the oil and the new types of students, neither of 
whom at present receives his due? 

Do we not owe it t(j the superior student to provide him with 
cour,<es of study which are substantial, continuous, and coherent ; 
courses which are sufficiently challeni,dn;r to develop the best that is 
in him? Must acceptance of the philosophy of a period of try-out 
in the junior hiuh school years mean litth* definite pro.ure^s in tho,<e 
years? What try-out is there in dawdlinu; what valual)le prr)unosis 
for future guidance? 

Was the ebctive system ever intended to sponsor the kaleido- 

n.-nin; \V. V. (iMuMrin. Ii;:rv:irci roivi-r-iry: tlinry !l;tr.ip. Wi-u-rn kt-M-rw 
rnivi-Mtv; M I,. H.irumu, IniviT^ily ci WiuniiMn; K. R Hr.Irick. I'liivcT-ity 
ol C.ilihn-ni.i .it Aru'rU-.^: M.mli.i HiUlrhr.incjt . TrnviM) Tt»un-hip S. lmni. 

M:'v\\«)M,l. III.; I.. (• K.irpin-k)\ l'nivir«ily nf Miihij.m; <). \). Kfllu--. li.irv.inl 
l*ni\rrMt> : R K l,;nv-.rr. I nivrr-ity nf \Vi-M,n-in: \V. R. I.nnul.y. V.ilr I'ni 
\vr-ii> ; K. h. I.\tK', rnivi-r^itv nt lUinciv: C. !f. Mi-r-rm.lahl. Wwtnn 'Mt-- ) 
Hi-h S(h.H.l: A. H. ,Milirr, Fairinuunt Junit.r UimU S.hn.,!. ( •U-vci.inrl. Ohio; 
\V. M Prnrtnr. 1,1'l tn.l Staninnl rpiviT>ity: \V. I). R.-.-vr. '!V:i« l:rr^ CnHrji', 
Cnliiml.ii rnivi TMty: \V. IL RniM-r. Washin-tnn I nivrrMty: \ i-r.i S.mfnni. 
WV-U-rn Ri-rrvi- I nivi TMly : J. Shihli. I^•n^^^ i va.ni.t Statr ('..IIim-: ( l.ir.i K Smilh. 
WVIii-lfv Coilr-i-: R. k. Srniil,. (Vntr.il ScIim.,1. SprinjiP j-l. M.:^. : !• T. 

Spauiiiinj. Ilarv-nj ( Inirluai,. Si h..,-.! nf Ktl'hati(»n: J. A Su.-n^..n. W.irjl.i-h 
Ili-jli Nhnoi. N.u \-..rk I'ltv; K !! T.ivlnr. K.iM.rn I]iin..i^ St.Hr Tri.h.N 
Ct.llr-ji : ,\I.iry K. Wi-lU. Va.-ur CuIK'vio. 
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scopic programs of study so coiumonly permitted to-<Iay? Ouj^ht 
freedom to choose the field in which a pupil will concentrate his 
efforts ever mean freedom to choose to concentrate on nothing at 
all? And how unfair to the pupils, especially those who look for- 
ward to professional life, who will later discover that overproduction 
in recent years has included overproduction of candidates, under- 
prepared for the professions! The candidates themselves are be- 
cominji aware of this, in the colleges at least, and from necessity 
are embracing the virtue of real concentration in a chosen field. 
Presi<lent Lowell of Harvard and others who have long advocated 
that students in college address themselves more strenuously and 
whole-heartedly to one subject, with an eye to substantial mastery 
of that subject, have been abetted in the latter stages of their cam- 
paign by the pressure of necessity upon the students themselves to 
follow that very course. There is a lesson here for the secondary 
schools. It is not intended, of course, that this concentration of 
effort upon a chosen Held shall imply a total neglect of other fields: 
it demands reasonable distribution as well as concentration. 

W'v have as yet devised very little material appropriate to the 
needs of those students of inferior mental capacity for whom we 
desire to provide some pr(jper schooling on the secondary level. 
We prefer that their entrance into industry or commerce be delayed 
so that they may enjoy the environment of the school as long as 
possible. We believe also that abstractions and generalizations are 
possible at all levels of mentality, though in varying degrees. Since 
in the case of some students algebra is a convenient vehicle for the 
conve\-ance of generalizations and abstractions, it was natural that 
we try to emplo\' it for inferior students' as well as for superior 
ones. Hut experience has led us to modify our practice, so that to- 
day our offering to inferior students is but faintly reminiscent of al- 
gebra and ignores generalizations and abstractions almost entirely. 
Hy all means teach them the elements of formula, graph, and e((ua- 
tion: call these ••aluel)ra"" if so desired, but recognize thai our treat- 
ment of these topics for inferior students includes little of the true 
essence of algebra. Let us still encourage them to generalize, to think 
abstractly: if not algebraically, then in some other medium. If our 
recent efforts convince us that the proper vehicle for generalizations 
and abstractions by these pupils is almost certainly not algebra, let 

- Thr |)hr:iM* ••iniiTii)r ^Ul(ll•ntN•' i> inti-n«ii'«i to cU-nnti- nu'nt.il inU-riurify only, 
uith impliuitiun ctunrrninu' I In- ^lufli'nt-' othrr quaIitii->. 
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us tluMi (Icvist* olhtM- inalmal lustier suited to this purpose. This 
iiKitt»rial nii^ht hv iWvWvt] from simple Meoniotrie relations, from 
numerieal relations in aritiimetic • Kenerali/itiii; without employini? 
the .ueneral numbers of al.uvhra nr from non-numerieal material 
essentially social or linuuistic. The artitlcial lan.ii;uai»es familiar to 
us from certain mental tests are sU4i;.u:eslive in this connection. It 
may he objected that mathematics cannot fairly l)e asked to develop 
non-mathematical means of teachin.i; generalization and abstraction. 
Is this, however. le>s appropriate tn mathematics than that part of 
our instruction in the ei^^hth .unide wherein we impart the details of 
certain social customs connected with the drawin;^ of checks, {)romis- 
sory notes, taxes, and insurance without niakinii; any siiiinilicant 
contribution to arithmetic itself? 

In place of alj»;el)ra for slower minds, we (»ften prescribe com- 
mercial arithmetic, bookkeepin.i;, or hiisinesM arithmetic. Are these 
subjects easier than elementary al.t^ebra ami are these the people 
who will later keen \lv^ accounts of commerce and industry? Is 
there not .ureater justification for teachin.ii: the arithmetic and simple 
al.y[ebra of business to those who will nnish the senior hi^^h school 
or even to college before entering business? 

niffcrcntiation in curricula. If the arithmetic of milk and 
soil analyses is apparently useless to city boys, has it no justiuca- 
ti(jn from the point of view of appreciation? If there is any mathe- 
matics in home economics, is it properly reserved for i^irls onlv? 
Do not the mathematics of the home and of business concern us all? 
Is the {geometry of brid^ies, silos, belts and pulleys likely to have 
less ultimate value f(u* stuflents preparing for coUetie than for 
students in industrial cf)urses? For which <rroup is an appreciation 
(if the iier)metry of (ioihic window tracery more important? Both 
classes of students are preparing for life, and br)th are actually 
livinu. A topic of inv>-!cdiate utility to f)ne has the possibility of 
ureat cultural value to the other. Hither outcome has been com- 
monly held to justify a topic in mathematics. What justitlcation 
is there then for marked diversity in the mathematical content of 
different curricula? It is true that utilitarian vaUus and ap-^ 
preciatory values motivate students in differing dej^rees. but other 
aspects of the topic, or of the total learniuii; >ituation, usually 
transcend the utilitarian mid appreciatory values in their motivating 
ap|)eal. 

Kvidently the prest^nt differentiation in the mathematical am- 
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tent of our various curricula is of no ^reat conse(|uenco to our 
pupils. For no one seriously regards the siucleni's choice of cur- 
riculum in secondary school as indicating his final vocational 
destiny. It is a commonplace that bright students in any curricu- 
lum can easily to college. Kroin the HicmthU Sunry of liduca' 
lion for ioj^^34,' we learn that 14 per cent of hijjh .school students 
elect the commercial curriculum. 0 per cent (boys) elect industry 
or agriculture, and 5 per cent (j^irls) elect home economics. The 
other 75 per cent elect an academic course. This m>';Mis that they 
are preparin^i; for college, for scientific school, for normal school or 
teachers colle.U[e. or are ••Keneral students." Does anyone believe 
that the.se figures represent, even approximately, the final vocational 
apportionment of these boys and ^b'ls? (Irantini^ that the di.^tribu- 
tion of pupils in curricula ouy[ht to accord more nearly with their 
final vocational destination, and that there ou^^ht to be si.um'ficant 
differences between curricula jiresumably in the x'arious courses 
which distin^aiish one curriculum from another there is almost no 
justification for prox-idinj? different courses in the subject of mathe- 
matics ft)r different curricula. A (h'fferentiation accorrb'nj^ to mental 
capacity, however, has much to commend it. We tend now to ridi- 
cule the stilted phra.^es of ''business Kn^lish": in business, as else- 
where, we demand simply Knt^lish. For mathematics, similarly, 
regardless of vocational objective, we need simply mathematics. 

The ^generalizations and abstractions of al.uebra and demon- 
strative Kt'onietry are for anyone who likes his abstractions and 
.generalizations in that form, wholly apart from any ((uestion of 
transfer, thou^ih that too is germane if not pressed too far. For 
the purposes of cver\'(lay livin.u;, the bulk of our ali^ebra and demon- 
strative j^eonietry is relatively useless; in fact, hardly 5 per cent 
of all students enrolled in the ninth .urade will ever make serious 
vocational use oi either subject. I'*()r only 25 per cent of all these 
pupils will ^0 to colletie. and of these less ilian jo per cent will 
concentrate on mathematics and the mathematical sciences. 'I*he 
assumption is here made that all these concentraK^rs make later 
use of mathematics, which is most unlikely. Since tlie purely 
utilitarian value of al^^ebM and .ueomelry is so low, dix'ersitu-ation 
of courses in mathematics according to varyini!: \'ocalional objectives 

'Chaji. XXIV. "Statistii-i of PuMir Hiirh S<linnK. m,.. ; ^.j." TaMi- Muri' 
ri'icnt (lata an* luit availahU-. '['hi-^ i- Hulli-tin io:(). No i)ul>li>lu-d by the 
Hurvau of Kduration. I)rp:irtnu-nt m tin- Intrrior. Wa-hinu'lnn. \). C. 
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seems doubly futile. Let us provide the same course in demonstra- 
tive geometry and algebra for all l)rii>ht students who wish to study 
it. whatever their chosen curriculum. To inferior students nuich of 
this algebra and ytometry is denied, though many of the educational 
outcomes of thest subjects can be preserved for them in other 
forms, and ouyht to ji\ 

The relative uselessness of most secondary mathematics need 
not be construed as an indictment of teachers of mathematics or of 
the subject itself. This very uselessne.<s is [xirt of the essence of 
mathematics and i^ matched in only slitj[htl\* less decree by the other 
subjects of the secondary school. A proper defense of mathematics 
rests for the most i>art upon certain cultural N'alues and upon in- 
direct values of a disciplinary sort which can be substantiated only 
with the .ureate>t (litTicult\\ though this dilTiculty in itself must not 
be regarded as any imi)airment of the \alues in ([uestion. 

The proposal to differentiate course^ in mathematics according 
to mental abilitx* rather than by curricula may seem to deny the 
ecjuality demanded by our (;emt)cracy. Democracy and ec|uality 
have been syni/Oyms so lon^ that it is dilTicult now tt: distinuuish 
thepi. True, we no lon.^er insist that ail men are ca/ued e(|ual. 
Havinu come to reco.unize that individuals dit'fer in some respects, 
we are led to a new iiUerpreta!ion of democracy in tt^rms of e(|Ual 
opp(irtuniiy ft^r the develt)pnu'ni ot eacn intlividual. hut the old 
llavor lasts. Our educational system bulks larye in politics, and 
nuilhx to: but the full imi)ort of this new democracy still escapes our 
political dema.uo.i^ues. \\*e d(^ not actually i)rovide this ecjual op- 
portunity of the new democracy 1^ either the slow or the cpiick. 

Th;' suuLzestion is niade above j-u't try-out courses in the junior 
hi.nh school ou.uht to be more /--^ .«lantial. not only to furnish a 
genuine try-out of the pupils in thes.- .nurses, but to insure enkient 
use t>l this time by all pupils. For superior siudents we ou.nht to 
devise a more coherent, continuous, and substai'.tial cnurse of study 
in mathematics enibracini^ all .urach's of the secondary school; and 
for inferior students another course of study, often of ((uite a dif- 
ferent sort, but fornuni: also a coherent. continut)ii<. and substantial 
program which the. students can follow with protu. Kach of these 
C(jurses of stud\* would coiUemplatt* the pos:-.ibility that students 
iniiiht not complete them. They woidd be dtA•i•^ed as far as possible 
to uive in each suecetMlin.ii i^rade the most important subject n>atter 
in mathematics for the pui)il> in (piestion. This [)lan does not deny 
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thf value of separate curricula for students looking forward to 
commerce. Industry, or other specific vocation. It asserts merely 
that the vocational differentiation between curricula ou;^ht not to 
apply in any lar^a* measure to the mathematics of these curricula: 
that in mathematics diversity of vocational aim is much less sig- 
nificant than differences in mental power. 

These matt.M's thus hrieJly consi<Iered. though supported by a 
wei.uht of expert opinion, are admittedly contentious, the contention 
lyinii [)etween rival philosophies, i.et us see more in detail just 
what they imply for pupils in secomhiry schools, whether in aca- 
demic. C(mitnerciaK or industrial courses. Let us bepn with the 
junior hi.i^h school. 

Junior hijih school mathematics. An article in The Second 
Yearbook, The Xattoml Coioieil of Teachers oi Mathematics, pub- 
lished in describes the results of experiment and the ex- 
perience of many teachers to show that with only one year of 
arithmetic divided between the seventh and eighth i^rades. and with 
the reniainin.u time devoted to substantial work in liConuMry anel 
al.uebra, the pupils not only lost none of their mea.uer pnjtKMency 
in the fundamental operations, but showed a marked i^ain in the 
ability to solve problems. This i^ain resulted undoubtedly from the 
aUa*bra they studied in the first half of the eighth ^rade.'a ♦nil half 
year of it. ^iven purposely in the first half year that ii ini.^ht affect 
favorably the arithnu^tic of the second half year. A more recent 
study of the relative merits of old and new type cour-^es in the 
junior hii^h school years corroborates this earlier findiui^: not only 
have the admittedly mea.u^er results of our instruction in arithmetic 
not been damaged by the intrusion of «ie(jmeiry and aluebra. but. 
presumably also, these newer subjects have contributed something 
of value on their own account. I'or sutHTiur and .-iver.-i.ue students 
we can sureK' .tjive a half year of informal ireonu-ir\- in the seventh 
i^rade. and prol)ably even for students of inferi<ir abilitx*. Almost 
all students welcome the appeal ni i:enmetry to manual dexteritv 
and to concrete representatioiu and for stu<h'nts uf inferior ability 

* Si'i- llu' artuii' 1)\ tlu- .lutiior. "KtU'tt- »»i \*;ir\inL' tin Anmum.- oi Arillinu'tii*. 
Cui>nu-tr\. .md Ala-bra Stiuiird in tlu* Jinu«»r Hi^h Svlinol" 

• lu-atK-y. Haiuroit. At'hir\ , uuk: ni thr Junn'r Uiji S- luwl, Harvard Studic> 
in Ivlm-.ition. \ t)l i.s. H.ir.ar.i TniviT-iiv I'r ( *.inil-rid-r. .M.i>^. 10 1:. 

I-'or -ulj>t.inti.ilin!i oi thi- pumt. wn-iilt tlu- .n'lrU* nn*.nit)iu-d almvi- by tbc 
.lulhur in 77//- Sr^r.ud Yr.nhth'k, I'ii*' .V.;;.->/;// i'^uiril c; Tt.irlu)^ i*i Mtuhr- 
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it is particularly appropriate, affording relief from the constant 
reference to abstractions in ariihnietic. rnfortiinately the ^et^nietry 
most coinir.jnly tauuht in the seventh urade to-day is lari!;ely con- 
fined to the niensuratifui formerly included in arithmetic. Besides 
the mensuration, there is much that can he done with compasses, 
proiractor. scissors, and paste pot to te h the important facts of 
{geometry. includin.Li solid u^etimetry. The construction of cardhoard 
models of prisms, cylinders, pyramids, cones, and the three simplest 
of the five regular p(il\hetir(Mis is wd) within the ran.^e of alrlity of 
puj)ils in the seventh .urade. Dtv -o.ii: where to put all the llaps 
for j)a>iinii demands spatial imaijination. hut no more than the 
pu|)ils can <ummon. .\ whit more patience and a somewhat longer 
sj)an of attention make possible the construction of the dodecahe- 
dron and the ictisahtviron also. The ij:e<Mnetry of loci is well within 
the ranue of >evenlh. urade pupils : we need only sui^press the techni- 
cal term 'ducus'* to disclose a vast field of simple and siunillcant 
uennu'tric endeavor. Slow students who would ,uet little from ni(^re 
arithmetic tierivea ureat deal of i^rotu from informal ueometry. and 
what they uet is suited to the brighter students also. 

That we can well alfnrd to uive more attention to geometry in 
the iu!i'nr hiiih school is borne cmt by the answers ai many eikica- 
tiiiiuil le.iders tsee fnotnote i ) to the ([uestion. "Could we double the 
usual dn^e of urometry in (irades 7 and S including three-tlinien- 
sitinal fmures without lessening tht» return fnmi the arithmetic?" 
Fnllnwinu are snmr typical answers: 

l'rtih,t!'ly vr-. 

Nti, Imi n-.i-r »lv- Lrcuinciry i>v .dxiui tiny \h'V n-nt hui n«u dduhlc. 
>iuh A iliiML'i- iniL'tu lu' ViTy (ir.>ir.it>h'. 
W ry fv- idily 

\Vr iiuji'i |»r'»iMi»]y iiuTr.i>t» tht* atnnuiit of uennu-^ry t.iiiirhi in (ir.ulrs 
7 and i:h t'u* wiihnui tt ^-rninir ihr nuirn (nnv, :irithnu-;ii, 

1 if i«'ul'i -iiiuMi- thr minuir 

la «»tir i:.*t ri u «:i III- luiols work in :I> and i- .tlmuM fim'n*ly 
innn;ii':ii! Lr'-«»?:u • i •. . 

- I* wtHiL: [»r liia'uuli tn rr»!uw wh.it i-- .ilnvuly --ti nt-.ir in /iT" 

Nn. \\ f .:i> luH li.ivr .1 vufhritiu .inKuint o\ arithnu'tii* mi inin M-^ii'.L'ty 
•iiu'iar:! .«n' .tii*! i.^mM'Ii X .>itu.iiioii< ior {\r.u\v^ 7 .md 'Yhwi.- \> .\u alnin»!.uu*r 
III I!-' !ul •tr^:'".-- wlurh i- siilt untniuluMl. 

N'» r!:i P'-urn-- in^iw .iriihnutii .tn- juitir i-nniich: thn<i' fnim siivh 
.tl'^'tl'T.; '^i-'nu^ry .irr ;.p»''ht in mir irni-ic .*jyvtrm< sn-ni tM-ti pium-r. 

\\\\\ .i.Mii-lr - Wf hivr brcn uiviiii: A ituirsi- \\\ inMiiiivi* i:rnnu*tty 
I'x'cndii.uT -lir.'-.iuh iiri-ic- -\ ~|>. itui tlurini: ihr p.i-i iwrKt' \\\ir> 
li'iihi'u: >- •:;(': fi.: fr.'/.-.r.;..v ii*Htni:. 
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Yes. In the junior hiiih school, izeonu'try ot ihrt'O ch'nuMisions should 
he kepi before the pupil e\*en when two-dimensional tiKures are studied. 
Arithmetic will be helped by ^reometric problem material because it is real 
to the pupil. The "usual dose" of geometry in Grades 7 and S. it seems 
to me. is very small. 

About one-third of the replies denied without further comment 
the po.^sibility of douhlinf; the present amount of geometry. Most 
of the other replies indicated the desirability of increasing' the pres- 
ent offering in .geometry. 

It seems to be generally agreed that the yeomelry in Grades 7 
and 8 oui-ht to be mainly factual, and outside .i^eometric facts to 
include nothing of the methods peculiar to demonstrative j^eometry. 
In re.^ponse to the question. •'What important .geometric facts are 
better withheld from junior hi^'h school students and postponed 
until the tenth ^^rade or later, and why?" the following reply was 
received, which summarizes most of the others also: 

It seems to me that hardly any ^reometric fticfs need be withheld. Any 
ninth trader can deal successfully with the facts of comrruence. similarity, 
anele sums for polyuons. ancles of a stripe, and so forth. What needs to 
be withheld is the method of ceometr\*. its liases, its lou'ical development. 
He is not mature enuuirh to protu by or to comprehend a discussion of these 
mailers until the truth, elewnth. or twelfth ijrade. 

Some of those questioned made special exception of incommen- 
.^urables and one or two other of the more diiTicult .geometric facts* 
but on the whole they a.^reed that m) lon^ as the .geometry of the 
junior hii^h school contlned itself to factual m..terial. there was little 
to limit it. One person, while di.^claimin^ any interest in a unit of 
demonstrative .geometry in the junior hiuh school, would endeavor 
t(^ show pupils the nature of a '^proof of reasoning/* thou.uh pre- 
sumalily not in the seventh .^rade. W'c shall return to this i<iea. 

The .[geometry and arithmetic of the seventh urade ou.u:ht to 
contain applicatior.s to crmimerce. industry, ai^riculture. the arts, 
and the home regardless of the future vocational specialization of 
the in(iividual pupils. Little need exists in thir* urade to provide 
markedly different subject matter for bright and dull pupils: the 
difference in emphasis su.i^^ested by .separate sections for bright and 
(lull ouiiht to sufllce. 

Grade tS niathenvatics. In (Jradt* S the case is different. The 
duller pupils here will .uet little from aluebni but ffirmula, etpiation. 
^aaph: and of these they will master little beyond the technique. 
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A formiilal)le diuiculty w be (n'erconu* in j:jn)vi(linL5 diversified con- 
tent in al.uelira for bri.uht and dull pupils is that the relatively use- 
less -toor* aspect uf algebra- -the variotis techni(iues- -is compara- 
tively easy to teach, whereas the appreciation of algebra as a 
.generalization of arithmetic, and its symbolism as a most expressive 
lanijiKme, is very diftknilt to teach and not easy for j^upils to k'rasp. 
That part of aluebra which is of greatest importance to the "general 
reader" is much harder to iiccjuire than the technicjue of al.uebra, 
which hardly one in twenty ptipils will ever need t(^ use. It woidd 
seem practically ftitile to try \n [r\\v the slower i)upils this apj^recia- 
tion of the real nu»anin.u: of aliiebra. luther we must excuse them 
from further instruction in alijebra beyond formula. e(|uation. graj^h. 
or else we nnist ilevise wholly new material by which we may ijive 
them an appreciation of uenerali/ation and of a symbolic lanuuaue. 
Here in the eiuhth urade we conu^ for the tlrst time to diversitlcaticm 
in subject matter aci'ordinii to metual ;d)ility. 

A genuine prognosis. The eighth iiracle has hmis, been a weak 
>pot in our schijols. ncitcu'ious for dawdling, whether under an S-4 
or a 0-0 plan. Under the S 4 i^lan, dull stuilents were enc(nira,ued 
to remain and receive their diplomas: consecjuently the mathematics 
of the eiuhth -^rade contained little that was vital and new -merely 
a{iditional social applications of arithmetic. If some al.uebra was 
included. evrr\*one knew that it was to be rejuMted in the follow- 
ing year. This persists to a lesser deuree umler the 0 h pVdW. It is 
at this point that the teachers earlier doubts concerning a pupil's 
ajnitude for advanced mathematical and scientitic work are likel\ 
t() W reinforced. Here then is a crucial j^iint in the pupil's career. 
.\ substantial half \ear of algebra in the eiuhth uraile. not merel\' 
a dabbling with formula, urapb. and e(iuation. but a more thorough 
treatment of these subjects, touether with a larue amoimt of work 
with problems and in the four fundanu-ntal oju'raticms with negative 
numb{»rs. would uivt* us at this point a reas(mably uciod indication 
of the future mathematical promist- of the individual student. In 
short, a proiirani is pmposed that approximates in decree oi ditVi- 
cidty the tratiitional first hall yeai of alirebra. though following 
perhaps a different tu'der of topics and a different methiui of treat- 
ing them. 

Some such proL^nosis of the pupil's likelihtuid of success in 
mathematical ami ^cientitu* w<u'k is due the pupil, the scho(^l. and 
M)ciety. If we are to nffer a course claiming to have reasonably 
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reliable pro.irnostic value of this sort, then this course must do what 
it pretends to dt). sift out those who ran from those who cannot. 
The time so spent ou.udit to yield a reasonably sure result a-id ouuht 
in no way to be conside-nl time wasted for those who pass the 
test and are allowed to n.ntinue. The meaner course in aluehra so 
commonly a part of ei.ijhih .^rade instruction to-day is neither one 
thinij: nor the (Uher. It is not difiVrult and substantial enough to he 
an adeciuaie selective sieve, and for th(»e who pass throu^h its 
meshes it yields so slight a return lor time spent that the matters 
studied are repeated in a later .irrade. If a subject is not substantial 
enoiyh to be considered a suitable foundation for later study, how 
can it serve as a proirnostic tjuide to success in thai later study? 
If we are really sincere in demandin.u a try-out in tirade S. then the 
tr\--out must be i^enuine. 

Hy the end of the seventh .i;rade we shall undoubtedly reconni/e 
many cases in which it will be mmecessary and unfair to subject iht^ 
pupil to the .uenuine try-out in algebra just mentioned. And others 
who embark upon this substantial course will shortly see the wisdom 
01 (juittinu before it is over. However, no one wishing to per.^evere 
to the end .should be denied. The advantage of a substantial try- 
out in aluebra in the first half of the eiuhth .urade w(.uld be positive 
as well as ne-ative. Th(w who pa.^.^ed could be labeled with con- 
siderable a.^surance as likely to succeed in later mathematical and 
scieiitilic work. In our present course for the eiiibth urade we have 
no .^uch a.^surance. and fuid our.^tdves hampered in later courses by 
students who cannot do the work. 

This choiee o\ algebra as a criierion for later success in mathe- 
matics is supported though hy no means unanininusly by the 
opinit)n> of colle.t^e teachers of education and by teachers oi mathe- 
matics. In reply to the (juestion. "Which :\<pt\'\ of junior hiuli 
.school mathematics, intuitive .geometry or eh-meniarx aUebra. i> 
more valuable in di.^cnverinu a pupils aptitude for advanced mathe- 
matical and .scientific work?" three-tlfths an.-wered -aliielu-a.** One- 
fifth .said "ueonietry. i)ecause of ihe Mriuinal thinkiim' it dem.inds/' 
or made eipiivalent re.spon>e. Even if they belirve that al-ebra 
properly recjaires more abstract thinkinii than iniuiti\e uemnetry. 
they undoubtedly expect little of it in the algebra nf (;radt> S. for 
they expressly reject this algebra as "men^ly dabbliim with -ym- 
bnls." The writer agrees that this descripti«ni of tin- ali^ebra uivrn 
is unhappilx accurate in too many instance^: unfortunately, how- 
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evor. tho daliMinu: spirit here alluded to is prt»sent also in tho 
iiontuetry. From this point of view, tuniher serves as a reliable 
measure of the pupil's aptitude. Perhaps the last tifth of the rephVs 
had this in mind when expressing doubt about which subject was 
to 1)0 preferred. Much less doubt was expresseil by tlvjse whf) 
actually teach mathe--\itics; almost all these teachers preferrnl 
al.uebra in the eighth u^ide as a measure of future mathematical 
power. Of cour>e the thim; to do is to make objective trial of 
the matter. Inasmuch as al.uebra has traditionallx . i^r till very re- 
cently, demanded a dcL^ree of sustained thinking nut \-et C'nnmonix* 
expected in intuitional geometry, and inasmuch as nidst c«)lleues 
and technical schoiils- Princeton and the Massachusetts bistitute 
of TechniiloLiy. for example would te-^tify that students in fre>h- 
man calculus and analytic geometry are .uenerally hampered by a 
lack of master\- in aUebra. and i)ractically never by detkiencies in 
.ueometry. it seems not unreasonable \o louk to a substantial course 
in ali^ebra in the eighth urade as a siLinit'icani imlex of later mathe- 
matical pnttlciency. 

This insistence on aluebra ouuht not to obscure the need of fur- 
ther work in arithmetic in Clrade S ftu* pupils of all de^rees of 
ability. The s«)lvinu of problems demanded by this arithmetic is 
much helped by the akebra which has preceded, more so bv the >ub. 
siantial course than by the skeleton {*our.<e for im'erior studrnt>. 
There .<efms little reason to prescribe more arithmetic for ihi- latter 
i:roup of student> than for the a\eraL;e and superitu* students, but 
they nn'uht well be uiven m^re ^eonietry than the otht>r> h.ive at this 
time, indudim: an amplification of similar trian^iles and proi^irtion 
to embrace the most elementar\- u.<e of triuonometric tables. 
Kducationcd leaders. reci{nents of ([uestionnaire. replied almost 
unanimously that the arithmetic of adult life usually tau-ht in thi* 
eighth urade i> harder than the ueonietrx of ci^mixL-ise."-. M-i'i>nrs. and 
jxisto i^ot conimonl\- recommended f'^r the junior hiuh <cho,-l. 

DifTcrotitiation uccordinM t<^ ability. The di\ fr.-inc:ition in 
subject matter of matht^natio recotnmen^ied for (Iradr S is brieilv 
this: a subMantial hall \ear of akebra and a ball \ e.ir of ariUi:nelic 
fc^r students of ax'erai^e atid ^upt-rior ability; for inhM'i«.r >tudents. 
as much of formula, -raph. and njuation as t!u-y can accrpt. n>- 
j^lacinu with ueonielric material the difiuailt part- of the .dm-bra 
ai^pri'pr*- «e to the oiht-r stndrnt>. and folltiwinu this with a half 
\ear of arithmetic. The arithmetic will ])e the <amc for all students 
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except for slight variations between sections of different ability. 
The extra geometry for the inferior stmlents anticipates in slight 
measure the more intensive course in .ueometry which the other 
students will take later. Some of the .ueneralizations and other 
values of the al.iiebra withheld from the inferior students will be 
served up to them in non-mathematical form in (irade 9. toj^ether 
with a non-mathematical treatment of lo.uical arunnnentation and 
other \'alues supposed to inhere in demonstrative geometry. Hy the 
end of (;rade S every student, whatever his ability, will have had the 
opportunit\- to master all the mathematics which, in the restricted 
meaning of the term, is considered useful in adult life to-day. 

Grade 9 niatheniaties. The mathematics of (irade g and later 
grades must be justified mainly by reference to cultural and dis- 
ciplinary values, both diftk-ult to substantiate, for we have already 
shown that not over 5 per cent of all pupils enrolled in (Irade 9 
will make <lirect use of algebra ab'ive the elements of f(^rmula. 
graph, and the solution of simple problems by means of one ecjua- 
tion in one unknown. True, we cannot kntnv just which pupils in 
(Jrade q constitute that 5 per cent, but we can l)e reasonably sure 
that none are to be found among the students of in/erior ability. 

Knim various sources it seems clear that pupils with an I,Q. 
less than 110 will derive little benefit from a study of algebra which 
goes much beyond formula, graph. an<l simple e(|uation. Separate 
(^l)jeclive studies by M. V. Cobb, I.J. Bright, (). .\. Wood, and I. X. 
.Madsen ■ give an I.Q. of 105 as the lower limit for minimum profit 
from algebra as commonly taught ten years ago: another study by 
.Madsen uives 12.^ as the median I.Q. of Imys land girls) successful 
in akebra, and 1 1 1 as the median LQ. of boys who fail : and \V. M. 
Proctor rep(U'ts that all stuilents with an I.Q. of i.^o (^r o\-er pass 
their algebra. Profe.'^sor Thorndike •"ijives it as his opinion that 
pupils of I.Q. less than 1 10 are unable to understand the >\ :nl)oIi.^m, 
generalizations, and proofs of algebra." ^ .\t the pre.^ent time pupils 
with i\n less than 110 eonstitute about do [ht cent of the total 
enrollment in (irade 0,* leaving only 40 per cent ciualified to >nu\y 

• Ri'pnrtrd l>> I)ou::l.i--. .\. A.. .sV(i)>///./ry Kduciitiot:, m). HoUiilUon 
Miulin C'l-mjMnv. Hn^tmu 10:7. 

"RrjM.nr.I l»> Mi \rr^. \V. C . I hr .1/..';//. m./f/V. T^.u h. r, Vol XXV. No 5. p. 
7. M.i\ . 10 ; .* 

■'Tr ^an. I. M. rh' httrllUnu, S.iuu^l Children, Umiuhtcin Milllin 
Hi>-t.)n. lou) Scr V'vjL 10. "Tlu' I (,) I ii-tnlniiii»n iii Kir-t Vi-ar lUuh 
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algebra acoirdinu to this criteriun. On strictly utilitarian grounds 
alone wo can justify the study of al^ohra for only 5 out of these 40. 
I-'or the other .^5. i.e.. 87 per cent of all students allegedly competent 
to study al.uehra. we must ari^ue the cause of al.^ehra on the basis of 
appreciatory and disciplinary values. 

Presumably far more than 40 per cent of the pupils enrolled in 
Cirade 0 are at present sittin.i; in al.uebra classes. Do they all belonti 
there? Ki.^ures (pioted above from the liirnnial Survey of Educa- 
tion o! ii)23'iQ^4 show us that 75 per cent of all students in hiq:h 
school are in the "academic*' courses. The writer has been unable 
to luid corres[)ondin.n fi.u[ures for (irade 0 alone, but infers fnim 
known rales of elimination in the different grades thai at least 
00 per cent and probalily 05 per cent of all pupils in (Irade 0 
are in the academic .uroup. \i our estimate is correct that onl\' 
40 per cent of all ninth urade pupils can study algebra with prollt. 
and if we ascribe no pupils with an l.Q of 110 or over to the non- 
academic curricuhu even so. at least one-third of the pupils in the 
academic .i^roup will ^et abnost nothing from algebra which ^oes be- 
yond the snnplest treatment of fornuila. .uraph. and equation. For 
this third of all students at i)resent enrolled in academic c(nirses. 
and for the hu•.^e mimber of student> in conuiiercial. inthistrial. 
auricuhurab and borne economics curricula who will not wish to 
continue with iiluebra, wt» may still l)e able to save some of tin* 
cultural and discipHnary values which al.uebra can yield. l)Ut we 
shall probabl\- have to resort to a iKWi-al.i^^eljraic medium to accom- 
plish this. 

Al^(ebra as a discipline. Whatever discipline may come from 
aluelira by way of accuracy in readinu the printed word, in precise 
thinkinu. in idieckinu the reasonaliUMiess of results, and fnini tin* 
traininu in uenerab/ation which alm^lira can uive though often it 
seems not to i^ive it we rannot insist that thest* outcomes are 
obtainable from al.uebr.a alone, and tlui* without al.uebra pupils will 
not lie al)h» to devi^Ioii tlu^se ((Uabties. It W(aild seem likel\- that 
inspired instruction in FnnHsh composition, in the social studies, 
in experimental science, and in ihe transhition of fnreiun" lanuuaues 
couhl yiehl all lhe>e outcomi^s. It ma\- lu* that llu* very .distrac- 
tions of alui-bra pnint to a urealer b'kt^lihood of attainiim these ob- 
jectives throuuh al.uebra than through other subjects of the 
school program. Whatever me(|ium we employ for the devtOtipment 
of I'Mch ((Uabi\". \\r iuu:l U-ad tlie pupil tc» ueiu-rab'/e it. lo rai>e it 
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out of its \oc:\\ setting, if we whh to insun* transfer of the discipline 
In situations in everyday life. Do we commonly do this? How 
many of us who dinti: to the possibility of transfer of trainintr 
anjuired in alijebra and other mathematics. re.uar{lin^ it as suiTicient 
apolo.iiy for our subject and for our teaching it, remember that to 
convert this possiblHty into probability much is re(|uired of us? 
Still admit tinii the possibility of transfer in the most general sense, 
we feel on surer ground in assertinii; that our subject develops 
mathematical reasonini);. mathematical precision, mathematical 
disciplines. Probably we can dissociate this precision and this rea- 
soning from their algebraic matrix and transfer them to non- 
mathematical situations. And perhaps an original mathematical 
settin.ii is peculiarly favorable for the dissociation and transfer of 
these and related disciplines. lUit this dissociation and transfer 
cannot be relied on to take place without connivance on (Uir part; 
these are outcomes to be accomplished, not simply expected. There 
is still a lar.iie discrepancy between what we do and what we can do 
what we inii^ht do. We do well to he.^itate to press this more 
.ueneral claim of transfer of discijilines inculcated by our subject 
until we have uone farther toward clearing our title. 

.\ pupil who finds reasoning about mathematical Ideas stimulat- 
ing and enjoyable will uet from that exercise much the same sort of 
thim; that another will .uet from reasonin.^ in another tudd. 
Kach in his own way will ac(|uire an appreciation of what reasoning 
is. If \\v can broaden this appreciation to include an appreciation 

what reastniin^ in .ueneral is. so much the better. Hut there are 
other ihinus in al.uebra besides "disciplines" to be appreciated. 

.Mijcbru us a social study. Professor Judd has denounced the 
point of view t)f those who see only the utilitarian value of arith- 
metic, who delight to dub it a "Mool subject" and so damn it with 
faini praise." True, numbers and the number svskmu are tools 
which we uratefully emphiy in many ditTerent ways, but they are 
more than totils. as Professor juthi has taken pains to emphasize, 
and his remarks c-imcernin.u number in arithmetic cnn be applied 
to algebra as well. \\*(» wish our pupils not only to appreciate the 
uses we can make of arithmetic and algebra, but also to understand 
the very natutv of the tnunber system developed by the human rac e 

Jini'i. ('hirli-. H. "'rh** F.ill.Hv ni FnMlin- SiIumI Mil)ii-U- .i^ •I'ocii Sub 
icit-.*** //;* ////»..' V'.ii^K'.'k, I'hr .v./;/. >r./; d'UHtil i>j r*'.iihtt^ oj .\J.il hrtyinf irx. 
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over so many ai^es. This aspect of arithmetic and aljiebra is indeed 
a Sdcial study. 

We teach ne.^ative numbers partl\ because we have a use for 
iheni and want our pupils to realize the many applications we can 
make of them. Hut utility alone is scant justitVation for algebra, 
as we have seen. W'e also want our pupils lo i^rasp the way in 
which the extension of our number systen\ to include these new 
numbers has made possii)le a .^eneralizatioi of the operation sub- 
traction so that now subtraction is always possible, whereas for- 
merly it was limited 1)\- the relative size of minuend and subtrahend. 
"I'his very striving for i^enerilization is of the essence of mathe- 
matics. The student can new look back and ai)i)reciate that 
earlier extension of the numi)er system when fractions wt^re in- 
cluded with an eye to i^enerali/inLj; the operatit)n division. He can 
understand, further, that these extensions of the number system 
were not forced upon us by their usefulness, but wvvv su^.L^ested 
rather, aiul that the decision to extend or not to extend the nund)tM' 
system by including new numbers was in each instance essentially 
arbitrary. 

This arbitrariness of our number system and of the laws of 
operations with nund)ers is easily demonstrated to a class b\ de- 
veloping with them part of the multiplication table I'or integers 
in the number scale with base 5. if they demur and snicker 

- ** - 4. ' • M, 2 ' 4 I.^ . I ;; they 

(juickly .>ee that these results. obviou.<ly bi/arre and unorihodox. 
are just as correct as the more familiar relations, it all depends 
up(Mi the point of view. There i.s a philosophy of relativity here 
that the pupil can easily undersianrl. which is basic to all mathe- 
matics, and to fields far removed from mathematics. The extension 
of the laws of exponents, Ursi announct^d with rt^uard to positive 
inici;ral exponent> only, is anotluM- exaniph^ of the same idtM. Ih-re 
is matter which can be presente<l without the aid of algebraic sym- 
bolism, though reference to negatives and exi)onent> offers wider 
t^\enlplilication of the priaiiple; matter which can be apprtriated 
als') by pupils who are not taking rduebra. 

To characterize algebra as '-mainly a tool subject" is to suunest 
at once its 'Mriass of meaningless tcchm'(|ue." Professor Thorn<like 
|)oinf.Ml out years a.uo that this nuieh maliminl tcchni(|ue can be 
an important avenue to ap|)reciation. The techni(jue o\ algebra. 
\hv grammar of its .<yni!inh'c lan.Liuaue. is the Very essence of the 
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subject. It is not only not nieanini^less, it is hiiihly sijinillcant. 
If the technic jue appears to some students to be devoid of nieaiu'nji, 
then the \vhoh» subject is nieaiiin.i^less also: (hey sin\ply do not 
comprehend what it is all about. To miss this understandinji of 
the true nature of al.uebra is to miss far more than a bit of '^tool 
tcchni(|ue.'' That it is far easier to give pupils the relati\*ely unim- 
portant 'Mool technicjue'' than to lead them to appreciate the real 
si.i^nificance of algebra is pointed out above. The latter is the im- 
portant aspect for most pupils; the former alone teclmicjUe with- 
out meaning is useful to nc one. Why trouble to bring pupils to 
this stage if they cannot go on to genuine comprehension? 

This insistence on the fundamental importance of a true appre- 
ciation of algebraic s\-mbolism. and on the rehuive unimportance 
of algebra as a *'tool subject'' finds support in many ciuarters. In 
answer to the (piestion, *'For what percentage (estimated) of all 
pupils enrolled in the ninth grade will algebra abo\-e ihe elements 
of formula, graph, and the solution of simjile problems by means 
of one equation in onv unknown -be primarily a tool subject the 
median of twenty-tu'e replies was 5. Only six. all teachers in 
secondarx" schools, suggested a percentage higher than :^o. One 
answer makes gliH)my ac'mission that "few ninth grade pupils get 
sufficient command of algebra, bt^xond the topics excepted, to use 
it as a tool." 

The (piestion. *"l\)r what percent. tge of all pupils enrolled in the 
ninth grade can we justify a further study (then or in a later 
grade) of algebra as a generali/ation of ariihmelic. in which the 
laws of multiplication, for example, are extended so as lo apply 
to negati\'e numbers and to irrationals, and in which the nature of 
ihe nund)er system of algebra is called frecjuenily to th^ pupils* 
'itltMition i'" elicited responses varying from o to 100 per cent. 
The metiian of all replies recei\"ed frotn lea'hers of education 
lueiieralists) \'as zo per cent : from teachers of rnalhemaiics. ()o pt»r 
Cent: from boili groups together. al)oul ,^0 per cent. I (|Uote the 
following : 

\n i-li'inmt.iry .uul uirrful in\itnu*iu >luuilil lu- iniliulnl f»)r ;dl who 
AW tu t.iki* i(. lu'i.iUM' of tin- ailtur.il x.iliir 

\Vc kau juvtij\ ii i"c»r .ill \\u^>v wlin h.ivc [\\v inirilimMin* ici uiulrr>t.uul il. 
run tiumy l.tu-r vriirvi imi h,i\itiLr uintituuMl. 

NiMrly .ill nitith ur.iclr ihiltlrrn wluuu I li.i\i* nu*l .in* i,i|..ililc' of .ippre- 
lialint: moii' nl putv tn.illuMn.iiii ♦> than \\t* niirii ilu-in ireilil 
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Thesi" replies are significant when compared with the estimate 
«iven above (pa.ne t7M that al)out 40 per cent of all pupils in tlie 
ninth grade have sufficient intellectual power to l)enefit from a 
substantial course in al.yebra ; and sii^nitVant also as indicatini? that 
students who can appreciate the meaning of algel)ra ou.uht not in 
general to he permitted to elect not to tal<e it in the ninth grade. 
Teachers cf tnatlieniatics in secondar\- schools were practically 
unanimous in agreeing that we ought to give our pupils some idea 
of the development of the numl)er system of algcl)ra. Two or three 
would limit this to tlie !)etter students. C'ollege teachers of matlie- 
niatics were for the most part doulitful if it could l)e done, hut were 
not unwilling to see it tried. 

.\ course in computation. Ninth grade pupils wlio have had 
a substantial half year of algel)ra in (irade 8, have tlie al)ility to 
attain a reasonaI)le facility in the techni(|Ue of algel)ra and. more 
important still, can appreciate the re.il meaning of algel)ra, will 
not need all tlie ninth grade in which to master simultaneous 
|'(|uati<ins. radicals, and the simplest lu'ginnings of (juadratics. 
Time will remain for the .application of algeina to compound in- 
tt'rest an<l related topics, for logarithms, the slide rule, and the 
numerical trigonometry of tlie right triangle. Thc.<e latter topics 
emphasi/e computation, whether in regard to arithmetic, to algebra. 
i)r to ge<imetry. This rrturn to arithmetic for the consideration of 
certain a<lvanced topics in the light of the algebr.a already mastered 
repeats the idea earlier expressed with reg ird to Crade .S. It 
ought also to serve as fuither answer to those who might iVel that 
the algebra of Crade .S has been emphasized at the expense of 
arithnu'tic. 

.V non-niathcmuticul course for non-.spceialists. The Course 
just outline.! lor the u[)per 40 per cent oi (Imde .) camiot be litted 
to the needs of the other (.0 per cent by simply modifying certain 
details. The do per cent will hcve to have something (|uite diftVrent. 
as they are practically at the end of their m.ithemat ical telher." 
Whatever their vocational objective, the\- will need to know the 
common arithmetic of Imsiness and the details of modern business 
practice, .^nnie of this they have learned in (ira.le S. The rest 
comes bet ti'r as incidental to. and as an i'ltegr.d part ..f. a course 
in junior bu.^ine.ss training not under the control u\ the department 
of matlien>;itics and tauulit presumably by teacher-; specially trained 
for that piirpo>e. The bookkeejiing which formerly bulked s.i large 
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in the coinnuTcial curriculum is to-day reuarded as the specialized 
work of ()nl\- a relaii\*ely small nuinhor of ptM'siMis tMij^aijHl iti busi- 
ness and is not a Til topic to l.)e studied by all and sundr\* who have 
little aptitude for mathematics. Still more is this true of com- 
mercial al.i;ebra which is far harder than the ordinarx* algebra of our 
secontlary schools. There is almost no topic left in mathematics 
which these inferior pupils can study protuabl\-. If. however, they 
arc una!)le to urasp the abstractions and izt»nerali/aiions of ali^ebraic 
s\nd)olisnK it may still be possible to school them in abstractions 
and uenerali/atious mostly non-mathemaiical. preser\'in^ for them 
in this wa\- some of the wilues which the study of al.uebra is sup- 
posed to yi'dd to their bri.uhier classmates. If we can devise such 
a body t)f instruction, wv ou.uhi to incorporate in it also as much as 
possible of the trainin.ii: in h)ii[ical argumentation which is su|)posed 

result from the stud\* of demonstrati\-e .geometry. I-'or presum- 
ably this also is a subject which these pupils could not pursue with 
jiroiii. Let us >cv what such a course for the uroup we art* consider- 
inii mi.iihi contain. 

b'irst. it eould procetMl from simpU* problems in arithmetic con- 
cerninu. lov t*\ampl(\ the varN'in-r cost of different nunduM's of oran.ues 
to .ueneral ipiestions of the same sort without numbers. Questions 
like this a|^pear nmnnoidy in al.uebra texts, but we should expect 
here to uei alonu without the Umkts .v, inducin.u ilie irentTali/a- 
licMi from sex'eral numerical instances. From several simple cases 
all illustrating, lor example, tin* .^ame principle of the law of 
contracts. aureiMuenis to bu\" or sell, or Aw shipping of .muuls on a 
conunim carrier, wt* could expect the pupil to indun* the LUMieral 
princij^le around which t\u*h .i^roup of illustrations was built. The 
tibieci here is to pmvide material for uenerali/.ations outside the 
field of Miaihemaiics. Oih-r m:'terial can be taken from the 
<eiences where in similar manner the pupil, confronted with a record 
of ohserxaiions <m the beha\'ior of some animal, or the like, would 
In* expeeied to induct* the underl\'in^ .ueneral law. The point here 
is UMi tn t^ncroaeh upon iuhvv sclund work in scieniinc or social 
>!udies. but rather in eoUale a!! sorts of .uenerali/alions with an t»\-e 
tu empbasi/inu the ciunmon iispeci of so man\* difft*»*eni situations. 
If iht^e pupils an* not to ust* iht* uenerali/tMl sj'tnbols of aly^bra. 
tin > ean ha\*t\ nevertheless, certain siuniiicanl expt*rienct*s in 
ucner.ili/ini; i)Ul>ide mathematics. If the abstractions of algebra 
are nni for iliem. could iht*\ not (U*rive sonu* proUl from toyin.u 
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with the abHtraciions prr^^nii in an artiiVial lanKuatfc of the nurt 
often U50(l in intelliKiMue \v^\^} 

They will not learn u( the smresHive extensiiunn of the number 
s*ystem am! of the operations with nuiiiheni which are part of the 
spirit of aUehra; hut without algebra thoy ran wiilen their under- 
stanilinK of the familiar number system of arithmetic to the bus»e 
10 by constrmtinK tables for mIdinK, HubtractinK, multiplying, ami 
iliviiliuK niimliers to the base 5, and by solving a few simple prob- 
lems in this new nmnber system. This is not intended to sUKKOHt 
the topic "scales of notation" in ailvanced alKebra» and not as 
hard as it may appear; it merely indicates a s|>ortive adventure 
in the Held of elementary number to hrin^ out the siKnificance of 
place value in our method of writing' numbers, The very incon- 
Kruity of the number combinations to the base 5 is an important 
part of the exercise. emphasixiuK quite dramatically the arbitrary 
nature oi' our familiar number relations. Here is a bit of mathe- 
matival phihjsophy within reach of students of averawe and less than 
averuKe ability. It is but an arithmetical rendering of one outcome . 
to bo expected from a sttidy of alKebra. 

Most of these ptipils will never stu<ly demonstrative Koomeiry. 
\everiheless, we wish them to acquire. If possible, an apprei:iation 
of the nature of a proof base<l m reasoning: to see the nee<l of 
assumptions, delinitions. and undertned terms behln<l every body 
of loKie; to <listinKui>h net ween Kood and bail arKunients: and to be 
tritical <if their own. and others'. reasonioK. (JrantiuK that <le- 
monstrative geometry len<ls itself t) this purpose pec'iiiarly well, 
it is not impossd)le to learn these ibiuKS from noii-niathematical 
material. An assunip(i(ui un<lerlies every advertisement, every 
pnlitiral slogan ; the sludrnt can ferret these <uit, examine them, aiul 
see if he agrees with them. We often meet arKUnuMits which take 
for granted the very thin« they are trying to pr<jvi»; the stu<lent can 
learn to detect these eases of '^beKKinu the (|uesti<ui. " We eaii dis- 
tinguish luressary and suflUient conditions without rrsort to mathe- 
nuities, if a man livos in Ottawa, then he liv.*s in ( ana<la. To 
live in Ottawa is suiYieienl to make him a resident of ( anatla. but 
not neeessary. I'or livin.« in Toronto is also suflk-ient to make a 
pi'rson a residrni of Canada. On the other hand, living in ( anada 
is a nect'ssary ci»ndili(»M f(»r living in eii^'** Oitawa or TohmUj). 
I'ivfry //.... t/irH . . . staleiueni is .suse«'ptiblr of tlu'sc two 
inlerpri'laiions : the // clause is a sulVjcient condiiiiui f(jr the 
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tkni ilausv. ami the t un clauj*o is a lurvssiry iunilitii»n for the 
// ilausv. The converso of a prt»|>i)silinn is iiu|H)rtant in (his con- 
mrtiun; ami hrrc U)o \\v ilo n<»t m|uirc a mathomatical settinu fur 
the innsitlvration of converses anil whether or not they are trutf. 

*rhis non-mathematiial course fur stiulenis in the lower (to |)er 
cent of (irade v is (lesiunetl tt) capture aiul preserve for these 
stmlf Ills some nf thv elementary philosophy of algebra an<l Kei»metry 
which every "ueneri.l rea«ler" ouuht to m»t from these subjects • 
ami also every specialist. Phis course, like all the mathematics fi»r 
the upper 40 per cent, can draw appropriate esamples from the 
Tiehls of business, imlustryi and agriculture. The pmposal to 
diversify our courses in mathematics on the l)asis of intellectual 
ability rather than curricula does not mean that we shall now avi)id 
allusiiui to vocational applications of mathematics. l)Ul that these 
shall be a part t»f all mathematics for every sort stmlent so long 
as he stuilies mathematics. 

LimitinK the "regular" course in alKebra in (irade 0 to the upper 
40 per cent need not be construed as making this algebra a free 
elective. Presumably those pupils who fall in this uroup and have 
passed the algebra of (irade 8 will, with few exceptions, no on to the 
alKcbra anil Keometry of (trades 9 and 10, KettinK in more extended 
mathematical form the outcomes which can be attaine<l from the 
study of these sulijects. Those who wish to continue in science or 
mathematics ouKht to take the mathematics af (irailes 11 ami li. 
The entire pro^jram for the upper 40 per cent shouhl lie a coherent 
an<l substantial unit throughout the six years of the secon<lary 
school, though it is expected that some students wilt not continue 
beyond (irades 10 or n. *rhe work of (irade 7 can be the same for 
all pupils in tlu» school. For inferior students there shoubl be a 
separate course in (ira^les 8 and 9 as indicale<l ab(»ve; these stu<lents 
would end their study of mathematics here. 

(jcncrul nmtbunuiticM and parallel method. It will be ob- 
served thai at least two subjects in mathematics have been propose<l 
for each urade of the junior hi^h scho(»l. and further* that all these 
vn' to be considered as parts uf a substantial and coherent unit 
cnurse extendi riK ov*m- several years. The) are not presente<l here 
as furminu a fourse in "fused inalhemalic?;." however, since it seems 
jusi as inipo*tant to preserve the essentially 'listinct characteristics 
of each subject as to indicate Mie si.unificant interplay of \\\o or 
mcuT ot them. This point of view is supported almost unanimously 
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by iwriuy-iMuht liniilinu uuuhors of inaihMniiiics in cuIIckc.^ ami 
Hwiindary schdnls. In answer lo ihf i|nfjt|lnn. "Do ynu ihink thai 
aluHini and mnumMry {o\\ iho secondary school have nuich 
in nuunxih that they can he fused, or should you prefer some mode 
of presentation which reveals si«nirtcant relations hehvoen the two 
while preservinK the distinctive characteristics of each? all luit 
three pre ferred the latter. Two of the three answers favorinu fusion 
are jiiven here : 

1 hi'lii'Vi' {\\v .Mmlriu \u\\\s \\\v luKir of tfromi'irv MtlVuii'iulv iliftuult lo 
make it mlvi>ahU* U) pruvrrd jionic distaiue in uodnu'try hvUm fu.^inK 
tfi'uim'iry ami altfrlin. hut I would favur fusion ;\i ihc iMrlic*» date M 
whii'h tin* Mudriu lan undrri.iki* ii wiihoui confusion. 

1 haw no ohjinlion U) ••fu>ion" if ii is not ummI as an cxiusr for omis* 
sions ami KiMUTal wiMkrninu of the loursi-. which sin-ms M too common 
in • fuHHl" courses. 

The repudiation of fused mathematics need not mean that we 
must revert to the practice of devotini^ an entire year to a Kiven 
subject. 'llnishinK ariihmetic*' before we bcKin aluebra. and broak- 
iuK the continuity of alKel^ra in (irades g and n with a full year of 
demonstrative geometry in (irade lo. We can adopt the flexible 
course of study so conunon to-day in which the various subjects 
appear successively, with varyinK decrees of exposure, all included 
between the covers of a sin«le textbook under the title Grpirraf 
Mtithrmativs, or Iliahth Vvur Mathrinatics, or the like. Or we 
can teach two subjects simultaneously accordin« to Uie common 
practice in Kurope, where each subject is printed in a book by itself 
but tauKhl in parallel with second subject. We commonly say 
that our teachers in this country are more dependent upon the text- 
book than are teachers in foreii^n countries. If the texts we put 
into the hands of our pupils do not present the essential charac- 
teristics of each subject separately, contrast them, and indicate the 
pertinent cross-relalions be(ween subjects, .'^hall we suppose* that the 
pupils learn these things from their teachers and despite the texts? 
Whether we elect for the present to administer separate and succes- 
sive doses of the different branches of mathematics, or attempt to 
present two subjects in parallel, we can at least put info the pupils' 
iKuids separate and welbordered presentations of the diiTereni sub- 
jects, and then teach as we pleiise. It would seem far simpler to 
correlate, interpret, ami amend two different subjects, ^ivi'o t'irst 
a clear exposition of each one separately, than to start with a com- 
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pnsiio nf linth siihjtH ls ami thrn altoiupt In brinK out the rssontial 
charactnistics of each. WV want lioth nirrHation ami ((intras^t. 
I)n we both? \Vr rrcni(nii».o imiiviiiual iliflVirncrs amniiK our 
pupils: wc moKnixe also a valid Muial dcmaod for a toriain do^^rec 
of conformity in their behavior. In mathematics, .similarly, we 
want a decree of conformity between the separate subjeiMs. but 
not such as to submerKe their siunilUant individual differences. 
The parallel method of instruction yields to none in its ability to 
show the mutual intcrde|)endence of the different branches of mathe- 
matics: it surpasses all in its ability to preserve the continuity and 
integrity of the individual subjects. 

'I'hat there is demand for less confusion and ^rt^ater continuity 
of our instruction in mathematics is apparent from the answers 
receiN'ed to our (|ue>tions. These answers reveal complete agree- 
ment m the need of ureater continuity in llu course oi stu(iy« and 
unanimous ccmdemnation of the present practice of permitting 
algebra to become rusty during the fourteen months of forgetting 
between the ninth and eleventh grades. The parallel method of 
in.Mruction received e(|ual amo unts of approval and disapproval, 
while a few dcmbtful persons expressed interest in seeing it tried. 
This even division of opinion held for college teachers of mathe- 
matics, and also for teachers of mathematics in sccdodary schooK^. 
All but two of the teachers of education favored the parallel method. 
Inasmuch as this (|uestion is so evenly contested by those who are 
closest to 1.. it seems belter to omit fnan the final record this 
apparently deciding vote by the "generalisls." Kven a fifty-lUly 
respi)nse from the specialists on a matter iuN'olving so considerable 
a change in leaching practice^ anil presented without previous 
warning or discussicm, indicates that there is something here that 
(leserNTS further investigation. 

The cnn^^ideralion of parallel method appeared in two ((uestions 
widely separated in the (|Ueslionnaire. This was done lo check the 
replies, hut proved in haNe been unnecessary. On each (|Uesli(m 
the luiMiber of pt^rsons answering "^yes'" was one more than the 
number answering '"no"'; iu all. ig said '"yes."" o ••doubtful/* and 
17 •Mio." Some of those answering ''no" based their objection on 
the athuinistrative difticullies lo be overcome. The (|ueslions re- 
ferred lo read as follows : 

I •'( eriain advocates of fused or genend mathematics have con- 
cludeil that drmoHstpatiir geometry stands apart from the rest 
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of mat lu^nia tits, rrsistinu fusion. (tranlihK thr conclusion, is il 
(Irsiralilr (o allow the otluM* mattuMoaticH to koi hadt.v rustiMl durinK 
a fourteeiMnonth holiday while the pupil is kirninu clemnnstrutivc 
Keomciry ?" 

J. "Is iluM>» iiiTil of uroaitr comlni»Uy in the course of study 
in matheinalii'S? ' 

•'Would il in* UvWvr m le uh ihe ilemonstative ue<>nietry in a 
nioiT attiMuiaUd rour>r ihnrmh two surcessive years, parallelinH it 
with instruction (under ilie smie teacher) in ihe iithei mathematics 
which the slutleni (umlit to have at his command:-'" 

4. 'Should you appro\T an attempt to Kuin greater continuity 
of instruction in secondary mathvmalics hy means of parallel in- 
struction in both aluehra and uecunetry in Urades 10 and 11?" 

I (juote a few of the answers to the (|uestions on parallel method : 

If tliroi' yi'.n-> are uivm in :il«rlir.i ami ^eonu'iry. we wnuld Muru'ost 
ihal du' lirsl year In- ili'votuil to al«i*l)M and that llu» iww two years ihete 
lie uivvn a •nursi* in akvlira and oni» in m-nmetry runninn siniuliaueously. 
I K ruin tin* iK|iarinu-ni nuolu'inaias oi an iMstorn uniwrsiiy) 

Ves. \M' <I ) ihiv !A wry liu'i' liiy hiuh sihooll 

This has hww irinl hut ii is ati •aiaHrmii" proposal heiause ewry half 
year mir pupils aiv unsirandilni and srni inlo dilYfriMU classes. Until ihis 
nonMMiM* siop.'i. \iMi lan <li> uuihinu ai iliis sort in a larue mIuui!. | rroni 
llu' >u|Ji'r\'iMir m" niailuMn.iiicH in a larui' liiy sysirml 

Kviilentl\- the i|uesiion of ctjntinuily of instructicui is (uie that 
concerns niher subjects besicUs nialhematics. Administrative 
oincers have to be careful not to ^et <o enmeshed in tin* wears of 
their own machine that lhe> forget thai their office is properly the 
servant o\ instruction. On the other bantl. teachers of mathematics 
. and (l(Uil)lless leacher> of other subjreis also frecjuently cloak 
tiieir own indifferiMice with the niioille of administrative difricuhy. 
Tliis particular diflicullj has been easily surmounted in schools 
where the leaciuis of maliu'matii-s reallN* want a tiianye. as iti the 
HtJsitMi Public l.alin Srb lo^ iti the Newlon Hi^h SchooK and in 
other schools in and arouml Hostmi. Apparently il is not impossii)lc 
1(1 \iv[ Unk Iuts ti) li'arh algebra I wo or three consecutive days a 
week and m'oi ieiry tliret^ nr iwo tiays. and to assign grades in 
••nialheniaiics"' rather iban in al^i^bra and geometry separately. 
'rhi> mode ni" niarkini» does not inciMi thai liie two subjects are 
"fUM'ir" in tlu» liarher > mind, or in lh(* pupil's. The objet-t is to 
siniplifx' ihc teacher's rtrords; also, lo make il i)o.<sil)le to promote 



erJc 



190 



THK KUiHTH VLAKH(K)K 



a stiulent who may bf dcAclent In one j^ubjcct, provided thU deH- 
cirncy in Imlancfd by hl$ »ho\vlnK In the other subject. It h prob- 
itbly wUe to omit the ulKebra durinK the fitM few wceki of the 
demoni^trative Keometry until the puplU have lHH:ome familiar with 
the nyMem peculiar to this new subject.*' It \% obvlou!^ that an 
orderlnff of the subjects which makes unneces^uiry a lonK recapitula- 
tion of the alKebra of (irade 9 in (irade 11, but proceeds without 
waste of time to new topics, and which spreads out the Instruction 
In demonstrative Keometry over two years so that the geometry may 
lie in the pupil s mhul lonuer ;inrl profit by his own K^dn in mental 
maturity, will lend Kreater continuity and efficiency to our Instruct 
tion. Perhaps we shall regard this method of parallel instruction 
with greater favor when we retlecl upon the history of the teaching 
of mathematics in our secondary schools, and consider the forces 
which have molded our present course of study. 

Algebra and geometry were college subjects I'rom 1710 to 1800, 
but by 1844 HarN-ard re(|uired both these subjects for entrance —a 
year of each — and by i860 both subjects wore :i recognized part of 
the curriculum in the high schools of Massachusetts. At this time 
onc*(|uarter of these high schools taught algebra and geometry in 
parallel during the first two years of the high school course. Hy 1875 
most colleges re(|Uired both algebra and geometry for entrance and 
the parallel method had been generally abandoned. The re(|uire;nent 
in algebra for college entrance was raised to one and one-half years 
in the decade 1890-1900 and the Committee of Ten was recommend- 
ing two full years. This was in 189,^ W hen the colleges re(|uire<l 
the extra half year, and later the add'iional full year, it seemed a 
natuial administrative maneuver to tack this on lo the course of 
study then in effect. Hut the recommendation of the Committee 
of Ten in 189.^ was (|Uite different. Thej- recommended fwQ hours 
a week of algebra in (irade 9,'- and ^'aboiit two hours and a half a 
week during the two >ears next succeeding/* They also reported, 
**The conference belicNTS that the study of demonstrative geometry 
should begin at the end of the first year s study of algebra, and be 
carried on by the side of algebra for the next two years, occupying 
about two hours and a half a week." It is CN-ident that they were in- 
terested in continuity of instruction. They said further. **lf the 
introductory course in geometry |this referred to informal geometry 

^^Src The llarviini Tctichrrx Rtrnru, .April, lo.u. P- So. uml \\m\. ig.U'. p. S4. 
i-Thoy rccoiini/od later tho po>,<iI)iIity 01 hruinniiitt ulnchra in (Inidr S. 
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in (iradoH 5. 0, ami 7I has hmi well tauKhl« both plane and solid 
Konnietry can ho nuisiomi at this time.'* For science stmlents in 
(trade u the>' recommended triuonnmetry and advanced alKebra. 
\Vc shall return tn this last recommendation later. 

In 1809 the t'ommiiieeuf the National Kducatlon Association on 
ColleKe Kntrame Ke(|uirements met and rejwrted. In crder to 
standanli/e the concept of a year of aluehra and a year of Keometr,, , 
they defined a * unii" of instriution. This dertnition has been c mo- 
mtmly accepted, while other su«uestinns of this Committee have 
been i«nored. The>- recommended puraUrt instruction in geometry 
and alKehra tbroimhoui (irades 7. 8, 9» ami 10. They called atten- 
tion to three sta«es of instruction in ueometry: concrete Keometry, 
the introduetion to demonstrative «eometry, and demonstrative 
Keimu'try. thus antiiipatinu siaues A. H. and (' of the British Report 
cm Thr Tnirfiin\( oi {iromvtry in SthooLs (192.0. They admitted 
that their Mhedule mailc possilde a half year of instruction in one 
subjeci f«>llo\ved hy a half year of instruction in the other, but they 
expressly disavoweil this, saying "tha* is not to be preferred." 
rbey Nvanied every teacher of mathematics to teach every branch of 
n'.athematics. This ei»mmittee not only expressed its interest in 
Kreater cimiinuiiy of instruction in mathematics; it was definitely 
out t«) achieve it 1 

Geometry in Grades 10 and 11. Despite frequent adverse 
criticism, ilemonstrative geometry will probaldy remain an im- 
portant part of (lie eourse of stinly in mathematics. This very criti- 
cism, however, may cause an acceptance of many modifications in 
content and method. Just what the>e moditlcatitms will he, is not 
easy to predict. We have as yet no clear idea ot what this subject 
ou«ht to uive those who study it. and no a.ureenu'nt on who should 
study it. We think we desire different enipha.^es on yeometric fact 
aiui iouic lor <lifferent sorts of pupiU, hut the details of this differen- 
tiation are still undetiM-mined. WMien we .<hall know how much 
training in matliftnatical reasoning a pupil can expect 10 obtain 
from (lemunstratiN e ueometry. the extent to which this spec 'a' train- 
ing can he extendetl to apply to reasoning bi seneral -if \ "s be 
possiiilo al all and the relative importance of the residual disci- 
plinar\ and cultural values of this sul)jecl. we shall be better able to 
decide how much of this is suiUmI to students in college preparatoiy* 
techni/ul. industrial. a.ij[ricultural, conunercial, an<l home economics 
curricula. 
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T\\v intportiiht facts of uimnielry can he learnwl apart from the 
clciails of loKical tleductinn common to domonj^trativc Kwmctrv. 
Triitv the hi^ical connections offer convenient associations of one 
fart with another that can facilitate this learning, but the mere 
aci|uisiticm of tht facts of ueomelry for some utilitarian pur|K)sc 
can be accomplished without this aid. It can be argued that goome- 
try cNemplifies lo a marketl degree the ?Keat advantage of a logical 
system when one is ordering a multiplicity of facts. In (his '•espect 
Ke(»meiry. though not uni(|ue. may be precndnent. When we re- 
gard geometry from this point <if view, however, we are c(mf *onted 
wiih the delicate task of determining the worth of an appreciative 
insight and of weighing the possibility of transferring a geonetric 
discipline lo the world of thought outside gcometr\ . 

There are almost no geometric facts essential lo students ii col- 
leue preparatory, technical, industrial, commercial, or home eco- 
nomics curricula which cannot be learned in the junior high school. 
These compri>e the fads concerning parallels, the sum of the angles 
of a triangle, similar triangle? and proMortion, the Pythagorean 
theorem, regular polygons and the circle, areas, volumes, and I'le- 
meniary ideas concerning lucus. We ha\e seen, moreover, that he 
slight divergences in ihe fiictual material of geometry essential to 
the various vocations do not warrant the differentiation of siuderts 
of demonstrative ueonieiry in tirades u and u according to curii- 
cula. 'Ihe important outcomes of demonstrative geomoiry pertain 
not to fads, but lo appreciations and clisciplines. Dirferenliatioii 
according to nuMiial ability, ihereTore, would seem more sensil)le. 
Pupils who caimoi appreciate an abstract logical system, mathema- 
tical reasoninn. will find little significance in demonstrative geomj- 
try. .A course in non-mathemiiiical reasoning and geiieri'iization 
which is better suited lo such pupils is outlined above. Let us con- 
sider what demonstrative geometry can offer to the brighter pupils 
• say the upper 50 per cent in (Irades 10 and 11. 

There is [iradical agreement that the main justification of the 
study of den^onslralive geometry relates lo logical thinking, at least 
St) far as tbis is confmed to mathematical thinking. The doubts and 
tibjedions multiply if we assert that the study of geometry improves 
thinking in general. .Mniosl no one denies that through geometry 
siudenls lan Icirn to apiu'eiiale wluit is nu-;:nl by an abstract 
loLiical system, especially a geometric system, and can impr(H-e their 
ability ' > rea>oo lo,u:ically in mathemarical situations. Difference 
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of (ipinion exists nmcorninK tho ptissihility of Kcnerali/inK this 
aliiliiy, (lissocuitin^ it from geometry, and transfcrrintt it t(i fwlU 
outsido maihenuitics. The specialists assort lhal this clisscHiatioii 
and iransier iirv |M>ssilde; iho uiMUTalists^ -leachvrs (if I'dueaiicin - 
are evenly divided (in ihis point, ll will prdbalily he safer ui dis- 
count the enthusiasm of the specialists here and to interpivi the 
division anionn ihe Ktiieralists as a • suspended sentence." Tor 
whether or not there is po.ssil)ility of transfer, specialist ami 
Keneralist alike admit that most teaching tif ueomeiry fails in this 
respect. It will he ."ialutary for teacher.^ of ue(uuetry to rruard the 
question as still open, and the fmal verdict still in their hands. (*on- 
ceivalily tliey can learn to teach this particular logical sysiem, 
demonstrative geometry, in ."^uch a way as U) Kive their pupils an 
appreciation of the characteristics common to all logical system>: 
to insist not only on logical de^luclion in }^eomeiric situations, hut 
to demand al.'^o a conscious dissociation of this di.'icipline from its 
oriKinal scttin« and its application to situations ipiite outside mathe- 
niJtics. Not until teachers idealize «eometry and so reveal it to 
their students can we expect any apprec'able transfer. 

'I'hat the opinion of yeneral students of education lias heen ciir- 
rectly represented, and the opinion also of specialists, teachers of 
mathematics in .school and colleme. will appear from the answers 
received to a hm^ list of (|ueslions concerninu y[eometr>*. as follows: 

1. "It is ct)mmonl\* said that the .study of Ki'<>nuMry in (irades 7 
to n should have three main results: (i ) a knosvled.ue of important 
geometric facts, (2) an improveil ahility to reason logically. (,0 ^^n 
appreciation of an abstract loj^ical system. Di) you a.uree with this 
stiMenuMil? If not. what is your opinion?" Twenty-four agreed 
with this statement: three agreed only in part: and two dissented. 
One of these last wanted analytic ueometry in place of demonstra- 
tive ueometry. The other (jualilicaiicms tended to limit any im- 
provement in logical rea.sonin^ to purely mathematical siluaiions. 

2. "(an the important forts of .ueometry he mastered below the 
tenth Rrade?" Twenty-lwo sai ' "ye.s": three said **many of them": 
four .said "no." 

**()u.uht the main oulconu^s »f demonstrative iicomelry to per- 
tain to hj^ical thinking*''** Twt nty-.^^even said "yes"; three said 
**no.** 

4. "Ou.uht a course in demoiistrative ticometry to show the pu- 
pib' lamonu other thin.us) the nature of a mathematical system, the 
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nceil of imdefmod tcrmn. the arbitrariness of ufsiiiiiptioiw. the possi- 
bility of arranKcmonts of propositions other than that Klven in their 
text? How important is this, relatively?" To the tkst part of the 
quest ion twenty-three answered "yes" thoiiuh four of these were 
dubious If any but the best pupils coultl profit by such instruction; 
six said "no." Most of the doubters were colleKe teachers of mathe- 
matics, Teachers in secondary schools maintained on the whole 
that this was very important. One replied. "( ertai'dy. So impor- 
tant that it s a calamity so few teachers are preparetl to kIvc It." 

5. "A certain experiment seems to show that demonstrative 
Keometry as now taiiKht -trains the pnpils" ability to reason little 
or no better than certain commercial sultjects. Do you think that 
demonstrative ueometry ttm hv so iau«ht that it 'vill develop the 
power to reason logically more readily than other school subjects?" 
All but one of the teachers in secondary schools said "yes" to this. 
Of the teachers of education, five said "yes" and five said "no," 
while two were uncertain. Some of the replies from Koneral educa- 
tors were as follows : 

W-s. if that ohjoitivc is iK'arl\- in the mind 01 ihc tisuher :uul mv:nis 
i\tv :i(l:i|)li<d tu I'lids. 

I (hin t know. IVrh.ips yi-s. if Kcoim-lry m: kfs a lonsiious effort in that 
(liri-ilion while olhrr hilds eoniinuc in he lasual ahout it. If all .>itii(lies 
I tin! to ai hii'w this i-nd. I (hm'l know whiih would he likely to make the 
ureati-.st eonirihulion. The .utcial .studies. I ."iaspeet. 

Several replies intimated that for those who like Ki""nietry, it is 
a uood medium of logical iiainin«; for other students other subjects 
would be belter. 

(). "If not (see Question 5I. what justification is there for con- 
tinuing to leach demonstrative ueomelry?" The answers here we.e 
predominantly - none" or "very little ': though some re( ogni/ed a 
cultural value in understanding what i.s meant i)y a logical .science, 
and some rated it at lea>t as good as other subjects for developing 
the ability to reason logically. 

7. "Tor what percentage (estimated) of all pupils enrol'ed in the 
tenth grade can we justify a protracted study of the logical aspects 
of geometry?" Kour said from 70 to 80 per cent ; three said 10 per 
cent or less ; the remainder said 50 per cent or thereabout. .\n esti- 
.iiate of 50 per cent in an.swer to this question comports well with 
oui- estimate of 40 per cent in tirade y who can i)rnfil from the study 
of al.'.>ebra. 
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M. **lf yiiu still stT niucaticuial |>i)SHibi lilies in domonstrativo 
Kfomotry, ilu thenc clopomi on a certain Mransfcr' of the logical train* 
init of KeonuMry to situations outside uecunetry In answer to this 
question seventeen secondary school teachers said 'yes," two said 
**not entirely/* an«l one sai<l that the transfer is "neKliKible " The 
teachers of education showed greater divergence of opinion: four 
said ''yes," two ^partly, and three "no." 

*'l)o teachers of geonietry ordinarily leach in such a way as t«> 
secure the trinsfer ot those broader attitudes and appreciations 
which are commonly said to be most easily transferable? ' To this 
twenty-fine said "no." Seven others graciously (|uali«\ed their re- 
plies as, Un example, 'some do." "yes, but in varying degrees," 'not 
as much as ihoy ought." One wrote. "As a rule, no. The pupils' 
and the teachers* daily aim and concern is not with logical thinking, 
not with creative, inventive, intuitive thought checked by logical 
proof, but with gelling the next two propositions/ reviewing the 
hist ten,* or *(loinu Kxercises i to 7.' " 

10. "If m\ |scc Quesiicm he w ought they to modify their 
ordinary methods in order to seci.re this transfer?" Some of the 
ani^wers it) this were as follow-** 

Mnkr I'wry |u)ssihlr I'ffort lu supply tin* roniniun ilrmrrus of ir.instVr. 

Tlu\v oimhi lo riuoiinuo thai iransfiT is nol likely to oi'iur unless it is 
tlircrlly Houtflil. ami tliry outfht to toarh for tin* iuir|)osr of siHurinK Innsfrr. 
Tlioy oujfhl to h:t\v clearly in iiiimi *hv silualions to whirh ihry are seekili« 
transfer, anil make tlie.se situations a part of their suhjeet matter. 

Thev ouuhl to emiiloy more illustralions of Ihe use of loKie in other 
tWltls. 

Tliey need to tnul exam|)les in life where nnuh ceometrie reaMinioK ran 
lie used ami put them hefore their luiiiils. 

The leaehine should he on the ihinkinu level, .iml not on the meehaniv.il 
level. 

They >ht)uld illustrate the |)rinii|)les of reasoninu in everytlay life a^ well 
as in Keometry. 

Hrinu in i-on>eijni^ne>s the louiial aspeels »if i»enmetr\". Stres> the 
method of analysis. \i^^\y the methods of ueometry lo other lu his of 
thought. 

Our leaehim: [i.iys a irood de.il of .iilention t(^ eunverse .Nlaienients and 
to the indirect puio,'. Liviim >ome emphasis on the form of .*»t.itement or of 
arRunienl. rather than on the rmitenl. With these exeei^tions hardly any 
.mention is p'^-t *'y ' ' wl formal louie a.*» criteria of judument. Kven 
in these exceptional cases ii is seldom thai sialements not referrinu to 
k'eomelry are ever discus>ed; in fail the word "lonverM*** here h.i> a mmnc 
Out permitted oiU^ide ueometry. This stale of ihiny- would he muih 
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improwil |ty ihr w liliiion of unc ur iwu loKical lutti^ns. m\\ a^c rontni* 
|Hi!iitiNr Kt.u«*nu'iiis and Dc Murrin'i invention of the univcrM^ of din* 
coiirM'. ami i'HVii;illy Uy plentiful diuu^Hion of cxnn)plc5 from non-tcchnical 

J<|HM'Cll. 

K(M|uirt \vi^% fonnal writinir of proofn and nnro thinkinir. 

SircM t\\\y\\\v oriitinaU with whivh pupiU van jiuccectl. UsdUK thr »hcon?nu 
K'\\'w\\y as paucrnv Con^iiler analogouA ytcpn in vvell-orBaniitcd argument, 
itrtiilcjt. \)W'A%. etc. 

Ai)plv iiuMhod^ \\) prohK-m» in oHu-r lirlds. v«.. inouomii priibleni^ an 
illu:((raUMl in vurmit events. 

Injure (he dissoiiaiion of ilu' nirthod ond it.< :ippliv\uion in non«tfrometric 
siuiaiion^. The i|ur!ilion ihrn comes whether you are really teachinu 
Keomelry. 

C'onir.idiilorx' :i> it in.i\ M'ein. I lu-lieve thai tlu' leaihintf of di'num,«itn* 
ii\e Ke»imrtry wouhl hr in^prowd ii i( invidveil more inioitive m;itcrial. 
Some imuiiive n^aterial from the ueomeiry of three ilimeiisiunn ctHiii 
sections miuhi hv inclu<iiM|. The intpuhuiion of proofs written in essay 
form hut none the less riiioruus miuhi he hel|)ful. 

Those replies show a demand Uit consci(»iis Kenerali/.alion of the 
method of demonstrative neometry and its application lo other tWIds 
of ih(»iiuht. True, this latter is not properly Kwmetry. Hut what 
matter, if It ntakes the whole of demonstrative Koometry much more 
smnilican! ? \'ery likely, a relatively small number of excursions 
of this sort will suffice to indicate how the loKiral discipline of 
Kcometry can be transferred to situations outside geometry. After 
all I the human mind can still uenerali/e. 

The method of dcinon»trativc ^c^nivtry unique in sccon- 
diiry mnthcinaticN. Kvidenlly the most important characteristic of 
demonstrative jioometry is its method. In this respect it hidds a 
uni(|ue position in secondary mathematics. The movement t(» batter 
down the pariitiims hetweei> »he (iifierent branches of mathematics 
a commendable movement, be it said, so h)nK (ts the oriKinal con* 
l(un"s can still be traced encountered serious resistance in (hMnon- 
sir.nive uiMHoetry; it would not fuse. The fimction concept, widely 
licrjidrd as a imifyinu principle in all mathematics, applies to 
demonstrative geometry in a sense (piite different from that in 
which it is apphed to arithmetic, algebra, and farlual Kci»metry. 
Kor ihe>e l.iiier il mrans the dependence of one vari.'dde upon an- 
oiher: for demonslralive ueonuMry it imlicates. if anyihioKi the tie- 
piMideuk-e tif ronclusion upcm h\'pollu»sis. True, the numbers of 
arilhmelii and algebra are emplosed in ueomeiry anil ihe lo.ui<'al 
>>>icm «)l ;;eiHiu-iry il.s C(»unierpari in ariihnielic and alKchriu 
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lull hotli are on a hi«luT level ihan we ordinarily attain in our 
preMMil instriution in seinndary schools. The student should ap- 
preciate the relation between irrational numbers and ineoininensin*- 
ahles in Kennietry: and he should know that* like ueonietry» arith- 
metic and algebra are abstract logical systems so abstract, in fact, 
that for exe.nplification of a logical system in detail, we prefer the 
concrete confiKurations of geometry to the abstractions of arithmetic 
and alKebra. We can, indeed, show him very liit'e of algebra viewed 
as a posiulalional system, hardly more than the part which defini- 
tions play in topics like ne,u[ative number and fractional exponents. 
We prefer^ on the whole, to illustrate the lonical method of Keometry 
by pertinent reference to fields outside mathematics. To facilitate 
this transfer we ou^ht indeed occasionally to abandon the usual 
columnar arrangement of the written proofs, in which the state- 
ments Thrrrforr . . . appear always on the left and the reasons 
hnaiiyr . . . are always on the ri^ht. in order that the student 
may practice the presentation of logical argument in (irdinary essay 
form such as we use in everyday life. 

The method of (lemonstrati\'e geometry is not limited to de- 
tached arguments. It reveals itself further in extensi\e and coherent 
logical systems wherein we recognize the need of undellned terms, 
definitions, and assumptions. We see that theorems in any system 
are true only in relation to the initial assumptions; if we \'ary the 
assumptions we have a new geometry. We can do this easily within 
the field of Kudidean geometry by substituting for the parallel 
postulate of the textbook any one of the theorems on parallels 
immediately followin.^ it. We can remind our pupiU that textbook 
writers fre({uently construct \-ariant geometries in this way. and can 
show them other texts which differ from theirs in choice of assump- 
tions and in .secjuence of propositions. The student will appreciate 
the meaning of a logical system far more from this insiyht into the 
possibility of several, many, geometries than from the do^i^tMl mas- 
tery of *'one al)soUite .geometry. ' 

The lof^ical chain of the .geometry text used is [>robably not com- 
plete. No matter, so hmii: as the student sees where the breaks 
occur. Kvery }^eome!r\" for adolescents pertiiits such ^aps in its 
logical framework in order to keep within the pupil's power of com- 
prehension. This is perfectly proper. It would be hiuhly instruc- 
tive, however, if the text called the student "s attention to each such 
lireak in the reasoning. 
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ThW iMnpha?*is on the logical aspect of ilemonsiraiive Koometry 
imiicates the desliability of reexamining the introductory chapter 
in current texts. It is not unusual to tnid diaKrammed therein cer- 
tain interesting optical illusions to show that we cannot always trust 
our eyes, but must check our observations by other means. The 
authors flo not suKjjest that a more exact experimental method would 
suffice: their aim Is to persuade the .student of the need of loKical 
development in Kecmetry. Would it not be more signitKant to 
.supplement this with excerpts from our everyday reasoning, and 
show that we need a check not only on our eyes but also on our 

A class in geometry will understand that the assumptions must 
all be consistent, but need pot be independent. They may be few 
i)r they muy be many. If we start with a brief list of Independent 
assumptions, we shall have to prove many apparently obvious prop- 
ositions by long chains of involved and (liftkHilt reasoning, We 
can avoid this complication by taking these obvious propositions as 
assumptions. In this way also we can aNoid all mention of super- 
position, which, while logically defen.sible, is a psychological stum- 
blingblock at the beginning of the course and not in keeping with 
the educational aim of the instruction. Pre.sent practice in this 
country takes '-motion'* and "rigid * as imdvfmed, postulates rigid 
motions of geometric figures, drfutvs '•e(|ual»" and proves e(|uality 
by rigid motions, i.e., by superposition. The Uritish Report on The 
Traehing oj Geometry hi Sehools (192.5) suggests that it would be 
simpler 10 take "ecjual" as undefined, postulate the existence of 
eijual figures, I.e., the uniformity of space and the possibility of re- 
producing figures, and to use this postulate of equality instead of a 
postulate of superpo.^ition to prove e(|ualily. In the same spirit, it 
seems to ihe writer that it would be still simpler to take ''equar' as 
umirfinvdy postuLite outright the first proposition concerning e(|ual 
triangles, the case of two sides and the included angle, and prove 
by this means the second propositi(jn on triangles, the case of one 
side and the adjacent angles -or even to postulate all three proposi- 
tions on e(|ual triangle.^', and one or two others also, at the beginning 
of demonstrative geometry.'-' 

\\\ allusion is made above to the desirability of linking the in- 

' 'A mure iletailcd :urtiunt appvars in an article by thr author. "Nutes on the 
First Vrar ui l)oml)n^lralivr (u-omclry in Soi'ondarv SchooKs." Thv Mathematics 
Ti'tu'hrr, Vul. WIV. No. 4. pp. 2\,\ April, lu.u. 
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nMumrnsurahle rase wilh irratinnal luimluM-. as nuich lo shnw \hv 
full siunilK-aiuT of irralioiKps as tn compliMiu'iit the |)nu)fs of com- 
nu»nsural)h' rases In jti'^^iuMry. It happens lhal our hahil acqiiireil in 
arilhnuMie of approximatinu an irrational niinihor by means of trial- 
aiul-ermr sifting of rationals into two .uroups too small, loo laryi*- • 
is essentially the (ieluiition of the irrational. Incommensurahles are 
clefineil similarly in terms of eommensural)les. If MX is parallel lo 
siilo HC of triaiiKle AJi( \ and .1.1/ is not c ommensurable with .t/i. we 
can approxin ate lo .1.1/ (ami sn define il) l)y sorting out the n)m- 
nuMisurahle ien.ulhs .1;;/'. .1;;^'. . . . which are too small, frcmi 
ihe comniensiiral)le lengths .1.1/', .l.U". .hi/'". . . . which are too 
lar«e. Parallels to JiC through . . . and .1/', M'\ 

.\r'\ . . . meet AC at >t"\ , . . ami \\ .V". .V"\ . . . 

The proof oi the commensurable case tells us that An' - .'o.lm' 

. . . : AX' kA.U' and • kAJi, These commen- 

sural)les are divided similarly into two firoups -too small, lou 
larue which together deiine the incommensurable .l.V and state 
that it is ec|ua. lo k AM. Teachers can impart the spirit of this, if 
not thi» tietails. to their classes in order that they may better appre- 
ciate the nature of the numl>er system and its relation to »>:eometry. 
It is not expected that the students will memorize an oftVial para- 
phrase of this "to i)lease teacher"' or to sati?'fy an examination re- 
((uirement. 

The relation of numl)er to .ucometry is fundamental and students 
should apj)reciate this, but this appreciation must not be won at the 
expense of an understanding of the logical outcomes of demonstra- 
tive K^^onietry. which it is almost unanimously agreed supersedes all 
else. Pertinent references to trif^onometrx" and analytic jteometry 
are illuminating and proper so lonn as they do not hinder the logical 
development of the demonstrative .u[t*ometry. Other material suit- 
able for illustration and emendation of present subject matter is to 
be found in the Kt*<>nielry of three dimensions and in certain topics 
of ^^niodern .u:eoinetr\ '' such as duality, similitude, j^ower of a ))oint. 
projection, and inversion: though here. too. it is important that the 
embellishments be not allowed to obscure the main theme, l)Ut be 
admitted only to f^ive it greater signitlcance. 

The ideas expressed above conctrninu a longer list of assump- 
tions, some nienti(.n of incommensurahles. and the subordination of 
numerical Iriyonometry to the logical outcomes of ^ijeometry receive 
support from leading teachers of mathematics in colleges and secon- 
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(l;iry schot^ls. In reply to .ae ((Uej^tioih ^inasmuch as the method 
«)f superposition is at variance with the usual logical tenor oi the 
text, should you object to |H)stulatinK the congruence theorems in- 
stead of proving them? And the theorems concerning central angles 
and their corresponding arcs likewise?" nineteen expressed them* 
selves in favor of postulating the theorems mentioned, and eight 
were opposed. Five of these eight were college teachers of mathe- 
matics, and their opinions were exactly balanced by the opinions of 
live other college teachers of mathematics. The teachers in secon- 
dary schools were o\ erwhelmingly in favor of extending the list of 
postulates. 

In reply to the ({uestion, *\Are you content to see incommen- 
surables commonly disregarded? Should you favor a treatment of 
incommensurables which depended on the pupils earlier experience 
with irrational numbers instead of on a 'theory of limits'?*' six said 
they were content to see incommensurables disregarded. Three of 
these taught mathematics in secondary schools, and three in col- 
leges. Kighteen wished to see some treatment of incommensurables 
retained, three of these favoring a treatment in terms of limits. 

When asked, *A\'ould you interrupt the logical development of 
demonstrative geometry with a treatment of numerical trigonometry 
in connection with similar triangles, or should you prefer that this 
topic had been covered earlier in intuiti\*e geometry or algebra?" 
eighteen replied that they prefijrred to have the trigonometry 
merelv inci(k*ntal in the course in demonstrative geometry, two were 
uncertain, and five were willing lo have the trigonometry play a 
large part. Four of these five were teachers in secondary schools. 
Two of them said. **The interruption is pleasant/' .\ third desired 
'•the correlation of number with geometric magnitude for expand- 
ing the number concept and for clarifying the fundamental ideas of 
arithmetic, and the utilization of algel)raic iuW trigonometric ideas 
whiMever thej* will serve either for conipiUation of geometric niagni- 
tu(h*s or for demonstration of theorems.*' The opinion of the pre- 
()f)nderant eighteen indicated that th^^' favored earlier emphasis of 
the numerical trigonometry before t : Uudent should have begun 
demonstrative geometry: that they would admit it gladly for the 
''computation of geometric magnitudes/* but would not use it for 
the ''demonstration of theorems.** This opinion was well expressed 
by a college teacher of mathetnatics who wrote, 'I do not believe in 
'covering* a topic and leaving it. I am in favor of touching on' an 
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important topic ut every opportunity. I prefer that numerical 
trigonometry be be{jun in algebra and carried alon^ in cumulative 
reviews throughout geometry/' 

(Vrtain leading teachers of secondary mathematics, almost all 
of whom are engaged also in the training of teachers, were asked, 
''How Wiiuld yo.i link the iciea of functionality with the logical ab- 
stractions of geometry?*- The replies were, respectively: 

I do not know, 
rd like to know. 
I woukln't. 

Until I have a better, or different, conception of functionality, I would 
.SUV that thi.< is the wroijj place to attempt the formulation of such a link. 
. . . through continuity ami variation, 

. . . throuKh the measurement of angle and the comparison of areas. 
. . . through Cartesian peometr>\ 

Every proof shows that the outcome depends entirely on the data. 
Sometimes a slight chanpe causes a complete change in the results. 

It will be noted that these last four replies link functionality 
with certain numerical relations in geometry and not with its logical 
abstractions: with geometry, but not with demonstrative geometry. 
The logical method of demonstrative geometry is undoubtedly- 
unique in secondary mathematics. Let us try to preserve its in- 
tegrity and widen its applicability. 

This insistence on the importance of the logical aspect of demon- 
strative geometry as contrasted with the facts of geometry is signifi- 
cant when we consider the sort of geometry, if any, we .should give 
to students in the different curricula. It seems clear that, regardless 
of the particular curriculum a student may elect, he should have the 
opportunity to study and appreciate the logical framework of 
demonstrative geometry if he has the re<iuisite mental ability, and 
should be spared prolonged effort in this direction if he has not. 
This appears from the answers of teachers of mathematics and col- 
lege teachers of education to a .series of eight questions asking them 
whether geometry ought to be taught in the tenth, eleventh, and 
twelfth grades in technical curricula, in industrial curricula, in 
commercial curricula, in home economics curricula; and whether 
the geometry of these different curricula ought to stress the logical 
or the factual outcomes. Only a very few would not offer geometry 
to students in commercial or home economics curricula. Almost all 
preferred that it be an elective for students in these curricula and 
that the subject matter stress the logical as well as the factual as- 
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pects of the subject. For students in iudusirial curricula there was 
a much greater demand that the geometry be obligatory, and a 
corresponding lessening of the demand for the logical outcomes; for 
those in technical curricula an even greater insistence on g( ometry 
as a prescribed subject, and on the logical outcomes also. Except 
for the students in technical curricula, there was no disposition to 
prescribe the logical rigors of demonstrative geometry for those who 
cann(4 endure them. For these and all others it is clear that geome- 
try as an elective was not deemed worth while unless its logical side 
be stressed along with the geometric facts. 

A comprehensive course in mathematics for Grade 12. In 
the course of study in effect in most schools to-day, the mathematics 
of the twelfth grade consists of solid geometry and trigonomet*/. 
Greater continuity in the course of study could result in a somewhat 
earlier completion of algebra and geometry, coupled with greater 
comprehension of these subjects, and would make possible an earlier 
start on the advanced subjects, IMriny schools, especially those 
which have a six-year course in secondary mathematics beginning 
with the seventh grade, can give a year and a half to advanced 
mathematics. Let us assume, however, that we have but the 
twelfth grade available for the a<ivancod subjects and consider 
whether we make the best use of this time. 

The solid geometry gives valuable training in the visualization 
and representation of figures in three dimensions; it also provides 
further exemplification of the logical methods learned in the demon- 
strative geometry of two dimensions. In the logical phases, however, 
we tend to be less exacting than in plane geometry, and the difficul- 
ties of our pupils arc not in this quarter, but are concerned rather 
with the actual relations between lines and planes in space. This 
rellects. perhaps, our opinion that we have reached a point of dimin- 
ishing returns from the sustained logical treatment of geometry and 
ought to concentrate on other matters, such as the facts of solid 
geometry and the further development of the pupil's spatial imagi- 
nation. Important as these latter are, we ought to recognize that a 
huge part of this training in visualization and representation of 
three-dimensional figures is more appropriate to the lower grades of 
the secondary school, although some of it, rloubtless, is diffrult 
enough to warrant its position in the twelfth grade. It is nov. clear, 
however, that because part of soli(^ geometry is (h'fficult. we ought to 
withhold all of it until the final year of the secondary course. A 
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Kreat many of the facts of solid KtH)metry are within the reach of 
students in the junior high school and ou.uht not to he denied those 
who Ko no farther. There is less reason to continue givin.i; a half 
year of solid geometry in the twelfth grade when we discover that 
the colleges, while interested that S(did geometry receive its proper 
share of attention in the secondary school and willing to credit a 
half year of it for admission, are even more interested in other 
branches ot mathematics. The higher technical schools and the 
scientific schools of universities find that their students* difficulties 
in freshman mathematics are due mainly to feeble and tumbling 
techni(|ue in elementary algebra rather than to any lack of informa- 
tion about the geometry of three dimensions. They are not particu- 
larly intere>ted in the topics usually covered in advanced algebra, 
but they definitely desire that their students give ev idence of greater 
algebraic experience and maturity, and recognize that this would 
undoubtedly result from further work of any sort in algebra. They 
all demand trigonometry and would regret any abbreviation of the 
present course. Some of this firm stand in favor of trigonometry 
derives from their fundamental interest in algebra, for in the trigo- 
nometric etjuations and identities they see excellent opportunity for 
further exercise of algebraic technique, almost the only opportunity 
for students who offer solid geometry and trigonometry for admis- 
>ii)n. Without yielding the formulation of the course of study in 
secondary schools to the demands of colleges and higher technical 
schools, we can at least study the latter s desires and opinions to see 
if they contain suggestions ot value. These institutions are no 
lonf^er inclined to dictate to secondary schools, even though they are 
not wholly .satisfied with their products. Undoubtedly they would 
be quite content to leave the ' hoice of topics in mathematics en- 
tirely in the hands of the secondary .schools and to build their 
courses on top of this foundation, if only they had assurance that 
the secondary course in mathematics was substantial, thorough, and 
continuous from start to finish, and in the hands of competent 
teachers. Taking their suggestions, and with them the suggestions 
also of teachers in secondary .schools and of teachers of education 
in genera), let us try to devise a course for Grade 12 which shall be 
for the best students an appropriate sununary and final goal of 
their entire cou^^se in mathematics in the secondary school. 

Trigonometry. In a course of study which is thorough and con- 
tinuous, a full half year of trigonometry in addition to the logarith- 
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nilc solution of the right triangle now incliu^ed In elementary algebra 
seems hardly defensible. If a half year was sufficient before this 
change was made, something like two-fifths of a year, say fourteen 
weeks, ought to be ample for the remaining topics, i.e., the oblique 
triangle and the analytic trigonometry of identity and equation. 
This suggestion implies no lesi^ening of the present requirement in 
trigonometry, but merely limits to a half year the aggregate of all 
time spent on it. 

Solid geometry. Offsetting somewhat the argument given above 
in favor of reducing the amount of time devoted to solid geometry 
in (Irado 12, is the contention that In this country in school and 
college alike we tend to neglect the mathematics of three dimensions 
and should do nothing to augment that tendency. The writer would 
not sacrifice the solid geometry cut out of Grade 12, but would in- 
clude it in the intuitional geometry of the earlier grades. The ma- 
terial thus demoted would be principall> the mensuraticnal proposi- 
tions. For quasi-logical treatment in Grade 12 the writer would 
reserve most of liook VI, and selected theorems from the later 
Hooks, especially those concerning the sphere. The term ^'quasi- 
logicaK* is used because the course would not be confined to a logi- 
cal treatment of the subject matter, but would include also the 
elaboration of certain configurations with careful use of drawing 
instruments, and computations based thereon involving numerical 
trigonometry. The appendix of the College K>itraucc Examina- 
tion Board Document, Xo. 108, which cletlnes the requirement in 
geometry, gives further details with many diagrams. This was 
prepared by Professor W. R. Longley of Vale University and is the 
source of the suggestion made above. The time devoted to solid 
geometry under this suggestion would be in the neighborhood of 
ten weeks. 

Algebra and analytic geometry. The desire of the colleges for 
surer technicjue in the elementary operations of algebra is reminis- 
cent of the familiar plaint of business men with respect to the 
fundamental operations in arithmetic. They would gladly sacrifice 
the delightful excursions beyond the field of arithmetic with which 
the schools beguile their future employees, if only they could count 
on greater expertness in the fundamental operations of arithmetic. 
The schools must meet this challenge, but not necessarily by con- 
fining the necessary drill to arithmetic. They must provide for 
sufficient overlearning to leave the desired residue of skill, but some 
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of this overlearninf< can profitably be i'cquired in fields different 
from "the same old arithmetic/' though closely related to it. 
Similarly, we can meet the request of the colleges for greater mas- 
tery of algebraic technicjuo— if we decide that it is for the best in- 
terest of the student to do so — by other means than by mere repeti- 
tion of the elementary operations of algebra in their most obvious 
and familiar form. Perhaps we can enhance the drill by providing 
the necessary repetitions in a variety of novel settings, in topics 
taken from advanced algebra, or in an extension of the earlier 
work in graphs to include the analytic geometry of straight line, 
circle, and parai)ola. 

Earlier in this article allusion was made to the algebra of busi- 
ness, commercial algebra, as less appropriate for students in the 
commercial curricula of high schools than for those students who in- 
tend to go to college before entering business; appropriate in some 
degree for all, however, to the extent that all of us have some con- 
tact with the i)usiness world and ought to understand the important 
part which compound interest plays in simple situations involving 
sinking funds, annuities, buying .on the installment plan, and the 
operations of cooperative banks. This sort of algebra makes signiti- 
cant application of the binomial theorem and offers ample oppor- 
tunity for drill in fractions and exponents. Some of it belongs in 
the eleventh grade os appropriate illustration of the binomial 
theorem. Further details can be given in the twelfth grade if de- 
sired. 

Of all these suggestions — advanced algebra, analytic geometry, 
commercial algebra — the analytic geometry offers probably the most 
natural point of departure. Five weeks ought to suffice for signifi- 
cant treatment of straight line, circle, and parabola, with sufficient 
exemplification of the solution of ^'geometry originals" by analytic 
methods to show what it is all about. Theorems concerning 
parallelograms, trapezoids, and concurrent lines of a triangle recjuire 
very little analytic geometry beyond that already taught in algebra 
to-day, and reveal the method of analytic geometry very effectively. 
One of the biggest obstacles to overcome in the beginning of thih 
subject is the prejudice of the pupil in favor of positive numbers. 
It is hard for him to recognize the point ((/, o) as representing 
points on the negative axis of x ecjually with points on the positive 
axis. If the analytic geometry teaches him nothing else, it will have 
served to drive home this fundamental idea of the generalized num- 
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her system uf alKebra. In addition, this subject will undoubtedly 
give him much practice with equations and fractions of a sort to 
extend still further his appreciatioii of the symbolism of algebra 
and the technique of employing it. 

The theory of equations and the derivative. The foregoing 
demands nothing beyond the linear and quadratic equations of ele- 
mentary algebra. vSince pupils generally consider the approximate 
determination of roots of equations of any degree higher than the 
second as (juite beyond their powers, it would seem highly desir- 
able to disal)use them of this idea, to explain that in general the 
approximate methods are the only methods for ecjuations of the 
third degree or higher, and to show them that their knowledge of 
graphs and functions is not restricted to (juadratics. In addition 
to the analytic geometry, the writer would suggest, therefore, a 
brief treatment of the theory of equations which would include the 
remainder and factor theorems; the determination of rational roots 
of polynomials; Descartes s rule of signs without proof; the proof 
that complex roots occur in pairs; and as much of differentiation 
as is necessary to get the equation of a tangent to a polynomial, 
to determine relative maxima and minima, and to locate irrational 
roots by Xewton s method. The allotment of not over six weeks 
to these topics indicates the scope of the suggestion. 

It is frequently asserted that secondary mathematics is not 
really complete until the essential spirit of the differential and in- 
tegral calculus has been revealed. It is easier to subscribe to the 
ideal than to realize it in practice under present conditions in the 
schools, where relatively few teachers are ecjuipped to teach this sub- 
ject. Nevertheless, certain schools now offer some bits of the dif- 
ferential and integral calculus and have for several years. If it seems 
wise to encourage this movement, teachers will learn how to bear 
their part in it. This is the time to consider all proposals for a 
comprehensive and climactic course for the twelfth grade, even if 
we deLide later to Ciualify certain more novel recommendations with 
the proviso that they wait upon the competence of teachers to im- 
part them. The topics from the differential calculus suggested above 
to accompany the treatment of certain topics in the theory of equa- 
tions represent about the usual recommendation for this subject 
and the usual point of application. The integral calculus is jess fre- 
quently mentioned. Still, if we holrl to our ideal that secondary 
mathematics will not be fully rounded until we have revealed the 
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spirit of the inleKral calculus, we must set down here the hope that 
sometime we can follow this brief treatment of differentiation with 
a significant exposition of the inverse process, using tne indefinite 
integral to determine the areas under curves and the volumes of 
solids of revolution. 

A comprehensive examination. This proposed course foi* 
Grade 12 can be briefly summarized: 

Completion of tht» present course in Irijiononietry (14 wi-cksK 
Solid geometry — louic. drawiuK. and incidental trigonometric computation 
(10 weeks). 

Further work in al^^ebra. including the analytic geometry of straight line, 
circle, and paral^ula ( 5 weeks) ; including also some basic ideas on the theory 
of equations with pertinent application of the derivative (d weeks'). 

.\ comprehensive examination based on the work of these 33 weeks. 

This examination will be at the same time a general examination on 
the entire course of study in mathematics in the secondary school. 

Here we have a comprehensive course of study in advanced 
mathematics which preserves the essential unity of the different 
branches, while showing important relations between them. The 
analytic trigonometry demands facility in algebra: the mensura- 
tion of solids is designed to involve numerical trigonometry : the 
analytic geometry applies algebra to geometry; the theory of equa- 
tions has a geometric setting and leads to an introduction to the 
methods of the calculus. An examination covering a year s course of 
this nature would serve at the same time as a general examination 
on the entire course of study in mathematics throughout the secon- 
dary school, and would be in itself a significant educational experi- 
ence for the student, who would find therein a fitting climax for his 
mathematical studies. Those who do not wish to elect this final 
year of advanced mathematics would find similarly that an exami- 
nation at the end of the eleventh grade in the algebra and geometry 
which they have been studying throughout the year would be at the 
same time a comprehensive examination on all their course in secon- 
dary mathematics. 

The proposal of a course of study in advanced mathematics 
which ignores the present division into half-year units, and the 
further proposal of a comprehensi\*e examination at the end of the 
twelfth grade, find support in many (juarters. as we shall see. 
The so-called comprehensive examination in advanced mathematics 
(( pH) of the College lintrance Examination Board would seem to 



ERIC 



208 



THK KKIHTH VKARBOOK 



make prosress in this direction difficult, thoUKh surely not im- 
possible, for the Hoard has always been ready to give careful con- 
sideration to new proposals and to establish alterna ive require- 
ments whenever there seemed to be a demand for them. However, 
this CpH examination cannot be regarded as truly comprehensive at 
all. and school and college would both be better served by an in- 
divisible examination covering a year s work in all three advanced 
subjects — trigonometry, solid geometry, and advanced algebra^ 
Tnder advanced algebra are included the analytic geometry and 
calculus mentioned above. On such an examination it would be 
possible to set questions involving two or more advanced topics 
simultaneously, Then for the first time we should have a truly com- 
prehensive examination in advanced mathematics. The present re- 
quirement governing this CpH examination is a development of the 
original regulation establishing the Xew Plan of admission to col- 
logo, under which a candidate offers four subjects and is examined 
up to the limit of the instruction he has received in each. To follow 
precisely the original intent of this regulation would mean the 
preparation of a comprehensive examination in elementary mathe- 
matics, as at present, and seven other comprehensive examinations 
involving elementary algebra, plane geometry, and each combina- 
tion of the advanced subjects taken one. two, or three at i time. 
For several years these seven were combined in one paper (Cp4) 
from which the candidate selected questions a:cording to the extent 
of his preparation. Obviously no one of the examinations contained 
in this composite could fairly be called comprehensive, partly be- 
cause of the time limit imposed, but principally because no question 
on the elementary topics could contain reference to any advanced 
topic, and no (}uestion on an advanced topic could depend on either 
of the other advanced topics, for fear of injustice to one or another 
of the seven different groups of candidates. The suppression of this 
examination in favor of the C*pH. and the restriction of this latter 
to those candidates who have studied at least two advanced sub- 
jects, corrects certain minor abuses of the examination system, but 
still offers a paper which attempts to examine candidates prepared 
in a multiplicity of different combinations of advanced subjects, 
although now reduced from seven to four. If the next adjustment 
could subtract another three and leave us with but one combination, 
we should have a genuine comprehensive examination in advanced 
mathematics* and should satisfy the original intent of the Xew Plan. 
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Such an adjustment requires an nKreement between collenes and 
secondary schools on an indivisible course in advanced mathematics, 
ami an examination framed in accordance with that agreement. We 
have had similar agreements heretofore : it is not loo much to expect 
others. 

Opinions on the propojied course for Grade 12. Let us see 

to what extent teachers of mathematics in schools and collewes, and 
teaclit-rs of education in j^eneral, support the ideas on a course for 
(Irade 12 as expressed ainu'e. In response to the first part of the 
(luesiion. 'AVoulH the mathematical training of hi^h school seniors 
be more effecti\el/ ^ :ppe(l by a composite course in (Irade 12 which 
should include Hook \*r of solid geometry, a numerical and some- 
what tri^^^nomeiric treatment of Hook VII, the remainder of 
numerical trinonometr\ and analytic trigonometry as at present, and 
the theorj- of e(|uaiions from advanced alKel)ra : or is the present 
practice of selecting two of the three advanced topics and i^norin^ 
the third about the best we can hope for?" eighteen teachers of 
mathematics said 'yes.'* six {four of them colle>i:e teachers) said 
^Mio/* and one was doubtful.^' In response to the (juestion, "Should 
you wish to encourage competnit teachers to make some use of dif- 
ferentiation in connection with the theory of equations in (Irade 12 
and of the indefinite integral for the mensuration of certain solids?" 
nineteen teachers of mathematics said "yes," six (three of them 
college teachers) said **nor and two (both college teachers) were 
doubtful, preferring not to pyramid novelty upon novelty. The 
(juestion. "Do you favor a comprehensive examination at the end 
of the twelfth ^rade for students who have undertaken an extensive 
program in mathematics?** received the assent of alniost all the 
teachers of mathematics in secondary schools and of teachers of 
education. Only i-ao ^aid **no.'* and only two were undecided. One 
who favored the comprehensive examination added, however, that 
he had never seen a published comprehensive examination that 
would be suitable for the purpo e. Several approved the compre- 
hensive examination, but wanted cumulative reviews and cumulative 
examinations throu^^hout the entire sec<mdary course. 

The following opinions concerning the comprehensive advanced 
course for (irade 12 show the extent of the difference of opinion 

" It >houlti be noU-d that thi> (iiK>tit)n docs not i-nliri'ly airnv with the course 
<ui£u'r>tnl at)nvo tor (»ra(h* \:\ it servo, however. t(» inriicale fhe attitiulc of 
teacher^ on thi,> trencr.il problem. 
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anuiiiK teachers of mathcmaticH; in most caH«?8 this ciifference is 
more apparent than real. 

One teacher who fa\*orefl the conipostle course, including a bit 
of (lirf:renilal calculus ai^kecl: 

Hut why omit Haok VIII? Sphoriinl Reoinetry with it5 snirprlsw and Us 
inturust smm to he left oui around and yet I think it is thrillinff. 

An rxcellenl answer to this and to other similar protests is not 
to omit spherical geometry, and some of it has heen included in the 
course outlined above. One of the few dissenters replied; 

I believe we shall have belter ri'*ult>«. certainly for the ^luilenl goinir to 
coUefTi. if we ilo not undertake nu)re than two of the advanced topic*. I 
am convinccil thai (in;e would not i)ermil .inylhinR but the most 5ui>enicial 
aci|Uaint.ince of (he :<luilenl with the two concepts (differentiation and 
inleKialion) if the necessary work to cover the usual ground is not lo suffer. 

It is part of the plan that the ^Hisual Kround" will not be covered, 
hut that certain topics will be omitted to make room for the new 
topics. 'Ilie dan«er of a superficial treatment is leal and so must 
be avoided, here as elsewhere. The beKinnioK of any new ven- 
ture runs the risk of an initial sta^e of superficiality, hut it is not 
intended that this shall be a permanent, or even temporary, feature 
of this new course. 

A member of the division of mathematics at Harvard wrote: 

I have often wondered why algebra was left out of the advanced eoursc 
in nialheniatics in secondary schools. Il seems lo me unfortunate, and I 
heartily endorse the movement to replare some of the dimonslralions in 
solid peonielry by .^elecled lopies from algebra. The theory of eiiuations 
is an excellent choice. Determinants and their application to systems of 
linear eciualions would be next in line. The minor topics sometimes treated 
are hanlly worth while. I am not ([uile so enthusiastic about the intro- 
duilion of a liitle labulus. at Irasl at the pre.^i'nl lime, for two reasons'"'— 
first, brietly. to avoid lr\"inc too many new things at oiue: second, lest the 
later tn-almrnt of the calculus in collejje lo.'ie some of its savor. 

A j^roup of five members of the department of mathematics at 
Princeton replied: 

Heiause of the ureat in^piirinnce of alurbra in malluMnalics in college and 
the relative unimportance ot sohM geometry, we advorate a combination of 
trigonometry and atlvancrd algebra and have been doing so for at least 
five years. We favor the use of differentiation of the polynomial for abler 

^'•From this point to the end of the para.iraph the wonlini: of the unsv.cr wa> 
.summarized by the writer. 
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students but ftrl that thi* indefinite inteatal should he iH)Sti>une<l until 
coUeRc. 

A member of the department of mathematics at Vale wrote; 

This idea (of a composite course) appeals to me. (General agreement on 
details may be ditVicult to Ket. I shouhi spend Uttle time on Book VI. I 
sliouhl prove noihinjj that is self-evident as a fact. 1 sshould emphasise the 
triKonometric irratment (if Book because of its value in developing 
space perception. I should begin the year with analytic lrigonometr>' and 
en.l with solid ueonu'iry as offering the best climax to a cumulative n)urse. 

He approved the inclusion of certain topics from the calculus. 

The con.^ensus of members of the department of mathematics at 
the Massachusetts institute of Technology seemed lo be thai they 
would be willing to accept a comprehensive examination in ad- 
vanced mathematics in place of separate examinations in solid 
Keometry and trigonometry, provided this new examination should 
demand a greater competence in algebra wMthout lessening the 
present re(|uirement in trigonometry. They were not deeply inter- 
e.^ted in solid geometry and would gladly forego some of that in 
favor of greater competence in algebra, even elementary algebra, 
with extended application to straight line and circle in analytic 
geometry and with a little, perhaps, of the theory of e(|uations. 
They did not care for determinants, but attached the highest im- 
portance to the mastery of analytic trigonometry. They were in- 
terested in encouraging an introduction to the calculus in secondary 
schools, but not very much interested; and they would surely wish 
the teachers who undertake this w^ork to be competent to do so, 

Krom another member of the division of mathematics at Harvard 
the following ref^ly was received: 

What is needed is drill, or practice, in correct algebraic manipulation. 
When our students fall short in algebra d mean college .students), it is be- 
cause they cannot add two fractions corrertly. or cannot handle exponents. 
nr the like. It isn't turause of theorems they don't know, like the bin<miial 
theorem, or the relation between coetVicients of an e(iuation and the .^ym- 
metric functions of the roots. Their t)ig need is accuracy in algebraic irans- 
furniations. This defect, i.e. innoienre of mani])ulative ability, has a tirsi- 
rate chance in Iriuonometry. i.e. in analytic triKonometr\-. There you Ret 
transformations fialore. with alpebra and trigonometry workinR toRethor. 

.\nother t'leld for excellent practice in alpebra is analytic geometry. 
I should prefer put tine in some of that to puttinu in theory of equalitins. 
It hooks up immediate^'* with the trigonometry and the .solid Reomelry. anri 
Kives a better introduction to the ideas of the calculus. Thir connects al.-^o 
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wiih tho pupils' Kraphs in alRchrii. and moreover, it has an a[)peal. namely 
of a nuihine that works. Finally, analytic geometry helps much to create 
an appetite for theory of e(|uations at a later date.' 

Of course Im all for the schools trying to frame an ideal education 
from their stand|)oint. and for the colleges lakinR what they rci for the best 
of it). Precise topics ;ire important almost not at all. Nlaturity is the big 
thinjj. When colleKes learn this, we shall have better education. But that's 
all another story. 

Certain teachers of mathematics in secondary schools replied a.s 
follows: 

I shDuhl like ti» see siime advanced algebra o*" analytics replace a part 
of solid Keomelry. I shouUl favor a brief study of the el.nients of differ- 
enli.il and inleKral calculus, but not as indicated in the (|uestion. 

It is my Dpinion that whatever subject is laupht shouM receive thorough 
treatment. Preserve us from a "hodKepodue." Not only the teachers, but 
the stuilents also must be competent. I teach as much differentiation as 
they can staml and use in the theory of e(|uations. I have not taught the 
imlefmite integral. 

I wouhl have a mittitnnm of .^olid geometry, irigonomelry. analytic geom- 
etry, and calculus. I have given such a cour.'ie this year to su|>erior students. 

.\ receiit syllabus for a half-year course in advanced algebra now 
effective for the State of New York includes the analytic geometry 
of strai.^ht line and parabola, and an optional section on differen- 
tiation with api^lications to problems in maxima and minima, 
velocity, and acceleration. 

From this diversity of opinion a body of ideas emerges on which 
almost all can agree. First, if we devote (irade 12 to but two ad- 
vanced subjects in mathematics, the two we regard as most itn- 
portant» we are compelled to ignore other advanced topics some 
parts of which we wish to retain. Second, we ought lo provide 
a signitkant, substantial, composite cour.se in advanced mathe- 
matics as a luting climax for the entire course of study in sec- 
ondary mathematics. Third, we had better not tamper with trigo- 
nometry. Fourth, the amount of solid geometry can he reduced, 
and denumstrative methods be replaced in large measure by 
an intuitive and c(miputative treatment. Fifth, those who are 
to use mathematics in college ought to have ^renter protkiency in 
algebra. One way to obtain this is through analytic geometry. 
Sixth, there is considerable interest in certain topics of the calculu.s 
as a proper dosing tlieme for the course of study in secondary 
mathematics, in order that the .student may glitnpse the methods of 
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modern mathematics and the sort of problems it can solve. Seventh, 
this program should culminate in a genuine comprehensive exami- 
nation. 

Summary, This article collates the theories of general educa- 
tors with the theory and practice of teachers of mathematics, and 
shows a surpri.sing agreement among them. All are interested to 
strengthen the pulse of junior high school mathematics, to provide 
the proper course for inferior students as far as they can pursue 
mathematics with protlt, to give greater substance and coherence to 
the mathematics program for superior students throughout the 
entire si.x years of the secondary school to permit students to termi- 
nate their niathematical studies at any one of .several stages, while 
not interrupting the continuous advance of tho.se who intend to 
persevere to the end: in short, to recognize individual differences 
and diversify the offering accordingly; to recognize also the need of 
individual development and meet this need with a coherent and 
continuous program. 

The practical application of these tlndings to the course of 
study can be represented .schematically as follows; 



For Si'pkrkjr Stvden'ts For Inferior Students 

Gconu'try la full milf yeiir) and Geometry (;i full half yuar) and 
arithmetic. arithmetic. 



Grade ,? 

Alpehra (a full half year) and Formula, praph. equation; arith- 
arilhmetic. metic; geometry including trigo- 

nometry of the right triangle. 



(trade g 

Algebra, advanced arithmetic Junior business training, with inci- 
( computation }. and numerical trigo* dental arithmetic, taught by the 
nomelry — for the uppei 40 per cent commercial department. (This ends 
of students in this «rade. the prescribed course in nialhe- 

matics for the lower 60 per cent.) 
.\ half-year non-mathematical course 
in generalization and logical argu- 
mentation de.^ijrned to preserve so far 
as possible the outcomes of algebra 
and geometry. 
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Grade jo 



Demonstrative geometry for the 
upper 50 per cent of students in this 
grade. After this is well started, a 
continuation of algebra in parallel 
with it. (.Those who take algebra in 
Grade 9 ought to continue through 
(irade 10 before dropping mathe- 
matics.) 



Demonstrati ve geometry and 
gebra in parallel, completing the 
usual course in elementary mathe- 
matics. 



.\ comprehensive course in 
nometry, solid geometry, algebra, 
analytic geometry, and some refer- 
ence to the methods of the calculus. 



No mathematics above this point 
for inferior students. 



Grade 11 

al- Xo mathematics. 



Grade 12 
trigo- Xo mathematics. 



The differentiation in subject matter is made accordinR to mental 
ability and not accordins; to curricula. Mathematics deals with ab- 
stractions and also with the practical application of these abstrac- 
tions to life. Every student ought to get as much as po.ssible of 
both phases. The mathematics of the shop is little different from 
mathematics in general. .A course in shop mathematics serves 
mainly to capitalize the shop interest of the pupil; it ought to turn 
his interest to mathematical abstractions and generalizations, and 
extend these beyond the field of mathematics, just as every good- 
course in mathematics strives to do. 

The secondary schools copied the elective system and "credit 
counting'^ from the colleges. Now that the latter are turning from 
this to the balancing of wide distribution with concentrated mastery 
of a chosen subject, the secondary schools might consider if they 
too cannot provide greater continuity of instruction and substantial 
mastery of a subject for students. .\s an aid toward that end, 
parallel instruction has been proposed in algebra and geometry, 
followed by a comprehensive course in advanced mathematics for 
the best students, and capped by a comprehensive examination on 
the subject matter of secondary mathematics. Such a course pre- 
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serves the essential individuality of each subject and reveals also 
the important relations between subjects. Each subject is viewed 
us a separate whole, and as part of a larger whole. 

This program demands more of the individual teacher than is 
now expected. In fact, certain adverse criticisms of this program 
were directed not so much at the ideas proposed as at the apparent 
failure to recognize how foreign they are to the professional equip- 
ment of most teachers in service. The innovations proposed come 
at significant points in the course where a little, deftly adminis- 
tered, will go a long way. These many ^Mnickles*' make a mighty 
'knuckle/' An understanding of the number system of algebra, 
the relation of irrational to incommensurable, an appreciation of 
what an abstract logical system really is. are all matters 
within the grasp of teachers in our schools and are a necessary part 
of their professional equipment. We have paid glowing tribute to 
the work of Professor J. W. Young in behalf of secondary mathe- 
matics in this country. For a real appreciation of his contribution, 
let us read again, and stuciy carefully, his book on The Fundamental 
Concepts oj Algebra and Geometry. With that as background let us 
return to our classes, not to teach the matters set forth in his book, 
but ready always with the point of view which, by a brief sentence 
here and there, can orient the pupil and give him a genuine apprecia- 
tion of the subject he is studying. This program demands also the 
sympathetic oversight of a su^^ervisor who is interested in both 
bright and dull pupils, is thoroughly familiar with the mathematics 
of all six grades, and can teach in every one. 

The proposals made in this chapter aim to reconcile two philos- 
ophies: one, the philosophy of the Committee of Ten (1803) <ind 
of the Committee of the National Education .Association on College 
Entrance Requirements (iSgg) favoring a substantial, continuous 
course of study for superior students: the other, the philosophy of 
modern psychology which recognizes the unsuitability of much of 
this material for less gifted students and would provide markedly 
different subject matter for them. 
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THE MATHEMATICAL COLLECTION 



By GEORG WOLFF 
Hersckelschule, Hannover, Germany 

Introduction 

Deductive reasoning versus inductive reasoning. RaphaeVs 
famous fresco ''The School of Athens," which is in the so-called 
Stanze of the Vatican, illustrates the opposition between two schools 
of thought which have existed in all branches of learning since the 
ancients, and especially in philosophy and mathematics — deductive 
reasoning symbolized by Plato as opposed to inductive reasoning 
symbolized by Aristotle. Two of Raphael's pictures represent, on 
the one hand, the very strictest reign of logic in the science of 
numbers — in arithmetic, algebra, and analysis — and, on the other 
hand, the greater tolerance of geometry as an applied science. 
Euclid's compendium of the mathematics of his time followed 
Platos steps, thus leaving little strictress of construction to be 
desired. 

For centuries this scientific method of Euclid's has been used 
in schools as a method of teaching mathematics to young people, 
without any consideration of the fact that reasoning ability must 
first be developed and that according to psychology the way leads 
from th(i inductive process to the deductive. 

Pedagogical science only has been interested in the important 
trend from primary emphasis on deduction to primary emphasis 
on induction. Johann Heinrich Pestalozzi (i 746-1827), Johann 
Friedrich Herbart (1776-1841), and Adolf Diesterweg (1790-1866) 
came forward with their principles of Anschauung (intuition), and 
happened to be interested in pedagogy as well as in mathematics. 
If they had not been, who knows how mathematical teaching might 
have developed! Later the great pedagogue George Kerschen- 
steiner (1854-1932) with his profound ideas on activity-instruction 
joined them as a friend and promoter of our subject. 

The movement toward emphasis on intuition and activity. 
This movement to emphasize intuition and activity was chiefly a 
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pedagogical one, and was pushed forward by resolute didacticians 
of mathematical teaching, above all by Felix Klein and Peter 
Treutlein. Their names are closely connected with the well-known 
hUernatiomilc Mathnnatische Vntcrrkhts-Kommission (1 M U K).' 

The necessity of changing the point of view of teachers in our 
subject has been thought very important. This is evident from the 
fact that at the fourth meeting at Cambridge, England, in 1912, a 
member of the central committee of the I M UK, Professor David 
Eugene Smith of Teachers College, Columbia University, gave an 
Important report on ^Tntuition and Experiment in Mathematical 
Teaching in the Secondary Schools." The essential point of this 
report was the discussion of the question of how far strict system 
in geometry and algebra had been given up in the different coun- 
tries of our globe. Professor David t^ugene Smith stated that in 
iiermany a considerable fusion between deductive and inductive 
reasoning could be observed and that in object lessons different 
means of instruction were being used for the purpose of making 
clear and deepening the abstract subject. 

Fusion of deduction and induction. Since 191 2 we in Cier- 
many have pursued this method of fusion, since it is the only one 
that arouses the interest and activity of youth. The heart of the 
matter is for us to go back to the inductive method; then to try 
to come to analysis. W'e do not proceed to deductive reasoning 
before a subject has been sufficiently developed in an inductive 
manner and before the young intellec is capable of receiving sys- 
tematic statements. This method of instruction may be called the 
"physical method'' on account of its close relation to the teaching 
of science. In conse((uence of this parallel to the sciences, we 
speak of demonstrational teaching, practical work, classroom \vork» 
laboratory work» and ^ mathematical collection." The substance of 
the new method is the collection of models, for by this means occa- 
sional practical work in the mathematical laboratory is possible. 
However, we do not think of transforming the whole teaching of 

mathematics into practical exercises as is the case with physics, 

chemistry, and biology -but teaching by demonstration is at present 
of greatest importance to the pupils, and in this method models are 
certainly of great assistance. 

The Englishman. John Perry (1850-1920). planned practical 
work in mathematics lessons, but there is a great difference between 

' InttTnatimial Omimi^^um nn llu» Ti-achinu of Mathematio. 
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his and the modern point of view. Perry walked with seven-league 
boots across the matter of instruction. He attached little value 
to systematic advancement by the pupils from proposition to prop- 
osition, from rule to rule: he only informed them of the lesults, 
as in the theory of powers and roots, and introduced them to the 
technical application of these rules. This method may be practical 
for the training of reasoning power, but it cannot result in such 
good (lualities in youth as those we intend to develop. 

Educational Svstkm and C'lrRRicrLi'M 

The curriculum of the Hersclielschule. .\ short account will 
be given of the organization of the mathematicnl collection at the 
Herschelschulc,^ Hannover, Before doing so, the outlines of the 
educational system of this school and of its curriculum for the 
teaching of mathematics must he traced. 

The Herschelschule is an Ohcrrcalschidc, It has nine grades 
divided into three sections: lower course (first to third year), inter- 
mediate course fourth to sixth year), and upper course (seventh 
to ninth year). Pupils enter the school at the average age of ten; 
they usually pass the final examination (the Abitiir) at the age of 
nineteen. The following is the teaching curriculum : 

LOWKR COiruSK 

1. Ariih»ietu\ Operations with whole numbers and fractions 
(common and decimal), reckoning in \} concise manner, rates of 
interest. 

2. Geometry, Beginnings of geometry, congruence, symmetry, 
the quadrangle up to the trapezium. 

INTKRMKDIATK COl'RSK 

1. Algebra, Use of letters, theory of equations up to quadratics 
in one unknown cjuantity, proportions as equations, powers, roots, 
logarithms. 

2. Geometry. Exercises on triangles and (juadrangles. ecjuivalent 
figures, the whole theory of the circle, similar figures, simple exer- 
cises on orthogonal projections, axonometry. 

3. Trigonometry. Right-angled triangle, law of sine and cosine, 
practical exercises. 

- Tlic school i< namrd uflor the jircal a.-lronomiT. FnvK'rick William Herschel 
( i7.^S-i8jj). born at HannovtT. 
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UPPKR COrRSE 

1. Arithmetk. Arithmetical progressions of first and higher 
order, finite and infinite geometric progressions, compound interest 
and annuities, statistics. 

2. Algebra. Quadratic equations in two unknowns, solution of 
a cubic and other equations by graphs, table of values and noniog- 
raphy, elements of differential calculus up to the discussion of 
graphs, elements of integral calculus. 

3. Geometry. Analytical geometry of the straight line, the 
circle, and the conies, producing of conies by cuts and by affme, 
collinear and commonly projective relationship, perspective, pho- 
togrammetry, difficult exercises on orthogonal projection. 

4. Trigonometry. Difficult calculations in plane trigonometry 
field work, spherical trigonometry of the right-angled triangle, law 
of sine and cosine, astronomy with practical exercises. 

This curriculum we call Kernlvhrplan (curriculum essentials). 
With exceedingly clever classes these subjects may be increased, as 
there is also a Randlehrplan (bordering curriculum) that includes 
items such as analytic and geometric discussions of functions 
with complex variables, nomography, amplified statistics, and diffi- 
cult exercises on integral calculus. 

Thk Parabola 

General use of mathematical figures. The parabola will be 
discussed first in order to give an idea of the models, the means of 
instruction used with such a collection, and the mathematics les- 
sons as a whole. It is very important to show the student mathe- 
matical figures, not only in their abstract shapes, but also in the 
great variety of forms and applications to be seen in daily life 
both indoors and outdoors, and in the apparatus of factories and 
laboratories: in short, mathematical forms evident in the surround- 
ings of man wherever he may be. 

Before explaining our ideas on the use of models during lessons, 
the subject of teaching must be considered for a moment. When 
a pupil, the writer learned only the old Greek definition of a 
parabola which is founded upon the focus and directrix (Fig. 4). 
He became acquainted with many nice (jualities of this curve, 
opefi on one side, but did not obtain a complete idea of the parabola 
until after leaving the secondary school. The present (ierman 
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generation is better off. Another example of the new method is 
used in the intermediate course when pupils learn the power func- 
tion y~:.v*- iFi^. n and to understand variables like v = — ^.v-. 
They also understand .v- = v and ^- — v without difficulty. 

Generation of the parabola. At the Oberrcalschule we try to 
make pupils understand the methods of generation which modern 
jreometry ^ave us more than a hundred years a^o. They have the 
advantage of variety and clarity. The generation of the parabola 
by a projective ran^e of points (Fik. 5) and the special cases result- 
ins f^^^i^^ lik^ I'^K' 3» ri^^i^^ mentioned here. 

The K^neration of a parabola by envelopes is another related 
method; these envelopes are tanf?ents (Fif?, 2) and are, therefore, 




the dual case of that shown in Fi^. 4^ the generation by a projective 
ran^e of points. 

Hut there is still another method. The (juestion, keeping in 
mind the idea of the transformatitm of tlf^ures in Poncclet\s sense, 
is how to get a parabola by affine projection. It is cmly possible 
by another parabola. 

If these different methods of generation are carried through dur- 
ing the class period and if the pu^:ls actually draw the cur^e ac- 
cording to these directions with their own hands, they will surely 
understand the parabola better than we did in our school days. 

Examples of the use of models to enlarge geometric con- 
ceptions. The models are found to bo of still further assistance 
in the enlargement of geometric conceptions. Those which we see 
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in Kigs. f)c and 6/ are especially useful if we turn the bars to which 
the rods are fastened. The Figs. 6a, tb, 6c, and 6d illustrate the 
operation. If we ima^?ine the initial motion continued in each case, 
we finally see the parabola become a straight line. 

Xor is a use of such models sufficient. Experiments, other 
models, and a study of the relationship of geometric forms to the 
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external norld all lead to a deeper insijjht into the subject. The 
work is planned in this way to necessitate de<luction and to provide 
examples of application, which cannot be discussed here, before 
theoretical treatment. The exact arrangement is a matter of taste, 




Via. -J 



Fig. 12 



of disposition, of personal point of view. One cannot proceed in 
the same manner every year. 

I'ivt^y [)upil has observed the stream of water that makes u 
^^hend" asH^ cotnes from a hose. This curve is shown by an experi- 
ment (Ki.u. 8). Holts and projectiles (Fi^. 9) fly in a ballistic 
curve which is nearly a parabola. W hen metal is deflected (Fig. 10), 
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a parabola can appear. Finally, we study something connected with 
the subject of falling bodies, nanu^ly, that curve which results when 
the spaces traversed in etjual portions of time are represented by 
hanfjinK rods (Fin. 7). 

KxaminiuK the change of volume of water between 0'^ and 8 
centiKrade when discussing the theorj' of heat, we find the parabola 
indicated in Fi^. 11. 

When we were sludyinu: the conic sections in this way, a pupil 
produced Fi^. 12. and vcritied the fact that there was a parabola 
by pointing out the vertical bars involved. 




When a cylinder conlainini^ some litiuid is turned (m a whirling- 
machine iViii, 13), a parabola is distinclly to be seen. This sives 
the first occasion for the mention of that solid figure which is the 
result in reality, the paraboloid. We use the same whirling-machine 
and put on it a parabola cut out of metal.'' Hy rotation we olitain 
the parabolic solid (Fi^. 15) of the ecfuation .v-+ v-- 2/)c -~ 0, 
its projection (Fi.u. 16) l)einfj; a circle (see also Fig. 17). When we 
(liscusse 1 thi.^ .generation of a paral)oloid, a pupil presented the two 

•All thi ;il)()Vv-nu-ntiiinrd m(ulrl> i;an be oblainod from the Sihul-ViTlaushand 
lunu Kroyr. FcrnnKliT'-tr. h>» HunniAvn (iormany. 
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plaster models of paraboloids (Tljis, i»s and ig) depending upon the 
parabolas v- 2z and v-* - 4:, 

So the problem of the elliptic paraboloid su^Kested itself. Its 
ec| nation is: 

A'- , V- 

. • • • JAv . :. O. 

(/• () ' 

After thi> digression into solid geometry, we return to t)ther 
methods of ^leneratinj; a parabola. The fact that the sections of 
the above-mentioned paraboloids produced parabolas suj.w'sted the 
({Uestion of how to obtain this curve by other sections, The experi- 
ment with a conical ahss (Kin, 2,0 tilled with a dark li(|Ui(l shows 
the parabolic form, (lerminal Pierre Dandelin ( 1 7(}4"iN4v>. as is 
known, inscribed a sphere in a cone (Fiy. 20) with the aid of which 
one can obtain the analytic form of a parabola without extraor- 
dinary difficulty. If we intend to connect the parabolic section with 
central collineation, the model I Imk, ri) will be of .ureat use. The 
movement (Fijj. 22) shows the perspeciive relationship which exists 
between the circular base and the section with the vertex of the c(me 
as center. 

The crown of geometric research still remains the central col- 
linear drawing which we used at the last. The sketch in Ki,u. 14 
shows in the form of a diagram how to i[v\ the t\^ure of a parabola 
with the aid of a projector and a circular disk of metal or wood, 
The brush of rays and the position the circle is demonstrated 
very distinctly in Fij;. 24. 

General purpose of the method. Let us cast a backward 
glance at this brief account. The essential point is ohsrnation of 
functions in thr ^ridrst smsr, On the one hand, the \arious forms 
of the parabola in itself are to demonstrated (|uite cU»arly to the 
pupil as the many forms shown to him inrlicate. On the other hand, 
the pupil has to realize fully the diversity of generation. Therefore, 
the curw it<elf and the methculs of ueneration are seen to be 
actually functional. 

We must cease to show the pupil the mathematical figures in the 
textbook or on the blackboard. \lv must draw them himself; 
he must take the models in his hand and ^^tudy with his own hand 
and eye what takes place. The experiments descrilied must either 
be executed by him or demonstrated to him in the mathematics 
lessons. Then his eyes, and his heart t(U). will \)v opened to the 
curve: then he will j^et a vision of space in the world around him. 
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General Remarks on the Use of Models 
Usefulness of niodels in mathematical instruction. A further 
discussion of the mode's referred to above is necessary to explain 
their use in mathematical instruction. This may be demonstrated in 
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a general as well as a special sense. (Jenerally speaking, there is 
great educational value in the methodical and pedagogic aspects of 
the use of models: specifically, we have to acknowledge the didactic 
and logical assistance of such material. 
Models may be used as follows: 

1. Mathematical (jualities can be symbolized by real actions. 
Here we mention Kigs. 6 and 23. 

2. Understanding of diftlcult processes of reasoning can be facili- 
tated by empiric help. This purpose is served by Figs. 14 to 22, 
and 24. 

3. The possibilities of applying mathematics can be shown in 
the pure and applied sciences. The models shown in Fig. 13 and 
in Figs. 7 to 12 are suited to this purpose. 

4. The usefulness of mathematics in social life can be proved. 
Here we mention the many games that use small sticks and plates, 
as well as the arithmetical and geometric games. 

Models can be employed in teaching in the following ways: 

1. To prepare a deduction. Kxample: If a paraboloid has been 
generated by rotation (Fig. 15), its equation can be easily deduced. 

2. For the deduction itself. The typical example is the model 
of Dandelin's sphere (Fig. 20). The qualities of a parabola are 
scarcely to be comprehended without this means of instruction. 
The experiment illustraterl in Fig. 8 is a good example. 

3. To prove a deduction. If we have demonstrated, for example, 
the proposition of the similarity of all parabolas, the models in Figs. 
(hi, 6c, and ()(\ with the indicated points, will show this (juality. 

4. To prove theoretical reasoning. The rehitionship between 
circle and parabola is to be deduced in f{uite an abstract manner. 
The models in Figs. 21.22, and 24 illustrate the truth of this reason- 
ing. The apparatus in Figs. 7 to 10 can be employed likewise. 

5. To widen the subject dealt with. In the first place examine 
l-'ig. 12. The right use of models relieves mathematics of its in- 
trinsic rigidity. It clarifies ideas and notions according to the 
famous vords of our Konigsl)erg philosopher Emmanuel Kant: 
Jirj^riilr ohnr Auschauunn sind iccr, that is, Tdeas without views 
(perceptions) are empty.'' 

.\rithmktu: and Algkbra 

Further examples of the use of models. Some models from 
the different branches of school mathematics will now be described 



THK MATHEMATICAL COLLECTIOX 



2^^ 



according to their purpose and use. It h not possible to name or 
present all the apparatus which we have collected in the course of 
time. Such an enumeration would be too long and of no general 
interest. The intention here is^ in the main, to indicate some 
novelty. 

In arithmetical teaching, the abacus in the form of a soroban 
can be used according to the example of the Asiatic nations. In 
Kigs. 2$ii and 2$b we see a ledge dividing the case into two parts. 
In Fig. 2Sii each ball above the ledge means ten units: in conse- 



0 Fig.Z5 b 




(juence. in the lower part of the case ten halls are to be found on 
each rod. The balls pushed upward are c( -.nited and the number 
48 can be read off on this model. 

On the second ai)acus five balls are below and two are above. 
Each upper ball means five units. The number 68 is easily read 
off. From this ai)acus the mechanical calculator has developed. 

Fig. 28 shows our idea of how to demonstrate and make clear the 
simplest matters of instruction. These scales are taken into the 
classroom, and water or something else is weighed, so that the 
pupils learn to use weights. 

The nomogram (Fig. .^0) can do good seivice in the addition 
and subtraction nf whole numbers and fractions. 
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Dr» Spitta has constructed the apparatus of Fig, 26 after an 
old model designed to demonstrate fractions. We see that the rim 
is divided into twenty-four equal parts. At the present moment 
the fractions 1/3 and 2/3, distinctly set off by colors, may be read 
The apparatus is adjusted by turning the white lever. 




Proportion forms an important subject. Though we have re- 
duced proportions entirely to linear equations, the difficulty of 
obtaining a clear understanding of ratio cannot be denied. Here we 




Fig. 30 Fig. 51 Fi5.3Z 



see a very good example of practical exercises done by pupils. Fig. 
31 shows an arrangement of which we do not think a precise de- 
scription and explanation ^cessary, since extension is known to 
be in proportion to weight. The proportional factor is easily found. 
The model shown in Fig. 29 may be of use to demonstrate in- 
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verse proportionality; the smaller the radius, the greater is the 
number of revolutions, and vice versa. 

That proportional compasses must be used in a study of the 
theory of proportion goes without saying. They are often repro- 
duced in .American textbooks. 

The theory of proportion affords a very good example of prac- 
tical use according to the methodical principle of '^concentration," ^ 
as proportions were used by artists for drawings of men and women 
in the days of the Renaissance when man was regarded as the meas- 
ure of all, and when the chief aim of artists was to model the human 
body in an ideal form. We know that Leonardo da Vinci (1452- 
1519) diligently studied proportion in order to create beautiful 
bodies. These proportions of the human 
body were analyzed in the time of the an- 
cients. Great tables were drawn up 
showing the relations of all parts to one 
another and especially of all parts to the 
whole body. Such a table was called a 
'*canon.* 

One sketch hy Leonardo represents a 
head. In it one can see that the part 
above the forehead is equal to the 
breadth of eyes and to the distance from 
nose to mouth. Likewise we find the 
same distance from eye to point of nose 
and from mouth to chin. Moreover^ we 
see that the shorter distance is contained 
twice in the space from mouth to chin and three timey in the fore- 
head. From a similar sketch, of a leg, we can also lead off some 
proportions. 

Hut we must not think that every painter proceeded in the 
same way so that every body was similarly constructed: with 
other painters as with Leonardo we tnul severnl kinds of measur- 
ing tables. The (ierman painter Alhrecht Durer (1471-1528) also 
designed his human bodies by /Arkd upid Rkhtschcidty i.e., by com- 
passes and ruler. 

For the teaching of algebra we have additional models: a slide 

See Richllinien jiir dk Lrhr plane der hnherrn Schulen Premsens (Course of 
Study for the Secondary SrkooI.<i of Prus.uu). Weidmannsche liuchhiindlunu. 
Berlin, iQ.u. 

\ 




^\^^^^^^^^^^^ 



\ \ ^ ^ 
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rule, two catenaries (Fig. 27)- the parallel rods can be adjusted 
narrower and wider — and finally Galton's board (Fig. 33) for the 
calculus of probabilities. .At this board practical exercises can be 
undertaken in an experimental way to study the curve of the rule 
of partnership as stated by Gauss, leading later to a theoretical 
consideration. The equation reads: 

yr=.y, • I 

Geometry for the Intermediate Course 

Models used in plane geometry* As a first example let us 
describe that model by which angles of parallels can be studied 
(Fig. 32). There are two parallel straight lines and another one 
bisecting them. The problem is to compare the magnitude of the 
original angles. 

To read off the angles, we have set down the points of inter- 
section as centers of full circles. For practical purposes the model 
nas been constructed of slats which can be pivoted. The parallel 
slats are connected with wires, and on these are drawn the three 
lines mentioned. 

The different angles are read off in various positions of the 
straight line and the parallels, their magnitudes are compared, 
and so we find out the well-known relations between alternate and 
other angles. This can be done either by obvious demonstration 
or as a practical exercise by pupils. We think an abstract proof 
is not necessary. The empiric comprehen.sion shows the mathe- 
matical quality quite distinctly. 

Models used in solid geometry. Now for the solids! We 
attach much value to solids of different sizes and of different ma- 
terials, right and oblitiue. The drawings (Figs. 34^2 and 34/;) show 
some of these solids. We teachers know that in solid geometry 
the great difficulty is the transition from prisms to pyramids. The 
principle of Francesco Honaventura (.avaliori i598?-i647) helps 
over this difficulty (Fig. 35). The essential point is that here 
careful reasoning about transition (GrnKbrtracktioifi) is used, with- 
out which we cannot succeed. Formerly the pyramids and prisms 
were only constructed of .small plates i cm. high. Nowadays we 
begin with these models too, it is true, hut we have these small 
plates made of the thinnest paper in order that we may omit 
the well-known steps at the lateral edges of the pyramid. Here 
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it becomes evident how profoundly the pupil must think over the 
process of t^m^ition. so that he will understand it clearly. 

The result of the indicated reflection is the theorem that the 




volume of a prism is throe times as great as that of a pyramid of 
equal base and etjual height. 

For this theorem we have very valuable tin models, with which 
the experimental proof by sand or water is done in the classroom 
or as a practical exercise by the pupils (Figs. ,56 ami 37). The 
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solids belonging together can easily be discovered. Kig. 37 shows 
how the prisra is supplied with sand up to the edge by fdling the 
pyramid three times. 

The most important step for pupils working with solids is the 




Fig. 35 



construction of these solids with their own hands, using small 
sticks. I-'or this purpose we have special cases fdled with small 
sticks and "plastilina." ^ The sample on the case (Kig. 39) shows 




the right use of the materials within. I-'ig. 38 shows other examples 
of such solids. 

It is surprising how eagerly the pupils work with these small 
sticks (at Hannover called IVimtspirlrr) . .\ctivity begins when 

■• ModcUnj; clay. 
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pupils construct with their own hands, come into contact with the 
solid, and see the possibility of putting in some colored sticks rep- 
resenting diagonals and heights of 

planes or of solids. With the aid of ...^ . , 

his model the pupil is able to ascer- V^- 
tain the triangle of a giver height, i.e., 
slant height and to calculate the miss- 
ing part. This personal activity 
stimulates cooperation extraordinarily, 
and we consider rousing the pupil's 
interest an important part of our 
teaching. 

The principle of universal func- 
tionality also deserves notice in con- 
nection with solids. The sphere, the 
cylinder, and the cone (Fig, 40) have 
to be generated by the revolution of a circle, a rectangle, and an 
isosceles triangle on the whirling-machine. 

By means of ::and and funnels (Kig. 41) we form cones and 
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their osculant line as a curve of three dimensions anr^ of the fourth 
order. 

Finally, we use the thread model of a cylinder to show the pupils 



THK EKiHTTi YEARBOOK 



the ever-amazing transition from the cylinder to the one-shelled 
hyperboloid and to the double cone {Ki}i;s. 42a, 42b, and 42c). 

To be quite clear, something should be added to this account 
of solid geometry. With us in (Jermany the principle of teaching 
geometry in the sense of dealing with solids prevails more and 
more. We not only study angles, lines, distances, and figures in 
two dimensions, but we also lay great stress upon continually chang- 
ing planes and solid bodies. .After deducing a proposition about 




a b c 

rig.4Z 

the isosceles triangle, we search all solid bodies for this triangle in 
order to get a clear picture of what we have learned. Following 
Schimniack, we call this method of teaching geometry '^fusion," 
that is to say, a continual connection between solid and plane 
reasoning. 

These words of explanation were thought necessary before going 
on, for precise mathematical particulars cannot be given without 
a discussion of many more models, and because of the confined 
space available here. The only ruiditional comment to be made 
will be that the above-mentioned methcjd of using sticks is applied 
to plane geometry as well as to solid. 
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Additional discussion of models used in plane f^eometry. 

For plane j^eometry slill other apparatus must he used for the pur- 
poses of illustration and explanation. The relations of (juadrangles 
only will he discussed. 

In several (lerman towns the cyclists use direction pointers so 
that they need not lift their hands from the handlehars at cross- 
ina[s. This apparatus is repre- 
sented in Fia, 4,^ The upper / 
fiKUre shows the rhomhus- 
shaped links; at the rijjht is a 
white and red disk, and at the 
left is the handle for adjustin;^. 
In the lower figure the disk is 
projected. This is the position 
from which to start when teach- 
inji[. The links form squares. 
In drawinj? hack the disk, the 

squares chan^^e into ecjuilateral . 
quadran^^les of various forms. Kicj ^1 ^ 

This transition is used in 
Fijj. 44 to introduce a diaj^onal and to study the an^^les. The next 
model contains two dia^M)nals. 

Foi the illuslrati(m of the relationships of anj^les and diagonals 
we have constructed a model (Fi^^. 45) which is adjustahle. We 
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can make the sides longer and shorter, and we can shift the sides 
correspondingly: at the same time we have two (lia^M)nals, The 
sketches 45(/ to 45/ illustrate this clearly. We see a the rectan^^Ie, 
/; the s(iuare. r the parallelogram, d the rhomhus, r the trape/ium, 
and / the (juadrilateral. 

Of course there are models for the theory of circles. Some 
sketches are shown. They concern the theorem of Thales which 
deals with the ri.L^ht ani^le in the semicircle ( KiL(. 46fi), the re- 
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hit ion between the inscribed angle and the an^lc between the chord 
and the tanj^ent (Fig. 46/;), and the img\e at the center (Fig. 
46r). 

When dealing with the sphere, diftlculty arises in finding out 
the .number .t. According to modern ideas in mathematical instruc- 
tion, the teacher's main duty is to present the idea of limit. Here 




a practical exercise is of great importance. We have wooden 
disks of various radii. The pupils measure the circumference (r) 
with a tailor's tape measure and the radius or the diameter {ir) ; 
then they try to find out the value of c/2r on different disks. The 
result of course can be only approximate ; the point of this exercise 
is for the pupil to realize the constancy of this quotient, however 
large or small the disk may be. In order to give the pupils an 
idea of the transcendental and irrational character of the number ;;t. 
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we have imlicateci the value of ,t up to fifty decimal places in the 
form of a frieze on the wall of our collection room. 

At the conclusion of this account of the intermediate course 
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two pieces of apparatus should he described. In V'v^ 47 we see a 
model for the chanHini? of surfaces, .1 and /} are fixed points, AD 

and JiC are elastic, DC slides in a 

wooden slat of the size of .1/^, To 
the small ,slat in which DC slides 
hooks are fastened which can be 
shitted on a longer bar. By shift- 
ing, the recianii;le A BCD was made 
into the parallelo.u;raiii ABEF of 
equal area. When dealing with 
;?eometric proportions we show and 
use the diauf)nal scale. On our 
maps we have differeni scales, e,g, 
I :iooo, I :625, i :2ooO; and so forth, 
with them. 

Besides the models mentioned already, there are of course sev- 
eral others such as pantographs, but they are to be found in every 
mathematical collection, 

(iKOMKTRV FOR THK UlM>KR C'OVRSK 

Unification of the subject of geometry. The ^^reat reform of 
mathematical teachin^^ under the leadership of Felix Klein. David 
Eugene Smith, and others first prompted the teachim; of analytics 
in the secondary schools. In geometry, the problem of introducing 
the subject and the problem of educating teachers to include the 
study of space was discussed, for the useful unification which 
arithmetic, algebra, and analytics had undergone had found no 
parallel on the side of H^<^nietry, The reform in the teaching of 
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Keometrv- was followetl hy a niovcmrnt to lay ^mit sirosK on thf 
promotion of the subject in secondary schools. A "silent reform" 
boKan. as we say. 'I'his movenieni tried in the first place to amal- 
gamate the various branches of Keometry : Kuclidean. analytic, pro- 
jective, descriptive, and Apollonian geometry. 

The imporlancc of projection in geometry. I'elix Klein in 
his famous Erlani^tr Prog^rumm " has indicated the importanct of 
the projective Krouj) in the unificati()n of geometry. The entire 
subject of uconietry may be divided into live to[)ics: liWg^nirmT, 
symmetry, similarity, aiJiNity, and rolliHvation. This sequence is 
divided in such a way that in the intermediate course the first 
three |)redominale. in the upper course the last two. The affme 
and centrai-collinear transformation as part of the projective aspect 
form the connection between the conic sections and the cylinder 
and the cone, in a word, between the parallel-projeclive and central- 
perspective ways of ^eneratinK conies. And thus an important 
connecting link to descriptive geometry is created. 

The affme relation W en two prismatic sections is shown hy 
the model in Ki^. 48(7. *I .v connecting lines of corresponding P^^ii^ts 
are parallel and the points of intersection of corres;.onding straight 
lines are situated on the so-called axis, the section-line of the two 
section-planes. 

Now it is im[)ortani that this relation.^hip remains when we 
turn one section-i)lane. The hand holds this plane straight in turn- 
ing. Having arrived at the level of the r)iher section-plane, we 
see that the affmity at first defined for three dimensions has also 
validity for two. This plane affinity produces other relaticMis* 

Reepin.i^ in mind these relations, the models of I-'ii^s. 4SA. 48r'. 
4iSr/. 4Sr. and 4i)r are based. They indicate the affme relations be- 
tween circle and ellipse, and between ellipse and ellipse. 

The hi^hi^t sia.ue of iiffme [irojoc ir>n is that of central collinea- 
tion. Instead of putiin.i^ water into a cylinder as in b'iu. 4^f\ we 
have to use the cone ( I-'i^. 48/) and obtain the ellipse. The coUinear 
relation is obviously shown by the projective threads in Imk. 48.1,'. 

Perspective position und three dimensions* Kither at this 
time or at another a clear understanding of the famous theorem of 
(Jirard Desari^ues dsg^iofti) is of hit^h importance. As is known, 
the problem is to find out the condition for the perspecti\e position 

KliMM. (/*rM/)»»>»/7/f' \\'rrk{\ Wil. 1. 411ft. and pp. .^tio ff.. Juliu> 

Sprinu'iT. Ht-rlin. lun. 
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of two fiRures. The theorem has validity for phines and for soh'ds. 
The model (Kins. 48// and 48/) makes this relationship clear. 
Probably this lurninK apparatus is the most important means of 
teachins objective lessons in our mathematical collection. It illus- 
trates nftlnity. similarity, symmetry, and congruence, and shows 
clearly the relation in the second and third dimensions. 




3 h i 

F.3. 48 



The models shown in Imiijs, 49(7 and 49/; indicate the peda- 
Ko.u[ical importance of the train of thoughts discussed above, for 
the unrlerstanding of three dimensions in the relationship beMVPcn 
circle and hyperbola is extremely difficult. The projective line:* in 
Fig. 49(/ clarifv this excursion into the third rlimension, which at 
other times is very troublesome: I'ig. 49/; has the same effect. 

The models according to Dandelin (page 22^) are represented in 
Figs. 49r. 49r/, and 4Qr, as a sort of summary. Once more we see 
the projective and central-perspective relationship of three dimen- 
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sions. We have already become acxiuainied with the models for the 
study of the parabola (Imks. 14 to 24), 

Miscellaneous illustrative models for the upper course. As 
to the ellipsoid and the one-shelled hyperboloid, we refer to their 
generation by means of the whirlinK-machine, Of course there are a 
considerable number of models of wood and ^^ypsum for the various 
ellipsoids and hyperholoids in our collection room. 




c d c 




Fig. 49 



'I'he next six nuuiels are reflated to the [>arallel and to central 
projection in a special sense. In iM.ti. .so(/ can l)e st*en a cone in 
different positions. In Fi.u:s. .so/> and 5or the means of discover- 
ing the real length of a strai.uht line from its projection is 
shown. The advantaijje of this arrangement is that the line may be 
turned down inlo the horizontal plane as well as kept in an upright 
projection. Since the supportin^^ triangle is difiicult to conceive, 
il is represented in Fi^. 5or/. With one Un^^er the triangle is held 
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and with anolhtM* a separate hypotenuso. On the horizontal plane 
the way of turning down the hypotenuse ami with it the means of 
generation are indicated by which the gradient of slope, in other 
words the supporting triangle, may be obtained. The area of a tri- 
angle, as is known, is to be found from its projections, The model 




Fi<g.50 

in Fig. 5or may be t)f use in solving this problem. The demon- 
stration of the perspective of a cube may be menti(med as the last 
of this group. 

In spherical trigonometry we have necessarily to consider the 
celestial vault (Fig. 51) and its orientation. The development of 
ideas about the universe and the heavenly bodies is of historic in- 
terest. The ditlkulty which the so-called lor line of the planets 
caused all their interpreters leads us t(^ Claudius Ptolema^us of 
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Alexandria (200 B.C.) and his theory of cycloids which we make 
use of now and then. 

The Landheim. Our school is well off in possessing a Land- 
heimj where we are able to take up celestial studies and the ap- 
plication of mathematics to field work. The teaching of mathe- 
matics can be very successful in the Landhrim. Apparatus for both 




r 13. 5 1 



simple and difticult measurement must be available there, such 
as tape measure, theodolite, surveyor's table, and leveling instru- 
ments. We strive to construct the measurins,' apparatus ourselves, 
if possible, in our workroom. In Fisr. 52 the latest products of the 
Herschelschule in this respect are to be seen. 

" .\ Landhrim is u houso inr pupils in the countr>' where they po for a 
tnrtniu'hl every ye;ir durins; the .^-liool term. They ;ire taut'ht there as well as 
in town. Init the princip.tl matter of interest is that the instruction refers to the 
country .md its inhabitants, to civilization, to the surface nf the uround and 
the like. 
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CONCLrSION 

In the above account of our models only a selection of such 
things as appeared essential has been made. Besides the models, 
apparatus, sketches, and tables, we have a collection of lantern slides, 
containing pictures showinj? the relationships between art and per- 




spective. proportions in art. allegorical representations of mathemat- 
ics, and fmally a lar^^e number of portraits of ^?reat mathematicians. 
All this we have brought t()f3;ether to make mathematics pleasing 
and concrete. The well-known discrete curve of Karl Tb \V. 




F15. 53 

Weyerstrass (181 5-1897) obviously showed that abstract Gehirn- 
mathcmutik (brain mathematics) is of no use in school. Peda- 
{?OKics, psycholof^y, and experience in teachinj? demand that we 
teach demonstrative mathematics, in the sense of educating the 
pupil to f^ood mathematical reasoninj?, From empiric to abstract 
subjects— that is the wayl 

111 our collection there is also an anuisinj^ assortment of models 
composed of chocolate boxes (Fig. 5.3). Sweet mathematics 
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UNITS OF INSTRUCTION IN SECONDARY 
.MATHEMATICS 

THE UNIT, DIRECT LINEAR VARIATION 

By J. S. GEORGES 
Crane Junior Collff^f, Chicago, Illinois 

General principles of unitary organization. The organiza- 
tion of instructional materials into units has for its main purpose 
the enhancement of the value of mathematical instruction, and the 
facilitation of the learning of matheniatical concepts, principles, and 
processes. It undertakes to group together homogeneous materials 
which are different aspects and manifestations of some basic mathe- 
matical principle or concept. 

It has been found expedient to base unitary organization in 
mathematics upon the following general principles:^ 

1. Each unit of instruction is to have a central theme. The 
theme of the unit is a fundamental concept or process around which 
the instructional materials are organized. 

2. Each unit of instruction is to have distinct, but associated 
unit elements. The elements of the unit are related processes and 
principles that will actually aid in the development, presentation, 
learning, and application of the theme. 

3. Each unit of instruction is designed to result in definite and 
real learning products. The le/irning products become the rams of 
the unit. 

4. Each unit of instruction is to be a significant part of the 
course. The course is thus constituted of related units. The course 
bears the same relation to the constituent units that the unit bears 
to its constituent elements. 

5. The instructional materials nf the units must l)e those exer- 
cises, problem.-, and applications that actually center about and 
focus upon the theme. 

J StDiio. C. .\. rind Cioi)rue>. J. S.. *'(ioner:iI Principles of Unitary OrKani/ation,'* 
School St'irncr and Maihcmaiicsy Vol. XXX, No. J^- W- Qoi qoo. Novemb'T. igjo. 
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6, Each unit of instruction must be teachable at the school level 
wh'-re it is presented for instruction. The learning of the unit must 
a% tually attain its definite aims. 

7. Each unit of instruction must provide means of identifying 
the presence of the attained learning products. The tests should 
be adequate to determine whether the learning products have or 
have not been attained. 

The scope of this chapter will permit the discussion of only the 
first four principles, illustrating them in terms of the unit. Direct 
Linear Variation. 

The theme of the unit, the concept of direct linear variation. 
The concept of function is of such fundamental significance in 
mathematics, and of such universal interest in non-mathematical 
tlelds of thought, that some phase of this: rich concept should be 
made the basis of the organization of a unit of instruction and its 
entire study be made as a seciuence of related units. The relation- 
ship v — ax is presented here as a typical unit of that sequence, and 
specifically as defining the concept of direct linear variation. 

The linear function v ax may be interpreted as a process in 
the .Hidy of variation and dependence of a specified nature. The 
study of this function involves phenomena and relationships that 
ure assumed to contain but two variable factors, associated to- 
gether by a relation whose nature is well defined and is expressible 
in mathematical symborsm. The variables y and x represent the 
two variable factors, and the parameter a represents the specific 
mode of variation between the two variable factors. The statement 

of the relation between y and ax as well as between x and ^ gives 

the law of variation. 

The relation y =^ ax defines direct linear variation between the 
variables y and .v, and it represents the simplest and the most satis- 
factory way of stating simple proportionality. The concept defines 
a defmite and complete process by wMch certain types of variations 
can be studied. The concept thus presents definite learning prod- 
ucts in terms of its various manifestations and applications. 

The elements of the unit. The elements of the unit have been 
determined upon the basis of their logical connectioii:> with the 
theme of the unit, the concept of direct linear variation. They 
have been selected also because of their significance both in mathe- 
matics as basic concepts and processes, and in all scientific fields 
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as definite processes of quantltaiive thinking. The determinalion 
of their values in instruction has been based upon the following 
analyses: (i) books on the teaching of mathematics: (2) articles 
dealing with the concept of function: (3) selected textbooks in 
algebra and general mathematics. The six elements of the unit are: 

I. Kj— Tabular representation of direct linear variation. 
J. K. — draphic representation of direct linear variation. 
,^ K;,— Algebraic representation of direct linear variation. 

4. — The algebraic function v ax. 

5. K... — The ratio form ' ~ a, 

X 

6. E.:— The proportion form ~ . 

The first three elements of the unit as presented here show 
how these processes, which are in general use in all branches of 
scientific and quantitative thinking, may be applied to the study 
of direct linear variation. The last three elements are specific 
algebraic forms representing direct linear variation. 

Element K,. The tabular method, which the i)upil may have 
studied in previous work in mathematics, is presented here in its 
relation to direct linear variation, A table is considered a con- 
venient way of showing him two related secjuences of numbers. A 
number-pair defines two corresponding numbers. Our problem is 
to find the nature of the correspondence, that is, the relationship 
which holds throughout the table. The pupil can see that the tabu- 
lar method, as presented in the unit, can be applied in the stmiy^f 
industrial, commercial, sci*^ntific, social, and educational problems 
which obey the law of direct linear variation. Furthermore, the 
method c/m be used to determine whether or not a given table of 
numerical lacts displays this sort of vaiiation. 

The three methods of determuMng the relationship between the 
number-pairs ol a table, applicable to the present unit, are: (i ; the 
method of differences, where the differences of the corresponding 
number-pairs are compared: (2) the method of averages, where the 
averages of the number-pairs are compared: and the method of 
ratios, whore the ratios of the corresponding numbers of the table 
are compared. While all three methods are applicable to the rela- 
tion V ax, the tlrst two arc shown to be applicable to the general 
linear function v ax thus distinguishing between these two 
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types of relationshipi?, Furiherniore, the methods are useci to de- 
termine when the relation expressed by a given table is nearly linear 
of the type v = ax. 

The law of variation of a table, or the formula which states the 
relationship between the (»lenients of a table, is determined by means 

of the ratio where v and .v represent any correspondinfi; elements 

of the table. If this ratio is the same for all the number-pairs, the 

law is stated in the form ^ a. It is shown that the form = a is 

.V X 

equivalent to the form ax. Direct linear variation is specilically 
defined in terms of the ^unction v = ax. 

Element E,. In F, tiT graphic me.aod of studying direct linear 
variation is considered. Tupils are shown that this method is to be 
used to represent relator^ f* vts geometrically. It not only illustrates 
the relation between the two variables, but also enables comparisons 
as in a table. Moreover, the graph is shown to furnish additional 
facts which are not obvious in the table. It has the advantage of 
being thus more compact than a table. 

Though the graphic method may have been studied previously, 
special attention is paid in the unit to the making of a graph to 
show the one-to-one correspondence between the numl)er-pairs of 
the table and the points of the graph. Tabulation, selection of the 
reference lines, selection of suitable scales, plotting the points, and 
drawing the graph are the processes which are reviewed in their 
relation to direct linear variation. The terms coordinate axrs, 
ordinate, and ahseissa are used. Directed numbers are used in divid- 
ing the plane into four quadrants. 

In interpreting the graph, special emphasis is placed upon the 
relation between the straii^^ht line graph and a table representing 
direct linear variation. The pupil.s are shown that any algebraic ex- 
pression which can be written in the form y - ax has a straight 
line for its graph, and that the graph intersects the coordinate axes 
at (o. o). 

The rate of change of the Vc.-riable v with respect to the variable 
X is found by determining the ratio of the v-value, or the ordinate, 
to the .v-value, or the absci.ssa, for any point on the graph. This 
ratio is .seen to be the same for all the points on a straight line 
graph representing direct linear variation, just as it was true for 
all the number-pairs of the table. The rate of change is also in- 
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terpreted in terms of the tangent of the angle formed by the graph 
and the .t-axis. 

The constant of variation a is identified and associated with the 

rate of change, and with the ratio ^. By drawing several graphs 

using the same co(3rdinate axes and the same scales, it is shown that 
the rate of change depends only upon the particular value of the 
parameter a. Thus it is shown that specific values of the parameter 
a represent specific applications of the law of direct linear variation. 

Element E:^. When the nature of any relation between two 
variable quantities is completely determined, the elation can be 
expressed algebraically. In Element E^ derivations and interpreta- 
tions of formulas representing direct linear variation are considered. 
In addition to the derivation of formulas from tables and graphs, 
which was considered in the Unit Elements E, and Ej, this part of 
the unit treats the translation of statements of variation into alge- 
braic symbolism, and conversely, formulas are translated into state- 
ments of variation and dependence. 

The statements of direct linear ariation may be of the following 
types: (i) specific relations explicitly stated, for example, the 
weight of water is 62.5 pounds per cubic foot ; (2) implied relations, 
for example, a train travels at a uniform rate: (3) statements of 
dependence, for example, the perimeter of a stjuare depends upon 
the length of the side; (4) statements of direct variation, for ex- 
ample, the weight of an object varies directly as the density: and 
(5) statements of proportionality, for example, the weight of copper 
in an alloy of copper and zinc is directly proportional to the weight 
of the zinc. In each case suitable symbols are selected for the 
variable and constant quantities, and the relationships are ex- 
pressed algebraically. Each formula assumes one of the forms 

V V, V, 

V rzi ax,' =: a, or ' ~ ' . 

Throughout the Unit P^lement E;t the formula is interpreted as a 
standard of exactness in the statement of functionality. 

In the evaluation of the formula, products and quotients of 
integral and rational numbers, both absolute and directed, are 
presented. 

Element E^. Here the relation v = ax is associated with the 
meaning of function, that is, the expression ax is a function of x, 
ami V is a symbol for f{x). It is shown that as x varies over its 
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ratiKC of values, the function (ix\ that is v, varies over its range 6\" 
values in such manner that the relation y ax always holds. The 
function ax is compared with other algebraic functions, both linear 
and of hii^'her de^^ree, to emphasize its nature, and to enable the 
student to recognize this function out of a nuiltilude of other alge- 
braic functions. 

In the form y~ ax the nature and the meaning of the symbols 
are studied: .v is interpreted as the independent variable, y, the 
dependent variable, anxl a, an arbitrary constant. .\ true under- 
standing of these ideas facilitates the iransformation of a formula 
from one form into another, so that the independent variable of one 
form becomes the dependent variable of another form. Thus the 
idea of dependence is closely associated with that of functionality. 
If y is a function of .v, the equation may be so transformer! that .v 
is expressed as a function of y. It is shown that this is always 
possible ill direct linear variation. 

The applications of the form y — ax utilize the processes of 
evaluation and the solution of equations. Kvaluaticm is the Iniding 
of specitlc functional values for assigned or determined particular 
values of the independent variable. The solution ui the linear 
equation, on the other hand, is u.^^ed to show that l^)r given values 
of the dependent variable, the corresponding values of the inde- 
pendent variable may be readily determinefl. 

'I1ie linear ecjuation in one variable, namely ax - h. is shown to 
be but a special case of the linear function y ax. This point of 
view needs further aniplitR-ation. While traditionally the equaticm 
in one unknown is made the basic principle about which are built 
up and developed related algebraic manipulations and applications, 
the present point of view considers the general function in two 
variables as the basic principle and reduces the ecjuation in one 
unknown to a specific application of the general law. The etjuation 
asks the ((uesiion: What is the specific value of the independent 
variable x which corresponds to a specific value of the dependent 
variable y? This point of view has govertied the selection of the 
instructional materials. Instead of the puzzle proolems based upon 
the "popular sport of hunting the unknown."" such as the classical 
number and age problems, practical applications and illustrations 
of direct linear variation from various sources are introduced in this 
connection which in their particularities yield e(|uations in one un- 
known. 
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The method of sums and differences is resorted to in presenting 
e(iuation.s of the form a^x ± r, = ±a,x ± r,, which are reducible 
to the form ax = r. One of the important functions of mathemati- 
cal thought is the generalization of specific cases, more so in func- 
tionality than elsewhere; hence special provision is made to develop 
the habit of recognizing generalities of similar situations, and of 
interpreting like specific cases in terms of the general law covering 
them. 

Element E.-,, While in the development of the relation v = ax 
the meaning and significance of the constant of variation a has been 
made evident in the previous elements of the unit, in E.-, the em- 

phasis is placed on the ratio =7. The variable ratio ^ represents 

X X 

various particular manifestations of the law of direct linear varia- 
tion. Thus the law of uniform motion, d = rt, may be considered 
as applying to many specific situations, each case being an appro- 
priate interpretation of the law. For example, ^ r=: 4 may apply to 

the case of a man walking j.t the rate of 4 miles an hour; - ~ 30, 

to an automobile; - = 50, to a train; ^| = 150, to an aeroplane; 

and so on. Furthermore, since all these particular relations are 

e.xpressible in the form ^ = ^ the symbol r is a parameter wh \ 

remains fixed for a given relation, but varies from relation to re- 
lation. 

The values of a, which in reality represent the variable ratio 

y 

are directly associated with the rate of change of v with respect 
to X, and with the slope or tangent of the graph. 

The processes attendant upon the form ^= a are: (i) reduction 

X 

of ratios or fractions; (2) evaluation; (3) solution of equations; 
and (4) transformation of lonnulas. 

The transformation of formulas into the linear form - a re- 

X 

quires the identification of the dependent and independent variables 
ami the solution of the formula for the ratio Thus,£-5 = 
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is put into the form ^ • by solving the formula for the 

E S' 
ratio , the value of the constant (/ beinu represented by 

Element E... The form rzz - ' which is treated in E« is the 

form in which the law of direct linear variation is generally known. 
It is in this form that the law is appropriately called the 'iaw of 
simple proportionality.*^ In many scientific problems, such as in 
physics, chemistry, and the social sciences, the proportional form is 
commonly used because it yields results simply and readily. In 
geometry, the concept of similarity is presented entirely by means 
of proportionality, and its use is carried to such an extent that 
often the law itself is not made evident to the student. Proportions 
are set up and solved without due regard to the law which governs 
similarity of geometric t'^gures as a special case. In art, symmetry 
and harmony of line and form utilize the proportional form of the 
law. Thus it becomes perfectly clear that special emphasis is 
needed, first, to sho^v ihe relation of the form to the law of direct 
linear variation, and, second, to enable its intelligent use as a 
process in the solution of problems. Without a clear understanding 
of the nature of the law, the use of proportion reduces to a juggling 
of numbers to obtain some kind of answer, often unreasonable. 
Ample opportvinity is provided in the unit to associate the pro- 

portional form — ^ ; with; (i) the nimiber-pairs of a table; 

X I .V J 

(2) the coordinates of points on a graph; (3) statements of direct 
linear variation; and (4) the algebraic function y~ax. The as- 
.suniption is made that the straight line law is completely de- 
termined from two specific situations. Calling the specific values 
of the variables Vi, .V] in the first situation and Vj, .Vo in the second, 

the form = ' " is readily obtained. Again, proceeding from the 

law V ~ ax. the proportional form is readily derived. For, since the 
law holds for all corresponding values of y and .v, Vj ~ a.Vi and 

Vj ~- tf.Vj or -"V^ ^^^^^ necessary m many problems to solve 

for the constant of variation, the proportional form giving the de- 
sired result al once. 
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The applications of the form to specific problems arc based upon 
the determination of proportions from tables, graphs, statements, 
and formulas. The resultinjj proportions yield the simple e(|iia- 

tions , z 1^ , or ^'^ Tsinj* sums and differences, we ol)tain such 

( V, V,) Vi 

proportions as ' ' • • , 
(.V, -.v,) .V, 

The learning products of the unit. The learninK products of 
the unit, the linear function v aw have been classified in terms 
of the ehniUMitsof the unit into three main classes: the rt'coKnitions, 
the understandings, and the abilities. The recognitions are definite 
learnings which may or may not be associated with complete under- 
standing of the concept. For example, the recognition of func- 
tionality in the al.uebraic expression may be associated with a com- 
plete understanding of the nature of the law if the expression is 
linear and has only two variables, but not if it has several variables. 
The understandings are interpreted in terms of reflective thinking 
abr)ut the concept. The raticmalization of the concept, its signifi- 
cance, nature, and manifestations constitute the understandings of 
the unit if real learning has taken place. The abilities constitute 
the ac(iuisition of skill in the necessary operations and the asso- 
ciated manipulations of the proces.^es related to the fundamental 
concept. 

Though in the presentation of the results of this slu<ly, and 
generally in a theoretical \vay. the learning products come first in 
the scheme of organization, their determination follows the selection 
of the theme and the identification of the related elements of the 
unit. It is very essential to distinguish between two procedures: 
the first which .sets up the aims of the unit and then determines the 
necessary instructional materials, and the second which determines 
the instructional materials and then identifies the learning products, 
meanwhile eliminatini? those materials that do not yield actual 
learnings. 

The recognitions of the unit are presented in Table I. They are 
classified into: (i) recognition of variation in general; (2) recog- 
niti(m of the types (jf variation; and (.0 recognition of the linear 
variation y . :a\\ The check marks in the table indicate the 
elements of the unit which provide* opiM)rtunities for the learnings 
associat(Ml with each item. I-or example, the reco.uniition of varia- 
tion in the statement, "one thing (depends upon another thing/* i.s 
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provided for throughout the unit, while the reco.i^nition of variation 
in the statement, • the greater the tlrst factor, the greater the second 
factor." is treated only in the first three elements of the unit. 

The understandings of the unit are presented in Table II and 
are classified as follows: (i) understanding the tabular method of 
studying variation; (2) the graphic method of studying variation: 
(3) the algebraic or symbolic method of studying variation; (4) 

y 

understanding the linear form v ~ ax\ (5) the linear form - . — a\ 

(6) the linear form-v' : and (7) understanding the application 

of the linear function to practical problems. The table presents the 
distribution of the various items of each class under the elements 
of the unit where opportunities are proN'ided for - he attainment of 
the understanding. 

The resulting abilities are pr^^sentiMl in Table III and are 
classified into: (i) abilities associated with the tabular method; 
(2) abilities associated with the graphic method; (.0 abilities as- 
sociated with the algebr'Mc method: (4) ability to manipulate the 
various forms of the linear function v--(/.v: (5) ability to apply 
the formulas of the linear fnnction y ^ ax: and (6) ability to wSolve 
the etjuations resulting from v :a\ 

The unit a si^Jnificant part of the course. The present unit 
is <lesigned to be the tlr.^t of a series of related units constituting a 
course in high school algebra. The various units have in common 
the interpretation and application of the concept of function. They 
differ in the manner of interpretation and application. Each unit 
presents a unique type of algebraic function. 

A unit of instruction is an integral part of the course, and as 
such must make definite contributions toward the realization of the 
instructional aims of the cc.irse. The organization of educational 
courses by units might be thought of as parallel to the structure 
in units of biological organisms. The units are to the course what 
the various organs are to the organism. The evolutionary processes 
of nature do not tkst set up an organism and then apportion to it a 
set of oruans to perform the essential functions. Hence, is it not un- 
natural to set un a course of instrucuon beforehand and then de- 
termine units for it which are to be its integral parts, as is usually 
done in the construction of courses? The attempts to take a 
traditional course of instiuction. which was originally organized 
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TABLE I: The Learsing rRoorcTs as Reukaitions 



Lkarninc Prodict 

Recognition of variation. 
A. In statements: 



3- 
4- 

.V 

6. 

8. 
9' 



...depends upon 

...varies ix> 

...varies directly as 

...is proportional to 

...is dh-ectly proportional to... 

...is a function of 

The ratio is constant 

...increases as ... incrca.^cs. . . . 
...decreases as ... decreases. . . 



V 
V 
V 

\/ 
\/ 

i V 



Unit EtKNttxr 



E. i K:, 



i V 



10. The greater the ... the greater the 

11. The less the ... the less the 

B. In tables: 

I. ...varies directly as 

J. ...is a function of 

.^ The ratio is constant 

4. ...is directly proportional to 

5. ...incrta.ses as ... increases 

6. ...decreases as ... decreases 

C. In ^jraphs: 

I. ...varies directly as 

J. ...is a function of 

The ratio is constant 

4. ...is directly proportional to 

5. ...increases as ... uicrease.^ 

6. ...decreases as ... decrea.scs , 

D. In formulas: 

1. ...varies directly as 

2. ...is a function of 

.^ The ratio is constant 

4. ...is directly proportional to 

5. ...increases as ... increase.^; 

6. ...decrea.^es as ... decreases 

II. Recoi^nition of thr typrs of varuition. 

A. Multiple-factor types in statements. 

B. Two-factor types: 
I. In statements 

In tahl-v< 

In graphs 

4. In formulas 



I v 



v 



V' 

V 



V 
v 



V t V 

V 1 \/ 

V j V 

V V 

V V 
V 
V 



V 

V 
V 



V 
V 



\ 



V 



I \ 



/ 



\' 



V V 

V I V 

V I V 



V 
V 



V 
V 
V 

i j V 

V ! \/ i V 
\/ . 

V 



\/ ■ V 

I \/ • \/ 

i V : V 



Vj V 



V 
V 
V 
V 



V ! V ! 
\^ i V i 

V ; V I 



V ; \' V 

V i V . V 

V i \/ : V 



V 



V ■ 
\' i 

V ■ 



! V 



V ; \^ 



V : \/ I \/ 

\^ V V 
\' V • V 



UNITS OF IXSTRUCTIOX 

TABLE I ( Continued) 



255 



IIL 



C. Direct linear variation: 

1. In stalemenU 

2. In tables 

3. In graphs 

4. In formulas 

Rccoi^nition of the linear variation y-ax, 

A. As a general law 

B. As a special tyix? 



Unit Element 



TABLK II. Thk Lkarninc; Prduicts as Un'derstandings 



Unit Element 



Lkarnixg Prdiji ci 



I. V nderstandinii, the tabular method oj 
studyini^ variation. 

A. Dependence of the elements. 

1. Variable factors of a table 

2. Number-pairs 

3. Relation of correspondence be- 
tween number-pairs 

B. Methods of comparing the elements. 

1. Ratios of number-pairs 

2. Ratios of differences 

3. Ratios of averages 

C. Relation between a table and its 
graph. 

1. Number-pair corresponding to co- 
ordinates of a point 

2, Ratio corresponding to the tangent . 

D. Tho law of variation of a table. 

I \ . ax -\- b 

2. >• " . (2X 

IL L'n^.crstaA !in\i the graphic method of 
stndyinii^ variation. 
A. The making of a graph. 

I. The coordinate axes 

The units 

3. The ordinate, the abscissa 

4. The correspondence between points 
and number-pairs 



E, 




E, 


E, 


E. 
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TABLE li (Continued) 



LkARXIN'G PlUJlU'lT 



Unit Elkmknt 



H. .Interpretation of a straight line Krai)h. 

1. The form of the graph 

2, The intersection with jc-axis. v- 

axis 

The rate of increase 

4. The tangent 

5. The formula, the law of variation. 
III. L'ndcrstandin^ the aUrhraic or symholic 

method of sfmiyi}i\^ variatiou. 

\. .\lKel)raic t^tatcnuMU of "(lepcnds 

upon" 

H. Algebraic statement of ''i^ a function 

of" 

C. .-Mcebraic statement of "varies di- 



1). Algebraic statement of "is directly " 
proportional to" 

E. .Mucbraic .statement of "their ratio is 
constant" 

F. .\laebraic expression of rules : 

(1. Fornuilas of tables of variation , 

II. Formulas of crrapbs ! 



L')iderstiindin\^ fhf form y ax. 
\. V as a functinn of a' 



I). \*ariables ami constants, 
f. Imlepcndent variable .r 



The iransformation of y 



/;.r into 



X 



V. The irrapb of y ' tix 

Ci. The equation ax h. 

I. The special case of y (/.v 
The solution and the root . . . . 

V. Vnd*'rsi^i)ulin^ thr form ^ »/. 

X 
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A. Di'riva'iun of ■■ ii from: 
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Unit Klkment 



I-i..\RNiN(; PkonicT 



I. Stati-mcnt. "the ratio is constant."' V 

Table 

Grai)h 



H. The ratio - variable. 

X 

C. The '•• .. a coiLstant. 

A' 



V 



E:, I Kh I 

V 



v 



Reduction of ratio ' 



E. Traa.<formation of v ax into ' -- a. 

X 

X 

V. Transformation ot v •■• ax into • 



\' ; V V \/ 

i 

; V 



G. Solution of formulas for' 



H. Solution of formulas for t; 

V 



I. Solution of the equation 



6., 



a 



J. Solution of the equation -~ ±, h, 

X 



V V 

VI. Cndrrstandiuii the form '-J = ^ 



V 



V 



\. Derivation of "-' = from: 
.r, X, 

1. .Statement, "is directly propor- 
tional to " 

2. Table 

Graph 

4. y ax 

V 

5- ■• " 



V 



V ! 



V 

. V 
i V 



H. The proportion ^ - ' ' 

x^ 

. a b 
C. .Solution ot the ctiuation ^_ ^- :r. ^• 



; V 



I). Solution of the etiuation 
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TABLE H (Continued) 



Lkarmnc; Prodi ct 



Unit Elkmknt 



Understanding the application of linear \ 
junction to practical problems. 

A. Special cases of linear function ^ 

B. The characteristic formula 

C. Relations explicitly statud 

D. Relations implied ■ 



TABLE III: The Lkarmng PRcmrcTs as Special Abilities 

I 

LKAKMNa PKoi)n:T 



L Abilities associated with the tabular j 
method. j 

A. Ability to tabulate. j 

I. Statements of variation ' >/ 

z. (Graphic relations j 

3. Alpebraic relations I 

B. Ability to interpret tables. 

1. Findin^f ratio of corresponding 
number-pairs , \/ 

2. Finding ratio of corresponding dif- ; 
ferences of number-pairs ; \/ 

3. Finding ;-atio of corresponding av- : 
eragcs of numbe repairs ' \/ 

4. Stating the law of variation j \/ 

II. Abilities associated with the graphic ■. 

method. : 
.A. .\bility to make a graph. ' 

I. Selecting coordinate axes • 

.\ Selecting units 

3. Plotting the points 

4. Drawing the graph 

B. Ability to interpret a graph. 

1. Determining ordinate for given . 
ab.^cissa j 

2. Determining abscissa for given ' 
ordinate 

3. Determining coiirdinate of given : 
points on the graph 

4. Determining ratio of coordinates. 



U.\n Ki.EMKNr 
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Unit Eiement 




Lkarmno Prodict 


















"k 1 
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5. DettTmininR ratio of correspond- \ 
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V I 
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V 






6. Determining rate of increase \ 
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1 


V 1 
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8. DelermininR the law of variation, j 
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V i 


V' 
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Ahilitics associnted with the alii<'braic i 
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1 
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method. | 
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A. Ability to express relations algebra- ■ 
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ically. 














I. Selecting letters for variables..., 1 
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Hxpressinff statements: 




















V 
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c. Is directly proportional to 
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V. Is a function of 
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4. ueiern lining loriiiuivi^ iroiu laoie.^.j 






\^ 








5. Determining formulas from graphs.' 
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\^ 








B. .Xbility to interpret formulas. 














I. Stating the laws of variation in 
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J. Determining the independent vari- 
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Determining the dependent vari- 
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Ahility to manipulate the various forms 














of the linear function v ax. 
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J. For the independent variable 
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^ For the ratio 
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H. .•\bility to transform formulas. 
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2. Into the form *^ a 
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TABLE III [CoHtinHed) 



VI. 



Lkarnin'g PRDOrCT 

Ability to solve formulas. 

1. F*or the dependent variable . . 

2. For the independent variable. 

3. For the constant a 

4. For the ratio 



Ability to apply the formulas of the \ 
linear function y ax, 

A. Relations explicitly stated 1 

B. Special cases : 

C. Relations implied { 

Ability to solve the equations resulting 
from y ax, \ 
A. ax rt i 



ax 



D 



c 
1 
c 
d 



■i- c 



ax 
hx 

^ l 

G. (),.v ■+- (;,.r ■ c . 

H. ()|.v -•- a^x ± c . 

I. a^x f, •- (2j.v ± 
(2,.r f, a.,x 
(), ' ~ d\ b. 



V 



c 



J 



c, 



Unit Element 



E. I E.. 



V V 
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E, 


E. 


E., 


E« 
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.. / 


V 



upon an entirely different plan— the chapter or topic plan—and 
create units for it will prove unsuccessful, for it is unn:itural. The 
course divisions, thus determined, may be labeled units by the text- 
l)ook writer or the course maker, but nevertheless they are the 
ori;^inal chapters or topics under a new name. Changing the name 
of the parts, or painting them different colors, may alter the appear- 
ance of the structure but not the structure iti^df. 

The concept plan which is the basis of the present organization 
brings together those methods, principles, forms, and applications 
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that can he homofienoously molded to.uether to present the concept 
in its entirety. Such a body of instructional materials constitutes a 
unit made up of definite elements. .\ secjiience of these related con- 
cepts, resulting in closely associated units, forms the course. 

To determine whether a unit is or is not a significant part of the 
course, a very simple test will suffice. Omit the particular unit 
from the course and observe the effect on the course. A course con- 
structed on the chapter or topic plan will not materially .suffer by 
such an omission, while a ccmrse consisting of a secpience of units 
is entirely wrecked, for the secjuence is destroyed when any one of 
its elements a unit- -is removed. This is oln-ious from the fact 
that each element of a sequence is ba.^ed upon and is a ct)nse(iuence 
of the precedin}^ element. 

The linear function y -- ax as a significant part of algebra. 
The full realization of the significance of a unit lies in understand- 
in« its relation to the unicjue functions of the subject of which it is a 
part. In other words, the aims of a subject are only attainable 
thn)Ufih the contributions of the separate units. Whether the unit, 
direct linear function, is or is not a significant part of algebra 
depends upon what educational as well as what mathematical values 
we may assifjn to the subject, and whether the unit contributes 
significantly to the realization of these aims. 

While space will not permit a full discussion of the problem of 
the determination of the aims of mathematical instruction in general 
and of algebra in particular, nevertheless, there are certain i;eneial 
and specific aims, values, and purposes ccmimonly attributed to the 
subject which might be used as a basis of comparison and e\-alua- 
tion. For example, we may use the list of abilities, understandings, 
and appreciations representing the crystallized opinions of mathe- 
maticians and teachers of mathematics, as reported by the National 
Committee on Mathematical Recjuirenients.- Their list follows: 

A. rracticil aims. i.e.. of imnu-diati,- or diroct usl'1"u1ir'.<s in lite. 

I. DevclopinK thu ability to apply the lundamcntal processus of arithmelie. 

UnderstanilinK the lancuaRe 01 algebra. 
!,. Developinn the ability to understand and use aleebraic techniijue. 

4. Developing the ability to understand and use craiih.s. 

5. Developing familiarity with Keometric forms. 

6. .Aequirinn the ability to uiider.-tand and use ciuaniitatixe ideas. 

-• 77if RroiaitKhalion of Mitthi'nuitirs In ,Strond-try Eilurntion. \>. 10. a 
report is<ui-d under the auspices ol The .Mathi-matii:il Assoriatum ol .Xnu-rini, 
Inc., lOJ.i. 
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H. Disoi;)linary aims. i.e.. related to mental training. 

1. .Xcquiring ideas and concepts used in quantitative thinkins. 
J. DevelopinK the ability to think in quantitative terms. 

3. .Acquiring mental hahits and attitudes useful in functional thinking. 

4. .Acquiring the concept of dependence and relationship. 
C. Cultural aims. 

I. .Appreciating beauty in the geometric form.s of nature, art. and industry. 
.\ .Acquiring ideals of {wrfection. 

.Appreciating the power of mathematics. 

Table IV presents a clear picture of the treatment in the various 
elements of the present unit of the general aims of mathematical 
instruction recommended by the National Committee. It is to be 
noted that A5 and Ci are the only two items not considered in the 
unit and they are purely geometric aims. 

T.AHLK IV 

.Alms of thk .Natio.val C(j.\i.mittke Co.nsiderkd i.v the Prese.vt Unit 



CoM.MiTiKE List 



Unit Ki.kmkm 
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A list of the concepts, processes, and principles of algebra which 
has been compiled by the writer from the literature available is 
presented in Table V in order to show how they are treated in the 
present unit. 

As Whitehead has well said, ^"Algebra is the intellectual instru- 
ment which has been created for rendering clear the quantitative 

(ieows. J. S.. -Mathematics in the Scht-me of General Kducation.'* School 
Sarnrr and Muthvpnulh'.^, Vol. XXXII. No. i, pp. 57-f>4. January, 
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TABLE V 

algkhkau* conckpts. ruocessks. and princ um.es considered in the 

Present Unit 

; Unit Element 



UoNcKPT Ok Process 
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19. Graphic representation 
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j8. Probabilitv 
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31. Quadratic function 
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aspects of the world/' Function is the method of algebra in stu<!y- 
inii and statin}^ the quantitative relationships of the concrete world 
of form and the abstract world of ideas, A unit which considers 
an aspect of the fundamental concept of function is indeed a very 
significant part of algebra. Tables IV and V justify this claim for 
the present unit of instruction. 



